Chapter 2

Fourier Integrals

2.1 L'-Theory

Repetition: R = (—o0, 00),

feLl'R) < /OO |f(t)|dt < oo (and f measurable)

fel*R) & /OO |f(t)|?dt < oo (and f measurable)

Definition 2.1. The Fourier transform of f € L*(R) is given by

[e.9]

flw) = / e~ f(1)dt, w e R

—0o0

Comparison to chapter 1:

f e LY(T) = f(n) defined for all n € Z

feL'(R)= f(w) defined for all w € R

Notation 2.2. Cy(R) = “continuous functions f(t) satisfying f(t) — 0 as

t — +o00”. The norm in Cy is

1 fllcom) = max| f(2)] (= sup|f(t)]).

teR

Compare this to cy(Z).

Theorem 2.3. The Fourier transform F maps L'(R) — Cy(R), and it is a
contraction, i.c., if f € L\(R), then f € Co(R) and || flcum < I/ s i

36
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i) f is continuous
i) f(w)— 0 as w — Foo

iti) |f(w)] < [T f(0)ldt, w € R,

Note: Part ii) is again the Riemann-Lesbesgue lemma.

PROOF. iii) “The same” as the proof of Theorem 1.4 i).

ii) “The same” as the proof of Theorem 1.4 ii), (replace n by w, and prove this
first in the special case where f is continuously differentiable and vanishes outside
of some finite interval).

i) (The only “new” thing):
|]E(w + h) _ f(w)| _ ‘/R (6—2m'(w+h)t _ e—27riwt) f(t)dt‘
— ‘/ (6—27riht . 1) e—27riwtf(t)dt‘
R

A-ineq. .
<’ /\e—2mht CY|f(0)] dt — 0 as h— 0
R

—2miht

(use Lesbesgue’s dominated convergens Theorem, e — las h — 0, and

‘6—27riht o 1| S 2) O

Question 2.4. Is it possible to find a function f € L*(R) whose Fourier trans-

form is the same as the original function?

Answer: Yes, there are many. See course on special functions. All functions

which are eigenfunctions with eigenvalue 1 are mapped onto themselves.

Special case:

2

Example 2.5. If ho(t) = e ™ t € R, then ho(w) = e ™", w e R

PROOF. See course on special functions.
Note: After rescaling, this becomes the normal (Gaussian) distribution function.

This is no coincidence!

Another useful Fourier transform is:

Example 2.6. The Fejer kernel in L'(R) is

F(t) = (sin(wt) ) 2

7t
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The transform of this function is

. {1—|w| ;o wl <1,

Fw) = .
0 , otherwise.

PROOF. Direct computation. (Compare this to the periodic Fejer kernel on page
23.)

a) g(t) = f(t—7) = g(w) = 6:2“”]?(00)
b) g(t) = e f(t) = W) =Jlw-1)
¢) g(t) = f(=t) = )= f(-w)
d) g(t) = f(t) = gw) = Jf(—W)
) glt) = Af(N) = §@)=f5) 0 >0
f) geLllandh=fxg = hw) = f(w)j(w)
g(t) = —2mitf(t) } feCYR), and
9) ) = 5 )
and g € L flw) =g(w)
f is “absolutely continuous “ () — D
DR } = §lw) = 2miwf(w)
PROOF. (a)-(e): Straightforward computation.
(g)-(h): Homework(?) (or later).
The formal inversion for Fourier integrals is
fo) = [ e
flt)y = /_ 2T () duw

This is true in “some cases” in “some sense”. To prove this we need some

additional machinery.

Definition 2.8. Let f € L'(R) and g € LP(R), where 1 < p < oco. Then we

define
(f * gt /ft—s

for all those t € R for which this integral converges absolutely, i.e.,

/\ft—s s)|ds < 0.
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Lemma 2.9. With f and p as above, f * g is defined a.e., f x g € LP(R), and

1 gllr@ < Ifllr@llgllee)-
If p= o0, then f * g is defined everywhere and uniformly continuous.

Conclusion 2.10. If || f||L1w) < 1, then the mapping g — f * g is a contraction

from LP(R) to itself (same as in periodic case).

PROOF. p =1: “same” proof as we gave on page 21.

p = oo: Boundedness of f * g easy. To prove continuity we approximate f by a
function with compact support and show that ||f(t) — f(t+ h)||;1 — 0 as h — 0.
p # 1,00: Significantly harder, case p = 2 found in Gasquet.

Notation 2.11. BUC(R) = “all bounded and continuous functions on R”. We

use the norm

| fll Bucr) = sup| f(t)].
teR

Theorem 2.12 (“Approximate identity”). Let k € L'(R), k(0) = [°°_k(t)dt =
1, and define
ka(f) = Mk(M), tER, A>0.

