Chapter 1

The Fourier Series of a Periodic

Function

1.1 Introduction

Notation 1.1. We use the letter T with a double meaning:
a) T=10,1)

b) In the notations LP(T), C(T), C™(T) and C*(T) we use the letter T to
imply that the functions are periodic with period 1, i.e., f(t 4+ 1) = f(t)
for allt € R. In particular, in the continuous case we require f(1) = f(0).
Since the functions are periodic we know the whole function as soon as we

know the values for t € [0,1).

) 1/p
Notation 1.2. || f||t»m) = <f01|f(t)|pdt> ;1< p<oo. [[fllem =maxer|f(t)]

(f continuous).

Definition 1.3. f € L(T) has the Fourier coefficients

where Z = {0,41,42,...}. The sequence {f(n)},ez is the (finite) Fourier

transform of f.

Note:
~ s+1 .
f(n) = / e_%mtf(t)dt Vs € R,

10
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since the function inside the integral is periodic with period 1.

Note: The Fourier transform of a periodic function is a discrete sequence.

Theorem 1.4.
i) |f(n)] < | fllzrry, VneZ

i) lim,_ 1o f(n) = 0.

Note: ii) is called the Riemann—Lebesgue lemma.

PROOF.

D) f()] = 1y et f(at] < fyle 2 f@)ldt = [y 1f@)ldt = || flli (by

the triangle inequality for integrals).

ii) First consider the case where f is continuously differentiable, with f(0) = f(1).

Then integration by parts gives

1
) = Affmmﬂwﬁ

1 —2mint 1 1 ' —2mint g1
— min t TN tdt
—2min e i )}0 * 27rz'n/0 ‘ J()
1 .
— / 1
= 0+ ——J/(n), sobyi),

|f(n)| = %‘f’(nﬂ < %/g |f'(s)|ds — 0 as n — oo.

In the general case, take f € L*(T) and € > 0. By Theorem 0.11 we can

choose some ¢ which is continuously differentiable with ¢g(0) = ¢g(1) = 0 so

that
1f = gllzrc = /Nf 1)/t < < /2.
By i),
o)l = 1f() = 4(n) + g(n)]
< 1fm) = gn)] + 5(m)|
T 13(m)

IAN A
Q _—
o Tk
T

N

Q> h:
—~

S =

== =

By the first part of the proof, for n large enough, |g(n)| < €/2, and so
[f(n)] <e.

This shows that |f(n)] — 0 asn — oo. [
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Question 1.5. If we know {f(n)}>

12 o then can we reconstruct f(t)?

Answer: 1s more or less 7 Yes”.

Definition 1.6. C"(T) = n times continuously differentiable functions, periodic
with period 1. (In particular, f* (1) = f®(0) for 0 < k < n.)

Theorem 1.7. For all f € CY(T) we have

f(t) = lim Z f(n)e*™mt ¢ eR. (1.1)

N—oo
M—oco n=—M

We shall see later that the convergence is actually uniform in .

PROOF. Step 1. We shift the argument of f by replacing f(s) by g(s) = f(s+t).
Then

g(n) = ™" f(n),

and (1.1) becomes

_ _ 27rint
f(t) = g(0) = AN?;O Z O

Thus, it suffices to prove the case where .
Step 2: If g(s) is the constant function g(s) = g(0) = f(¢), then (1.1) holds since
§(0) = ¢g(0) and g(n) = 0 for n # 0 in this case. Replace g(s) by

h(s) = g(s) = g(0).

Then h satisfies all the assumptions which ¢g does, and in addition, h(0) = 0.
Thus it suffices to prove the case where both ¢t = 0 and f(0) = 0. For simplicity
we write f instead of h, but we suppose below that and | f(0) =0
Step 2: Define

if’(0)

2 )

g(s) = efﬂfs)_l, s # integer (=“heltal”)
s = integer.