If f belongs to one of the function spaces

a) fe€LP(R), 1 <p<oo (note: p# o),

b) | € Co(R),

c) f € BUC(R),
then ky % f belongs to the same function space, and

kExxf—f asA— o0
in the norm of the same function space, i.e.,
|Ex* f— fller@®) — 0 as A — oo if f € LP(R)

B 3 B if f e BUC(R),
supyeg|(kx * f)() — f(1)] — 0 as A OO{ or f € Cy(R).

It also conveges a.e. if we assume that fooo(supsz|t‘|k(s)|)dt < 0.
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PrROOF. “The same” as the proofs of Theorems 1.29, 1.32 and 1.33. That is,
the computations stay the same, but the bounds of integration change (T — R),

and the motivations change a little (but not much). O
Example 2.13 (Standard choices of k).
i) The Gaussian kernel
k() =e ™ k(w) =e ™.
This function is C'*° and nonnegative, so

ywﬂzéwmﬁzéumh%@:L

ii) The Fejer kernel
sin(rt)?

It has the same advantages, and in addition
F(w) =0 for |w| > 1.

The transform is a triangle:

R 1— <1

oy~ L 1l el <
0, lw| > 1
F(w)

| |

-1 1

iii) k(t) = e~2 (or a rescaled version of this function. Here

~ 1

Same advantages (except C')).
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Comment 2.14. According to Theorem 2.7 (e), ky(w) — k(0) = 1 as A —
oo, for all w € R. All the kernels above are “low pass filters” (non causal).
It is possible to use “one-sided” (“causal”) filters instead (i.e., k(t) = 0 for
t < 0). Substituting these into Theorem 2.12 we get “approzimate identities”,

which “converge to a d-distribution”. Details later.

Theorem 2.15. If both f € LY(R) and f € L*(R), then the inversion formula

£(t) = / () 2.1)

e e}

s valid for almost all t € R. By redefining f on a set of measure zero we can
make it hold for all t € R (the right hand side of (2.1) is continuous).

PROOF. We approximate [, €2 f(w)dw by

[ €2 e f (W) dw (where € > 0 is small)

= [ e2riwt=et Tt [ o= 2miws f( ) dsduw (Fubini)

= J.cr f(5) e 2miw(s—t) p=emw? g s (Ex. 2.13 last page)
Jicn weR e

- -
g

(*)

(x) The Fourier transform of k(ew?) at the point s — t. By Theorem 2.7 (e) this
is equal to

1. s—t 1. t—s
-k -k
5( ) 5(

(since k(w) = e ™" is even).

)

€ 9

The whole thing is

/SERf(S)%k; (t— 3) ds = (f*k)(t) = f € L'(R)

€

as ¢ — 07 according to Theorem 2.12. Thus, for almost all ¢ € R,

f(t) = lim 2t o= f()dw.
E—> R

On the other hand, by the Lebesgue dominated convergence theorem, since
it )] < |flw)| € L (R),

lim ezwme_a%wzf(w)dw:/ezmmf(w)dw.

e—0 R R
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Thus, (2.1) holds a.e. The proof of the fact that

/R 2! f(w)dw € Cy(R)

is the same as the proof of Theorem 2.3 (replace t by —t). [

The same proof also gives us the following “approximate inversion formula”:

Theorem 2.16. Suppose that k € L*(R), k € L'(R), and that

If f belongs to one of the function spaces
a) feLP(R), 1<p<oo
b) f € Co(R)
c) f € BUC(R)

then
/R T (ew) f(w)dw — F(1)

in the norm of the given space (i.e., in LP-norm, or in the sup-norm), and also
a.e. if [7(supgsylk(s)])dt < oo.

PROOF. Almost the same as the proof given above. If k is not even, then we
end up with a convolution with the function k.(t) = Lk(—t/e) instead, but we
can still apply Theorem 2.12 with k(t) replaced by k(—t). O

Corollary 2.17. The inversion in Theorem 2.15 can be interpreted as follows:
If f € L*(R) and f € L*(R), then,

f(t) = f(=t) ae.
Here f(t) = the Fourier transform off evaluated at the point t.

ProoOF. By Theorem 2.15,

f(t) = /e_QWi(_t)“f(w)dw a.e.
R

- -

g

Fourier transform of f at the point (—t)
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Corollary 2.18. f(t) = f(t) (If we repeat the Fourier transform 4 times, then
we get back the original function). (True at least if f € L*(R) and f € L'(R). )

As a prelude (=preludium) to the L?-theory we still prove some additional results:

Lemma 2.19. Let f € L'(R) and g € L'(R). Then

froson-  om

/R FOgBdt = /tER () /SERe_zmsg(s)dsdt (Fubini)

- [ER </t6R f(t)6_27ri8tdt) g(S)ds
_ /seRﬂS)g(S)dS' 0

Theorem 2.20. Let f € L'(R), h € LY(R) and h € L'(R). Then

/f h(t)dt = /f (2.2)

Specifically, if f = h, then (f € L*(R) and)

PRrROOF.

£ 112y = [1Fllz2qey- (2.3)

PROOF. Since h(t) = [ 2™t h(w)dw we have

/R fOht)dt = /tER F(t) /w ERe_z’ri“tﬁ(w)dwdt (Fubini)

- /seR </teR f(t)e_%“tdt) hw)d
_ / F)h(@)ds. O

2.2 Rapidly Decaying Test Functions

(“Snabbt avtagande testfunktioner”).
Definition 2.21. § = the set of functions f with the following properties

i) f € C°(R) (infinitely many times differentiable)
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i) t*f(™(t) — 0 as t — +oo and this is true for all

kneZ,=1{0,1,23,. .}

Thus: Every derivative of f — 0 at infinity faster than any negative power of t.
Note: There is no natural norm in this space (it is not a “Banach” space).
However, it is possible to find a complete, shift-invariant metric on this space (it

is a Frechet space).

Example 2.22. f(t) = P(t)e™™ € S for every polynomial P(t). For example,

the Hermite functions are of this type (see course in special functions).

Comment 2.23. Gripenberg denotes S by C°(R). The functions in S are called

rapidly decaying test functions.
The main result of this section is
Theorem 2.24. f€S «— fe S

That is, both the Fourier transform and the inverse Fourier transform maps this

class of functions onto itself. Before proving this we prove the following

Lemma 2.25. We can replace condition (i) in the definition of the class S by

one of the conditions
iti) [o|tF fO(t)|dt < 00, k,n € Z or
w) |(L)"t*f(t)] — 0 ast — xoo, k,n € Zy
without changing the class of functions S.
Proor. If ii) holds, then for all k,n € Z,,
sup|(1 + t*)tF f) ()| < 0o
teR
(replace k by k + 2 in ii). Thus, for some constant M,

[t £ ()] <

— [ [tFfM()|dt < 0.
= [0 <o

Conversely, if iii) holds, then we can define g(t) = t*+! f(")(¢) and get

g'(t) _ gk + 1)tkf(n)(t)1_‘_£k+lf(n+l)(t)j

Vv Vv
ell ell
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so ¢ € L'(R), i.e.,
/ lg'(t)]dt < 0.

[e.e]

This implies

o) < 19(0) + / ¢(s)ds]
< g1+ [ I (o)

< 19(0)] + / 19/(8)lds = 19(0)] + 19/l

so ¢ is bounded. Thus,
1
th () = Zg(t) — 0 as t — Fo0.

The proof that ii) <= iv) is left as a homework. [
PROOF OF THEOREM 2.24. By Theorem 2.7, the Fourier transform of

k
(—=2mit)*" FM(t) is (%) (2miw)" f (w).

Therefore, if f € S, then condition iii) on the last page holds, and by Theorem

2.3, f satisfies the condition iv) on the last page. Thus f € §. The same ar-

gument with e=2! replaced by e™2™! shows that if f € S, then the Fourier

inverse transform of f (which is f) belongs to S. O

Note: Theorem 2.24 is the basis for the theory of Fourier transforms of distribu-

tions. More on this later.

2.3 L?’-Theory for Fourier Integrals

As we saw earlier in Lemma 1.10, L*(T) C L'(T). However, it is not true that
L*(R) c L'(R). Counter example:

. € L*(R)
e

(too large at 00).
So how on earth should we define f(w) for f € L%(R), if the integral

/ 6—27rintf(t)dt
R
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does not converge?

Recall: Lebesgue integral converges <= converges absolutely <=
/\e—%mtf(mdt <00 = feI\R).

We are saved by Theorem 2.20. Notice, in particular, condition (2.3) in that

theorem!
Definition 2.26 (L?-Fourier transform).

i) Approximate f € L?(R) by a sequence f, € S which converges to f in
L*(R). We do this e.g. by “smoothing” and “cutting” (“utjaimning” och
“klippning”): Let k(t) = e~™", define

k,(t) = nk(nt), and

fult) = @ (ko % £)(0)

*k

*
- -

the productvbolongs to S
(%) this tends to zero faster than any polynomial as ¢ — oo.
(%) “smoothing” by an approximate identity, belongs to C'** and is bounded.

By Theorem 2.12 k, * f — f in L? as n — oo. The functions k (%) tend
to k(0) = 1 at every point ¢t as n — oo, and they are uniformly bounded
by 1. By using the appropriate version of the Lesbesgue convergence we

let f, — fin L*(R) as n — oc.

ii) Since f, converges in L?, also fn must converge to something in L2. More
about this in “Analysis IT1”. This follows from Theorem 2.20. (f, — f =
fn Cauchy sequence = fn Cauchy seqgence = fn converges.)

iii) Call the limit to which f,, converges “The Fourier transform of f”, and

denote it f.