—2mis

— 1 =0, and by "'Hospital’s rule

lim g(s) = lim 1'(s) = f'(s)

s—n s—0 —2mie~ 2mis —2m

For s = n = integer we have e

=g(n)
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(since e7®™ = 1). Thus g is continuous. We clearly have

£(s) = (72 — 1) g(s), (12)
fo) = [ermepos (ue (1.2)
= [ e = g(s)as
= [emeglsas— [ gl
— Gln+1) - gn).
Thus,
iM f(n) =g(N+1) = g(=M) =0

by the Rieman-Lebesgue lemma (Theorem 1.4) O

By working a little bit harder we get the following stronger version of Theorem
1.7

Theorem 1.8. Let f € L(T), ty € R, and suppose that

to—1 t—to ' '
Then
N A .
flto)= lim » " fn)e?™™ teR

M—oco n=—M

PrROOF. We can repeat Steps 1 and 2 of the preceding proof to reduce the The-
orem to the case where t5 = 0 and f(tg) = 0. In Step 3 we define the function
g in the same way as before for s # n, but leave g(s) undefined for s = n.
Since lim, o s !(e72™ — 1) = —27i # 0, the function g belongs to L'(T) if and
only if condition (1.3) holds. The continuity of g was used only to ensure that
g € LY(T), and since g € L'(T) already under the weaker assumption (1.3), the

rest of the proof remains valid without any further changes. [J
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Summary 1.9. If f € LY(T), then the Fourier transform {f(n)}>__ of f is
well-defined, and f(n) — 0 as n — co. If f € CY(T), then we can reconstruct f

from its Fourier transform through

N
Z f 27rmt (_ ]\}1_1)110 Z f(n>€27rint> .

n=—oo

The same reconstruction formula remains valid under the weaker assumption of

Theorem 1.8.

1.2 L[*-Theory (“Energy theory”)

This theory is based on the fact that we can define an inner product (scalar

product) in L?(T), namely
1 —_
~ [ ftig®e, f.g€ 22(D)
0
Scalar product means that for all f, g, h € L*(T)

) {f+g.h)=(fh+{g,h)

i) (Af,g9)=Xf.9) VAeC

iii) (g, f) = (f,g9) (complex conjugation)
iv) (f,f) >0, and = 0 only when f = 0.

These are the same rules that we know from the scalar products in C". In

addition we have

e = [17OFat = [ 0Tt = (5.5

This result can also be used to define the Fourier transform of a function f €

L*(T), since L*(T) C L(T).

Lemma 1.10. Every function f € L*(T) also belongs to L*(T), and

[ fllzrery < I fllzeer)
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PROOF. Interpret [.|f(t)|dt as the inner product of |f(t)| and g(t) = 1. By

Schwartz inequality (see course on Analysis II),

[(f,9)] = /T\f(t)\ ldt <[ flle2 - Nlgllze = Hf||L2(1r>/Tl2dt= /1l z2cm)-

Thus, [|f|1r) < || fll2er). Therefore:
fel*t) = /|f(t)|dt < 00
T
—  f(n) = /e‘z’rimf(t)dt is defined for all n.
T

It is not true that L?(R) C L*(R). Counter example:

. € L*(R)
S

(too large at 00).

Notation 1.11. e,(t) = ™™ n e Z,t € R.

Theorem 1.12 (Plancherel’s Theorem). Let f € L*(T). Then
i) S f )P = [0 = 1 f 12y,
i) f=35°__ f(n)e, in L*(T) (see explanation below).

Note: This is a very central result in, e.g., signal processing.
Note: Tt follows from i) that the sum Y2°° __ | f(n)|? always converges if f € L*(T)
Note: i) says that

Z |/(n)]? = the square of the total energy of the Fourier coefficients

= the square of the total energy of the original signal f

= [Iswpa

Note: Interpretation of ii): Define

N . N ) '
fun= Y fmen= Y flm)e™.
n=—M n=—M
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Then

]Vl[iinoon - fM,NH2 =0+

N—oo

1
. [ 1560~ fustopar=o

(fan(t) need not converge to f(t) at every point, and not even almost every-
where).

The proof of Theorem 1.12 is based on some auxiliary results:

Theorem 1.13. Ifg, € L*(T), fx = Zivzo Gns Gn L gm, and Z;’O:()Hgn”%z(m < 00,
then the limit

N
f= lim Zogn
exists in L>.

PRrROOF. Course on “Analysis II” and course on “Hilbert Spaces”. [

Interpretation: Every orthogonal sum with finite total energy converges.

Lemma 1.14. Suppose that Y > _ |c(n)| < co. Then the series

oo

Z c(n)e?mnt

n=—oo

converges uniformly to a continuous limit function g(t).