Definition 2.27 (Inverse Fourier transform). We do exactly as above, but re-

place e—27riwt by e+27riwt

Final conclusion:
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Theorem 2.28. The “extended” Fourier transform which we have defined above
has the following properties: It maps L*(R) one-to-one onto L2(R), and if f is the
Fourier transform of f, then f is the inverse Fourier transform of f Moreover,

all norms, distances and inner products are preserved.
Explanation:

i) “Normes preserved” means

[1spae = [17w)Pa,
R R
or equivalently, |||l 2wy = || fllz2()-
ii) “Distances preserved” means
1f = gllze = IIf = dll 2wy
(apply i) with f replaced by f — g)
iii) “Inner product preserved” means
[ sws@i = [ fegne,
R R

which is often written as

(f+9) 2wy = {f, 9) 12

This was theory. How to do in practice?
One answer: We saw earlier that if [a, b] is a finite interval, and if f € L?[a,b] =

f € L'a,b], so for each T' > 0, the integral
T

ﬁ@pi/eﬂmv@ﬁ

-7
is defined for all w € R. We can try to let T'— oo, and see what happens. (This

resembles the theory for the inversion formula for the periodical L2-theory.)

Theorem 2.29. Suppose that f € L*(R). Then

T
lim e () dt = f(w)
T—o00 _T

in the L*-sense as T — oo, and likewise

T
lim [ e f(w)dw = f(t)

T—oo [_T

in the L?-sense.
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PROOF. Much too hard to be presented here. Another possibility: Use the Fejer

kernel or the Gaussian kernel, or any other kernel, and define

fw) = lim, o fp e 2k (L) f(t)dt,

f) = limg, o fp etk (2) f(w)dw.
We typically have the same type of convergence as we had in the Fourier inversion
formula in the periodic case. (This is a well-developed part of mathematics, with

lots of results available.) See Gripenberg’s compendium for some additional

results.

2.4 An Inversion Theorem

From time to time we need a better (= more useful) inversion theorem for the

Fourier transform, so let us prove one here:

Theorem 2.30. Suppose that f € L'(R) + L*(R) (i.e., f = fi + fo, where
fi € LYR) and fy € L*(R)). Let ty € R, and suppose that

to+1 f
[0 < o 24
to—1 t_tO
Then - o
f(to) = lim ™ f(w)dw, (2.5)
Tooo” =S

where f(w) = fi(w) + fa(w).

Comment: Condition (2.4) is true if, for example, f is differentiable at the point
tg-
PROOF. Step 1. First replace f(t) by g(t) = f(t + to). Then

f](w) _ 62m°’t°f(w),

and (2.5) becomes

T
g(0) = lm [ (w)d,
S—00 _S
T—o0
and (2.4) becomes
/ 9t —to) = (O)‘dt<oo.
t— 1o

Thus, it suffices to prove the case where .
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Step 2: We know that the theorem is true if g(t) = e™™ (See Example 2.5 and
Theorem 2.15). Replace ¢(t) by

h(t) = g(t) — g(0)e ™™

Then h satisfies all the assumptions which ¢g does, and in addition, h(0) = 0.

Thus it suffices to prove the case where both (*) and | f(0) =0}
For simplicity we write f instead of h but assume (x). Then (2.4) and (2.5)

simplify:
1
/ m‘dt < o (2.6)
e
T
lim flw)dw = 0. (2.7)
7S

Step 3: If f € L*(R), then we argue as follows. Define

f(®)
t) = .
9(t) —2mit
Then g € L*(R). By Fubini’s theorem,

/_ z fw)dw = /_ ; /_ Z e~2m F () dtdw

_ /_ } /_ TS €2 oy £ (1)t

and this tends to zero as T — oo and S — oo (see Theorem 2.3). This proves
(2.7).
Step 4: If instead f € L?(R), then we use Parseval’s identity

| s = [ jen
in a clever way: Choose

A {1, —S<t<T,

0, otherwise.
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Then the inverse Fourier transform h(t) of h is

T .
h(t) = / ™ duy

-S
T
— 1 627riwt _ 1 [e2m'Tt . e27ri(—5’)t}
2mit _g 2mit

so Parseval’s identity gives

T
/ f(W)dw = / f 2 t —27T2Tt e—27r7,( S) j| dt
= (with g(¢) as in Step 3)

_ / [6—27r2Tt . 6—27r2(5)t] g(t)dt

T
= Y1) = g(=8) = 0as ¢

S — o0.
Step 5: If f = fi + fo, where f; € LY(R) and f, € L?(R), then we apply Step 3
to f1 and Step 4 to fy, and get in both cases (2.7) with f replaced by f; and fs.
L]
Note: This means that in “most cases” where f is continuous at t, we have

T

f(to) = Jim [ e?mien f(w)dw.
— 00 _S

T—o0
(continuous functions which do not satisfy (2.4) do exist, but they are difficult

to find.) In some cases we can even use the inversion formula at a point where

f is discontinuous.

Theorem 2.31. Suppose that f € L*(R) + L*(R). Let ty € R, and suppose that
the two limits

f(to+) = lim f(¢)

tlto

f(to—) = lim f(¢)

tTto

exist, and that

/t0+1‘ f(t) f t(]_'_ ‘dt _ .
to t—to

" HO =St
/to_l t— 1 ‘ s %
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Then -

Jim [ e o) = S1Ftet) + -]
Note: Here we integrate f_TT, not f_TS, and the result is the average of the right
and left hand limits.

PROOF. As in the proof of Theorem 2.30 we may assume that

Step 1: H, (see Step 1 of that proof)

Step 2: | f(to+) + f(to—) = 0}, (see Step 2 of that proof).

Step 3: The claim is true in the special case where

et t>0,
g(t) = {

—e!, t<0,

because g(0+) =1, g(0—) = —1, g(0+) + g(0—) = 0, and

T
/ g(w)dw =0 forall T,
-7

since f is odd = ¢ is odd.
Step 4: Define h(t) = f(t) — f(0+) - g(t), where g is the function in Step 3. Then

h(0+) = f(0+)— f(04+)=0 and
h(0=) = f(0—) = f(0+)(=1) =0, so

h is continuous. Now apply Theorem 2.30 to h. It gives

T
0=~h(0) = lim h(w)dw.
T—oo [_p
Since also -
0= f(0+)[g(0+) +g(0-)] = lim [ g(w)dw,
we therefore get
T T
0= f(0+)+ f(0—) = 71im [h(w) + §(w)]dw = Tlim flw)dw. O
—oo [ _p —oo J_p
Comment 2.32. Theorems 2.30 and 2.31 also remain true if we replace
T
lim X f (W) dw
T—oo J_o
by
lim 2Tt == £(4) dw (2.8)

e—=0 J_ o

(and other similar “summability” formulas). Compare this to Theorem 2.16. In

the case of Theorem 2.31 it is important that the “cutoff kernel” (= e ™) in

(2.8)) is even.
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2.5 Applications

2.5.1 The Poisson Summation Formula

Suppose that f € L'(R) N C(R), that S°° __|f(n)| < oo (i.e., f € £(Z)), and
that Y 2 f(t+n) converges uniformly for all ¢ in some interval (—d,d). Then

S =3 fn) (2.9)

n=—oo n=—oo

Note: The uniform convergence of Y f(t + n) can be difficult to check. One
possible way out is: If we define

en= sup |f(t+n)],
—0<t<d

and if Y >° e, < oo, then Y 2 f(t+ n) converges (even absolutely), and
the convergence is uniform in (=4, ). The proof is roughly the same as what we
did on page 29.

PROOF OF (2.9). We first construct a periodic function g € L'(T) with the
Fourier coefficients f(n):

fn) = / e ()i

—00

© k4l
_ Z /k 6—27rintf(t)dt

k=—00

oo 1
tzé—i—s Z / €—2m'n3f(8 + ]{I)dS
0

k=—o0

Thm 0.14 /01 o—2ins < i f(s+ k)) ds

k=—0c0
= g(n), where g(t)= > f(t+n).
(For this part of the proof it is enough to have f € L'(R). The other conditions
are needed later.)
So we have g(n) = f (n). By the inversion formula for the periodic Fourier

transform:

e e} [e.e]

g(0)= Y )= an)= ) fn),

n=—oo n=—oo n=—oo
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provided (=forutsatt) that we are allowed to use the Fourier inversion formula.
This is allowed if g € C[—4,6] and g € ¢*(Z) (Theorem 1.37). This was part of
our assumption.
In addition we need to know that the formula

gty =Y flt+n)
holds at the point t = 0 (almost everywhere is no good, we need it in exactly
this point). This is OK if Y >° _ f(¢t + n) converges uniformly in [—d,d] (this
also implies that the limit function ¢ is continuous).
Note: By working harder in the proof, Gripenberg is able to weaken some of the
assumptions. There are also some counter-examples on how things can go wrong

if you try to weaken the assumptions in the wrong way.

—_—

2.5.2 Is L'(R) = Cy(R) ?

That is, is every function g € Cy(R) the Fourier transform of a function f €
L'(R)?

The answer is no, as the following counter-example shows. Take

5 , Jw| <1,

g(w) = m ;o ow>1,
1

Thi—w) 0 W < —1.

Suppose that this would be the Fourier transform of a function f € L'(R). As

in the proof on the previous page, we define
ht)= > flt+n).

Then (as we saw there), h € L'(T), and h(n) = f(n) for n = 0,+1,42, .. ..
However, since y >, %i}(n) = 00, this is not the Fourier sequence of any h €
LY(T) (by Theorem 1.38). Thus:

Not every h € Cy(R) is the Fourier transform of some f € L'(R).

But:
fel'(R) = feCy(R) (Page36)
feI?)(R) & felIL?R) (Page47)
fes & fes ( Page 44)
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2.5.3 The Euler-MacLauren Summation Formula

Let f € C*(R") (where RT = [0,00)), and suppose that
™ e L'(RY)

foralln € Zy ={0,1,2,3...}. We define f(¢) for t < 0 so that f(t) is even.