PROOF.
i) The series Y oo c(n)e*™ converges absolutely (since |e*™| = 1), so
the limit .
o) = Y clme

exist for all t € R.

ii) The convergens is uniform, because the error

1> e =g = 1Y ey

n=—m [n|>m

< Z |C(n>€2m‘nt|

[n|>m

= Z|c(n)|HOasmHoo.

[n|>m
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iii) If a sequence of continuous functions converge uniformly, then the limit is

continuous (proof “Analysis 117). O

PROOF OF THEOREM 1.12. (Outline)

0 < If=funl?={f = fuw, [ = fuw)
= ([, f) = fun, £) = (s fun) + (s farw)
= Y Y——

1 11 117 v

I = (f.f)= £z

= Y ) fen=3 fm)in
= Y i

IIT = (the complex conjugate of IT)=11I.

v o= <i f(n)en, Z fm >
= _Z: m) (en, €m)

o

_N
Z = I =1II

Thus, adding [ — [T — [T +IV =1—11>0, ie.,

N
112y — S 1F @2 2 0
n=—M

This proves Bessel’s inequality

> P < If 1z (1.4)

How do we get equality?
By Theorem 1.13, applied to the sums

N

f(n)en and Z f(n)en,
= n=—M
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the limit
N
g= lim fyy= lim > f(nen (1.5)
N—o0 N—oon=—M
does exist. Why is f = ¢7 (This means that the sequence e, is complete!). This

is (in principle) done in the following way

i) Argue as in the proof of Theorem 1.4 to show that if f € C?(T), then
|f(n)| < 1/(2an)2||f"|| 1 for n # 0. In particular, this means that
Zzoz_oo|f(n)| < 00. By Lemma 1.14, the convergence in (1.5) is actually
uniform, and by Theorem 1.7, the limit is equal to f. Uniform convergence
implies convergence in L?(T), so even if we interpret (1.5) in the L%-sense,
the limit is still equal to f a.e. This proves that fyy — f in L*(T) if
f € C¥T).

ii) Approximate an arbitrary f € L?*(T) by a function h € C*(T) so that
If = Pllzz@ <e.

iii) Use 7) and i) to show that || f — g||z2(r) < €, where g is the limit in (1.5).

Since ¢ is arbitrary, we must have g = f. [

Definition 1.15. Let 1 < p < oc.

P(Z) = set of all sequences {a,} > satisfying Z la,|P < oo.

The norm of a sequence a € (P(Z) is
0o 1/p
laller(zy = < > |an|p)
Analogous to LP(I):
p=1 |lal|lnz = Ttotal mass” (probability),

p=2 |a|ez = Ttotal energy”.

In the case of p = 2 we also define an inner product

[e.e]

(a,b)y = Z anby,.

n=—oo
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Definition 1.16. (>°(Z) = set of all bounded sequences {a,}>2 . The norm
in (°(Z) is
|al| g (z) = sup|a|.
neL
For details: See course in ” Analysis I1”.

Definition 1.17. ¢y(Z) = the set of all sequences {a,, }>° satisfying lim,, 4+ a, = 0.

n=—oo

We use the norm

lalloz) = maxla,|
in co(Z).
Note that ¢y(Z) C ¢*°(Z), and that

lallcoz) = Nlallez)
if {a}2_ € (7).

Theorem 1.18. The Fourier transform maps L*(T) one to one onto ¢*(Z), and
the Fourier inversion formula (see Theorem 1.12 i) maps (*(Z) one to one onto

L*(T). These two transforms preserves all distances and scalar products.
PROOF. (Outline)

i) If f € L*(T) then f € ¢*(Z). This follows from Theorem 1.12.

i) If {a,}o_ € (*(Z), then the series

N
E an627r7,nt
n=—M

converges to some limit function f € L?(T). This follows from Theorem
1.13.

iii) If we compute the Fourier coefficients of f, then we find that a, = f(n).
Thus, {an}32

transform maps L*(T) onto (*(Z).

is the Fourier transform of f. This shows that the Fourier

—00

iv) Distances are preserved. If f € L*(T), g € L*(T), then by Theorem 1.12
i),
If = gl = [If(n) — 9(0) |2z,

ie.,

170 - sttt - S 1) — gl

n=—oo
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v) Inner products are preserved:

[1r®—g0kar = (1=9.5-0)
= (fL,./)—={f.9)— (9. f) + (9.9)
= (f,1Y={f,9) = (f.9) + (9,9)
= ([,]) +(9,9) — 2RRe(f. ).