Warning: f is continuous at the origin, but f’ may be discontinuous! For exam-
ple, f(t) = e

f(t)=e ~2M

We want to use Poisson summation formula. Is this allowed?
By Theorem 2.7, f = (2miw)" f(w), and f™ is bounded, so

sup| (2miw)"|| f(w)| < 0o for allm = > [f(n)] < oc.

weR Ne——o0

By the note on page 52, also Y~ f(t+n) converges uniformly in (—1,1). By

the Poisson summation formula:

S fn) = H0)+5 S i)

(627rimt 4 e—27rint) f(t)dt
Cos(‘2,7rmt) g

= Lo+ /0 h f(t)dt+; /0 " cos(2mmt) f(£)dt

Here we integrate by parts several times, always integrating the cosine-function

and differentiating f. All the substitution terms containing odd derivatives of
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f vanish since sin(27nt) = 0 for ¢ = 0. See Gripenberg for details. The result

looks something like

1

- _ > 1 _i / L " Y 1 )
> g0 = [ S0+ 30~ 30+ 235" 0) = g0+

2.5.4 Schwartz inequality

The Schwartz inequality will be used below. It says that

[(F )l < N2l

(true for all possible L?-spaces, both L*(R) and L?(T) etc.)

2.5.5 Heisenberg’s Uncertainty Principle

For all f € L*(R), we have

0o o) N 1
(/_wt2|f(t)|2dt) (/_wwzlf(w)Ide) > 5 e

Interpretation: The more concentrated f is in the neighborhood of zero, the
more spread out must f be, and conversely. (Here we must think that ||| L2(R)
is fixed, e.g. || fllz2@®) = 1.)

In quantum mechanics: The product of “time uncertainty” and “space uncer-

tainty” cannot be less than a given fixed number.



CHAPTER 2. FOURIER INTEGRALS 56

PRrROOF. We begin with the case where f € S. Then

tor [ efeat [lof@lide =4 [erolie [ 17wl

(f ( ) = 27iw f(w) and Parseval’s iden. holds). Now use Scwartz ineq.

> 1 [rolro)

- o [r@lroa)
> 4( Reltf(t) )]dt)
i/

[ 0+ 507)| ae)

= / t— f(t))dt (integrate by parts)
R
—\f(t

= (ror. /°°|f<t>|dt)

00
=0

- ([

This proves the case where f € S. If f € L(R), but f € S, then we choose a

sequence of functions f,, € § so that

/ | fo(1)]dt —>/ (t)|dt and
/_oo|tfn(t)|dt - /_Oo|tf(t)|dt and
| k@i » [ i

(This can be done, not quite obvious). Since the inequality holds for each f,, it
must also hold for f.

2.5.6 Weierstrass’ Non-Differentiable Function

Define o(t) = > 5o, a” cos(2mb*t), ¢t € R where 0 < a < 1 and ab> 1.

Lemma 2.33. This sum defines a continuous function o which is not differ-

entiable at any point.
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PrOOF. Convergence easy: At each ¢,

o0 o0
E |a® cos(2mbt) E < 00,
k=0 k=0

and absolute convergence = convergence. The convergence is even uniform: The

error is
‘Z a® cos(2mb*t)| < Z|ak cos(2mbFt)| < Z at = K — o
k=K k=K k=K

so by choosing K large enough we can make the error smaller than ¢, and the
same K works for all ¢.

By “Analysis I1”: If a sequence of continuous functions converges uniformly, then
the limit function is continuous. Thus, ¢ is continuous.

Why is it not differentiable? At least does the formal derivative not converge:

Formally we should have
Zak 2mb*(—1) sin(27b*t),
k=0

and the terms in this serie do not seem to go to zero (since (ab)* > 1). (If a sum
converges, then the terms must tend to zero.)
To prove that ¢ is not differentiable we cut the sum appropriatly: Choose some

function ¢ € L'(R) with the following properties:
i) p1)=1
i) p(w)=0forw<iandw>b

i) [ [tp(t)]dt < oc.

()

0 1/b 1 b

We can get such a function from the Fejer kernel: Take the square of the Fejer
kernel (= its Fourier transform is the convolution of f with itself), squeeze it
(Theorem 2.7(e)), and shift it (Theorem 2.7(b)) so that it vanishes outside of
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(%, b), and (1) = 1. (Sort of like approximate identity, but ¢(1) = 1 instead of
p(0) =1.)

Define p;(t) = Vo(bt), t € R. Then $;(w) = ¢(wb™?), so ¢(b) = 1 and
$(w) = 0 outside of the interval (=1 p71).

Put f; = o * ¢;. Then
Bo = [ ale= e

— / 27ribk(t—s) + e—27ribk(t—s) QOj(S)dS
k=0
(by the uniform convergence)

(Thus, this particular convolution picks out just one of the terms in the series.)
Suppose (to get a contradiction) that o can be differentiated at some point ¢ € R.

Then the function

o(t+s)—a(t) O'/(t) S # 0
n(s) = : ’
(®) 0 , s=0

is (uniformly) continuous and bounded, and n(0) = 0. Write this as

o(t —s) = —sn(—s) + o(t) — so'(t)
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ie.,
i) = /U(t — 5)p;(s)ds
R
= [ —st-9es)s +ol0) [ plds-(e) [ spls
R R R
=¢,(0)=0 2,0
—27i
= —/sn(—s)bjw(bjs)ds
R
=y [ n) sels
R b H,l_/
—0 pointwise €L
— 0 by the Lesbesgue dominated convergence theorem as j — oo.
Thus,
—j : LraNd o -
bjfj(t)HOaSjHOO<:>§<g>€ — 0 as j — oo.
As |62’”bjt| =1, this is & (%)j — 0 as j — oo. Impossible, since § > 1. Our

assumption that o is differentiable at the point ¢ must be wrong = o(¢) is not

differentiable in any point!

2.5.7 Differential Equations
Solve the differential equation
u’(t) + Au(t) = f(t), t e R (2.10)

where we require that f € L*(R), u € L*(R), u € C'(R), v’ € L*(R) and that v’

is of the form

where v € L*(R) (that is, u/ is “absolutely continuous” and its “generalized
derivative” belongs to L?).

The solution of this problem is based on the following lemmas:

Lemma 2.34. Let k =1,2,3,.... Then the following conditions are equivalent:

i) u € LAR)NC*HR), u*V is “absolutely continuous” and the “generalized
derivative of u*=1) 7 belongs to L*(R).
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it) @ € L*(R) and [p|w*i(k)]|2dw < oo.

PRrROOF. Similar to the proof of one of the homeworks, which says that the same
result is true for L2-Fourier series. (There ii) is replaced by S2|nf(n)|? < cc.)

Lemma 2.35. If u is as in Lemma 2.3/, then
u®) (W) = (2miw) i (w)

(compare this to Theorem 2.7(g)).

PROOF. Similar to the same homework.

Solution: By the two preceding lemmas, we can take Fourier transforms in (2.10),

and get the equivalent equation

(27miw)?a(w) + Ai(w) = f(w), w € R & A—4r%w?)i(w) = f(w), w € R (2.11)

Two cases:

Case 1: A —47%w? # 0, for all w € R, i.e., A must not be zero and not a positive

number (negative is OK, complex is OK). Then

f(w)

Uw) = g wER

so u = k * f, where k = the inverse Fourier transform of
~ 1
klw)= ———.
() A — 4m2w?

This can be computed explicitly. It is called “Green’s function” for this problem.

Even without computing k(t), we know that
o ke Cy(R) (since k € L'(R).)
o ) has a generalized derivative in L?(R) (since [,|wh(w)|*dw < cc.)
e J does not have a second generalized derivative in L? (since [, |w?k(w)|?dw = c0.)

How to compute k7 Start with a partial fraction expansion. Write

A =ca? for some a € C
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(av = pure imaginary if A < 0). Then

Now we must still invert

1 1 1

A\ — Am2w? 02 —4n2w? o — 2w  « + 27w

A B

+
o —2tw o+ 2w
Aa + 27wA 4+ Ba — 2nwB

(o — 27w) (v + 27w)

A+ Bla=1

(A+ Bla = A=B= i
(A— B)2rw =0 20

L and —L This we do as follows:

a+2mw a—2mw "’

Auxiliary result 1: Compute the transform of

where

Re(z) > 0

ﬂwz{eﬂt’tza

0 , t<0,

(= f e L*(R) N LYR), but f ¢ C(R) because of the jump at

the origin). Simply compute:

f(w) _ / e—27riwt6—ztdt
0

B 6—(z+2m’w)t o0 B 1
| = (2 4+ 27w C 2miw + 2
( o

Auxiliary result 2: Compute the transform of

where

Re(z) >0

et <0,
t) = B
7 { 0, t>0,

(= f e L*R)N LY (R), but f ¢ C(R))

- f(W) _ / e27riwteztdt

—00

- 6(2—27riw)t 0 B 1
G -2miw)t] 2 —2miw

Back to the function k:

]%( ) 1 1 n 1
w) = —
20 \ o — 27w o+ 27w

B 1 ? . )
 2a \ia — 2w da+ 2miw )
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We defined a by requiring a? = A. Choose « so that Im(a) < 0 (possible because

« is not a positive real number).

= Re(ia) >0, and k(w) = L ( : + ! )

20 \ 'ty — 2miw o+ 2miw

The auxiliary results 1 and 2 gives:

et >0
k(t):{2a€ bz

et <0
and
u(t) = (b= 10 = [ kit = 9)f(5)ds
Special case: A\ = negative number = —a?, where a > 0. Take o = —ia

= ia = i(—i)a = a, and

—Leat t>0
k(t) = { 2a T

—e L t<0 e
a

1
k(t) = —Q—e—latl, teR

a

Thus, the solution of the equation

where a > 0, is given by

wher

k() — —2_1a

This function k£ has many names, depending on the field of mathematics you are

e~ teR

working in:
i) Green’s function (PDE-people)
ii) Fundamental solution (PDE-people, Functional Analysis)

iii) Resolvent (Integral equations people)
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Case 2: \ = a? = a nonnegative number. Then
f(w) = (a® — 47*wHi(w) = (a — 2mw)(a + 27w)a(w).