In the same way,
Do =g = (f-4.-9

Na)

By iv), subtracting these two equations from each other we get

R(f, ) = R(f.9).

If we replace f by if, then

m(f,g) = Rei(f,g)=R(if,g)

Thus, (f, 9)r2mr) = ( 1, G)e2(z), or more explicitely,

/f S )i (1.6)

n=—oo

This is called Parseval’s identity.

Theorem 1.19. The Fourier transform maps L'(T) into co(Z) (but not onto),
and it is a contraction, i.e., the norm of the image is < the norm of the original

function.
PRrROOF. This is a rewritten version of Theorem 1.4. Parts i) and i) say that

{f(M)}2_w € (), and part i) says that || f(0) ez < | fllpremy. O

The proof that there exist sequences in ¢o(Z) which are not the Fourier transform

of some function f € L!(T) is much more complicated.
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1.3 Convolutions (”Faltningar”)

Definition 1.20. The convolution (”faltningen”) of two functions f,g € L'(T)
1s
(2 )(0) = [ 5= s)als)is,
T

where [ = f(jﬂ for all a € R, since the function s — f(t — s)g(s) is periodic.

Note: In this integral we need values of f and g outside of the interval [0, 1), and

therefore the periodicity of f and ¢ is important.

Theorem 1.21. If f,g € L(T), then (f * g)(t) is defined almost everywhere,
and f * g € LY(T). Furthermore,

17 % 9l zy < W1 oy 191l v (17)

PROOF. (We ignore measurability)
We begin with (1.7)

P N LA

_ / | / £t = 5)g(s) ds| dt
=) s a
e [ ( [ o dv) 9(s)] ds

:”f”Ll(qr)

= Hf||L1(1r)/T\9(S)| ds = ||fllzvmllgllzrm
sE

This integral is finite. By Fubini’s Theorem 0.15
[ st~ 9ygts
T
is defined for almost all ¢. [J

Theorem 1.22. For all f,g € L*(T) we have

—_—

(f*9)(n) = f()g(n), nez
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Proor. Homework.

Thus, the Fourier transform maps convolution onto pointwise multiplication.

Theorem 1.23. Ifk € C™(T) (n times continuously differentiable) and f € L*(T),
then kx f € C™(T), and (k f)™(t) = (k"™ x f)(t) for allm =0,1,2,...,n.

PROOF. (Outline) We have for all h > 0

1

Rl e m = ox O] = 5 [ k= 5) = k(e = 9)] f(5)ds.

By the mean value theorem,
k(t+h—s)=k(t—s)+ hk' (&),

for some € € [t—s,t—s+h], and F[k(t+h—s)—k(t—s)] = f(§) = K (t—s) as
h—0,and |3 [k(t+h—s) —k(t—s)]| = |f(£)] < M, where M = sup|k/(s)|. By
the Lebesgue dominated convergence theorem (which is true also if we replace
n — oo by h — 0)(take g(x) = M|f(z)|)

1

lim %[k(tm—s)—k(t—s)]f(s) dSZ/O K (t— s)f(s) ds,

h—0 0

so k * f is differentiable, and (k * f) = k'« f. By repeating this n times we find
that k * f is n times differentiable, and that (k * f)™ = k(™ x f. We must still

show that k™ x f is continuous. This follows from the next lemma. [
Lemma 1.24. If k € C(T) and f € L*(T), then k* f € C(T).
PROOF. By Lebesgue dominated convergence theorem (take g(t) = 2||k||c(r) f(t)),
1
(kx f)(t+h)— (k* f)(t) :/ [k(t+h—s)—k(t—s)]f(s)ds — 0as h — 0.
0

Corollary 1.25. If k € C(T) and f € L'(T), then for allt € R

(k= f)(t)= Y e"k(n)f(n).

n=—oo

Proor. Combine Theorems 1.7, 1.22 and 1.23.

Interpretation: This is a generalised inversion formula. If we choose k(n) so
that
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i) k(n)~ 1 for small |n|
ii) k(n) ~ 0 for large |n,

then we set a “filtered” approximation of f, where the “high frequences” (= high
values of |n|) have been damped but the “low frequences” (= low values of |n|)
remain. If we can take k(n) = 1 for all n then this gives us back f itself, but this
is impossible because of the Riemann-Lebesgue lemma.

Problem: Find a “good” function & € C*(T) of this type.

Solution: “The Fejer kernel” is one possibility. Choose k(n) to be a “triangular

function”:
F,(n)
b—D | I I I I I I I | b—D
n=0 n=4
Fix m=0,1,2..., and define
m+1—|n|
N , Inl<m
Famy={ ma
0 , n| >m

(# 0 in 2m + 1 points.)
We get the corresponding time domain function F,,(¢) by using the invertion

formula:
m

Fu(t) = ) Fu(n)e™.

n=—m

Theorem 1.26. The function F,,(t) is explicitly given by

1 sin®*((m+ 1)7t)
Enlt) = m+1  sin®(xt)

ProoOF. We are going to show that

i i emint — (sin(w(m i 1>t))2 when t # 0.

sin 7t

=0 n=—j
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Let z =™ Zz =2 fort#n,n=0,1,2,.... Also z # 1, and

J j J J j
E e2mnt — § e2mnt + § 6—2mnt — E Zn + § zn

n=—j n=0 n=1 n=0 n=1

- Z
<~
=1
=) zj+l
1—=2
Hence
m 7 m +1 m m
- z) — 2 1
§ § : e27rmt § : _ : E =) _ E Zj-l—l
—Zz —Z
]:O n=—j ]:O ]:0 =0

PN
1 [1—?”“ E~z(1—zm+1]

1—zL 1—-2z2  z(1-2)
B 1 |:1 _zm—i-l 1 _Zm+1]
o 1—2zl 1—-32 z—1
_Em+1+2_zm+1
N - 2P

sint = o~ (e —e), cost = $(e + 7). Now

|1 - Z‘ — ‘1 . e2m’t| — ‘6i7rt(€_i7rt . 6i7rt)‘ — ‘e—im& - eim‘,‘ — Q‘Sin(ﬂ'tﬂ
and
Zm-i—l 24 zm-ﬁ-l _ 627ri(m—i—1) 24 6—2m’(m+1)
(e’”(mﬂ) — e‘”i(m+1))2 = (2isin(m(m + 1)))2.
Hence _
3 zj: e _ Alsin(m(m +1)))* (Sin(ﬂ(m+ 1))>2
== 4(sin(7t))? sin(7rt)

Note also that

m 7 m

Z Z 627rint — Zm: zm: e2m’nt _ Z (m+ 1 — |n|)e2m’nt‘

7=0 n=—j n=—m j=|n| n=-—m

24



CHAPTER 1. FINITE FOURIER TRANSFORM 25

IAVAVLVA YAY

Comment 1.27.
i) Fo(t) € C(T) (infinitely many derivatives).
ii) F(t) > 0.
iii) [p|Fm(®)|dt = [ Fn(t)dt = F,,(0) = 1,
so the total mass of F,, is 1.

iv) For all 6,0 < § < %,
1-6

lim F(t)dt =0,

m—0oQ FY
i.e. the mass of F,, gets concentrated to the integerst =0,+1,+2...

as m — oQ.

Definition 1.28. A sequence of functions F,, with the properties i)-iv) above is

called a (periodic) approximate identity. (Often i) isreplaced by F;, € L'(T).)
Theorem 1.29. If f € L'(T), then, as m — oo,

i) Fpux f— fin LY(T), and

i) (Fy * f)(t) — f(t) for almost all t.
Here i) means that [|(Fn x f)(t) — f(t)]dt — 0 as m — oo

PROOF. See page 27.

By combining Theorem 1.23 and Comment 1.27 we find that F,, * f € C*°(T).
This combined with Theorem 1.29 gives us the following periodic version of
Theorem 0.11:
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Corollary 1.30. For every f € L'(T) and € > 0 there is a function g € C>(T)
such that ||g — fllpm < e.