As @(w) € L*(R) we get a necessary condition for the existence of a solution: If

a solution exists then

/R‘ (a— 2775:56(063 + 27w) ‘2dw < oo (2.12)

(Since the denominator vanishes for w = 45>, this forces f to vanish at +g-,
and to be “small” near these points.)

If the condition (2.12) holds, then we can continue the solution as before.

Sideremark: These results mean that this particular problem has no “eigenval-
ues” and no “eigenfunctions”. Instead it has a “contionuous spectrum” consisting

of the positive real line. (Ignore this comment!)

2.5.8 Heat equation
This equation:

t>0

d 02
u(t,r) = g=ult,x)+g(t ),
u(t, ) 2 U(t, ) ( ){x R

uw(0,z) = f(z) (initial value)

is solved in the same way. Rather than proving everything we proceed in a formal
mannor (everything can be proved, but it takes a lot of time and energy.)

Transform the equation in the x-direction,

a(t,y) :/e_%mcu(t,x)d:c.
R

a(t,y) = (2miy)*alt,v) + g(t,7)

~

Assuming that [, e > 2y (t,x) = 2 [ e7>™"yu(t, z)dx we get
(
0,7 = f()

ot i
9
ot
=

{%ﬂ(t,”}/) = —47T2’Y271(t77>+g(t77>
10,7) = f(v)
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We solve this by using the standard “variation of constants lemma”:

i) = fem™t 4 [ ey, )
— JO
= (ty) o+ da(t, )
We can invert e 477" = ¢=7@VT)® — o=7(/N)* where X = (2y/7t) "
According to Theorem 2.7 and Example 2.5, this is the transform of

-

1 -7 z ]_ x
= e

= e
o2/t o2/t

—

We know that f(7)k(7) =k % f(7), so

k(t,x) =

wta) = % e I )y,
(By the same argument:
s and t — s are fixed when we transform.)
us(t, ) = fot(k * g)(s)ds
1 e—(ﬂc—y)2/4(t—8)g(37 y)dyds,

o t roo
- fO f—oo 2\/@

u(t,z) = wui(t,x) + ua(t, x)

The function

22

e it

1
k(t,z) =
t,2) 2v/ 7t
is the Green’s function or the fundamental solution of the heat equation on the
real line R = (—o00,00), or the heat kernel.

Note: To prove that this “solution” is indeed a solution we need to assume that

- all functions are in L?(R) with respect to z, i.e.,

/ fu(t, )Pz < oo, / gt 2)Pde < oo, / (@) 2dz < oo,

- some (weak) continuity assumptions with respect to ¢.

2.5.9 Wave equation

2 2 t>0
a—Qut,x = a—gut,x + k(t, x), ’
su(t, ) szt ) + k(t, ) LeR
u0,z) = f(x), reR

Su(0,2) = g(a), z€R
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Again we proceed formally. As above we get

Dat,y) = —an*y%a(t,y) + k(t,7),
w(0,7) = f(v),
24(0,7) = §(7).

This can be solved by “the variation of constants formula”, but to simplify the
computations we assume that k(¢, z) = 0, i.e., h(t,7) = 0. Then the solution is

(check this!)

5 sin(27yt)

a(t,y) = cos(2myt) f(7) + 9(7)- (2.13)

27y

To invert the first term we use Theorem 2.7, and get

[f(z+1)+ fz —1)].

N~

The second term contains the “Dirichlet kernel”, which is inverted as follows:

Ex. If
1/2, t| <1
0, otherwise,

then k(w) = 52 sin(27w).

2rw

PROOF.
7 1 ! —2miwt 1 :
kw)y== [ e dt =...= 2—sm(wt).

1 Tw

Thus, the inverse Fourier transform of

sin(2m) k(x)_{ 1/2, |z| <1,

2wy | o, |x| > 1,

(inverse transform = ordinary transform since the function is even), and the

inverse Fourier transform (with respect to ) of

sin(27vt) tsin(2mt) _
—— = {————= is
27y 27yt
x 1/2, |z| <t,
k(<)
t 0, |z|>t.

This and Theorem 2.7(f), gives the inverse of the second term in (2.13): It is
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Conclusion: The solution of the wave equation with h(t,z) = 0 seems to be

u(t,x) =

et +iw—0+; [ oty

1
2 2 /.,

a formula known as d’Alembert’s formula.

Interpretation: This is the sum of two waves: u(t,z) = ut (¢, z) +u™ (¢, ), where
. 1 1
ut(t,z) = 5f(:c+t) + §G($+t)
moves to the left with speed one, and
_ 1 1
u (t,x) ==f(r—1t)— =G(z —t)
2 2
moves to the right with speed one. Here

G(x) = / gy, ceR.