Proor. Choose g = F,,, *x f where m is large enough. [J

To prove Theorem 1.29 we need a number of simpler results:
Lemma 1.31. For all f,g € L'(T) we have f xg = gx* f

PRrROOF.

(f xg)(t) = f(t —s)g(s)ds

T

We also need:

Theorem 1.32. If g € C(T), then F,, x g — g uniformly as m — oo, i.e.

max|( £y * g)(t) = g(t)] — 0 as m — oo.
S

PRrRoOOF.

(Fuxg)(t) —g(t) "™20 (g% F,)() — g(t)

Commglt 1.27 (g % Fm)(t) _ g(t)/EFm(S)dS

_ / (9(t — 5) — g(0)] Fon(s)ds.

Since ¢ is continuous and periodic, it is uniformly continuous, and given £ > 0
there is a 0 > 0 so that |g(t — s) — g(t)| < e if [s| < 4. Split the intgral above

into (choose the interval of integration to be [—1,1])

/

Let M = sup,egl|g(t)|. Then |g(t —s) — g(t)] < 2M, and

N

1 1
2 2

ot~ 5) —glmatons = ( [+ [+ | Viglt - ) — g0 (o)
~

-5 1
I+ 10| < ( +/> OM Fy(5)ds
4

_1
2

1-5
= 2M/ F,.(s)ds
5
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and by Comment 1.27iv) this goes to zero as m — oo. Therefore, we can choose
m so large that

I+ I111| <e (m >mg, and mg large.)

)
I < / Jalt =) = g(0)| F(s)ds
)

< 6/_6Fm(s)ds

[NIES

< 5/_ Fo(s)ds=¢

=

Thus, for m > mg we have
|(Fi ® g)(t) — g(t)] <2e (for all t).

Thus, lim,, e SUpser|(Fm * 9)(t) — g(t)| = 0, i.e., (F, * g)(t) — ¢(t) uniformly
asm — oo. U

The proof of Theorem 1.29 also uses the following weaker version of Lemma 0.11:

Lemma 1.33. For every f € LY(T) and e > 0 there is a function g € C(T) such
that ||f — gllzrr) <e.

Proor. Course in Lebesgue integration theory. [

(We already used a stronger version of this lemma in the proof of Theorem 1.12.)
PROOF OF THEOREM 1.29, PART i): (The proof of part ii) is bypassed, typically
proved in a course on integration theory.)

Let € > 0, and choose some g € C(T) with || f — g||z1r) < e. Then

[ En*f=fllovry < Fn*xg—g+Fux(f—9)—(f =9l
< Ea*xg—gllo + 1 Fn* (f =Dl + 10 = 9l
Thm 1.21
< [Em g = gl + ([ Ewllorm + DI = gl

(. S/ N\

~
=2 <e

HFm k g — QHLI(T) + 26.
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1
Now [|1Fn g = gl = [ (B glt) = o(0)] de
0
1

< max |(F,, x g(s) — g(s)| dt
0 86[071}

= max|(Fm>kg(s)—g(s)|-/0 dt.

s€[0,1]
—
=1

By Theorem 1.32, this tends to zero as m — oo. Thus for large enough m,

[ F * f = fllzir < 3e,

so Fr,x f— fin LY(T) asm — oo. [
(Thus, we have “almost” proved Theorem 1.29 i): we have reduced it to a proof
of Lemma 1.33 and other “standard properties of integrals”.)

In the proof of Theorem 1.29 we used the “trivial” triangle inequality in L'(T):

If+ gl = /|f(t) +g(t)| dt < /|f(75)| + [g(?)] dt
= | fllrery + gl

Similar inequalities are true in all LP(T),1 < p < oo, and a more “sophisticated”

version of the preceding proof gives:

Theorem 1.34. If 1 < p < oo and f € LP(T), then F,, * f — f in LP(T) as

m — 00, and also pointwise a.e.

PROOF. See Gripenberg.

Note: This is not true in L>(T). The correct “L*-version” is given in Theorem
1.32.

Corollary 1.35. (Important!) If f € LP(T),1 < p < o0, or f € C™(T), then

m

: m+1— |n| ¢ Tin
lim 7 ) = (),

n=—m

where the convergence is in the norm of LP, and also pointwise a.e. In the case

where [ € C™(T) we have uniform convergence, and the derivatives of order < n

also converge uniformly.
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ProOOF. By Corollary 1.25 and Comment 1.27,

m

S ML et = (e )00

n=—m

The rest follows from Theorems 1.34, 1.32, and 1.23, and Lemma 1.31. [

Interpretation: We improve the convergence of the sum

Z f(n) e27rint

n=—oo

by multiplying the coefficients by the “damping factors” mjﬂ:‘”', |n| < m. This

particular method is called Césaro summability. (Other “summability” methods

use other damping factors.)

Theorem 1.36. (Important!) The Fourier coefficients f(n),n € Z of a func-
tion f € LY(T) determine f uniquely a.e., i.e., if f( ) = g(n) for all n, then
f(t)=g(t) a.e

PROOF. Suppose that j(n) = f(n) for all n. Define h(t) = f(t) — g(t). Then
h(n) = f(n) — §(n) = 0,n € Z. By Theorem 1.29,

m

: m+1— |n| 7 2mint
MO =t 3Ly e =
n=—m -0
in the “L'-sense”, i.e.
R / ()] de = 0
This implies h(t) = 0 a.e., so f(¢) a.e. [

Theorem 1.37. Suppose that f € L*(T) and that Y2 __|f f(n)| < co. Then the

series
o0
E f(n) e27rint

n=—oo

converges uniformly to a continuous limit function g(t), and f(t) = g(t) a.e.
ProoF. The uniform convergence follows from Lemma 1.14. We must have

f(t) = g(t) a.e. because of Theorems 1.29 and 1.36. O

The following theorem is much more surprising. It says that not every sequence

{an }nez is the set of Fourier coefficients of some f € L(T).
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Theorem 1.38. Let | € Ll("JI‘),f(n) >0 forn >0, and f(—n) = —f(n) (i.e.
f(n) is an odd function). Then

PROOF. Second half easy: Since f is odd,

S il = S fml+ i)

n#0 n>0 n<0
neL

= 22\— n)| < oo if 7) holds.

~

i): Note that f(n) = —f(—n) gives f(0) = 0. Define g(t fo s)ds. Then
g(1) —g(0) = fol f(s)ds = f(0) = 0, so that g is continuous. It is not difficult to
show (=homework) that

g(n) = s—1F(n), n#0.
By Corollary 1.35,

A 27i-0-0 . m+1—|n| . 27in0
9(0) = 9(0)¢ o+ lim Z Wg(n)? ,
=1 n:—m%,_/ even =1
. 2 “m+1—n f(n)
— 0 — 1 .
g()+27rimlgéo; m+ 1 n
>0

Thus

m 1 . r
%Enoo Z m; ) n fszn) = K = a finite pos. number.

In particular, for all finite M,
o f(n) ~m+1—nf(n)
Sy <K
~ n m—oc £~ m +1 n

<K<oo O

and so 3.2 1 S
Theorem 1.39. If f € C*(T) and g = f®, then §(n) = (2xin)*f(n), n € Z.
PRrOOF. Homework.

Note: True under the weaker assumption that f € C*Y(T), g € LY(T), and

FEHE) = fEH0) + Jy 9(s)ds



CHAPTER 1. FINITE FOURIER TRANSFORM 31

1.4 Applications

1.4.1 Wirtinger’s Inequality

Theorem 1.40 (Wirtinger’s Inequality). Suppose that f € L*(a,b), and that “f

has a derivative in L*(a,b)”, i.e., suppose that

where g € L*(a,b). In addition, suppose that f(a) = f(b) =0. Then

[irora < (20) [loora (1.9
( &) /ab\f’(t)\2dt)-

Comment 1.41. A function f which can be written in the form

where g € L'(a, b) is called absolutely continuous on (a,b). This is the “Lebesgue
version of differentiability”. See, for example, Rudin’s “Real and Complex Anal-

ysis”.

PROOF. i) First we reduce the interval (a,b) to (0,1/2): Define
F(s) = f(a+2(b—a)s)
G(s) = F'(s) =2(b—a)gla+2(b—a)s).

Then F(0) = F(1/2) =0 and F(t) = fot G(s)ds. Change variable in the integral:

t=a+2(b—a)s, dt =2(b—a)ds,

and (1.8) becomes

1/2 , 1 1/2 )
/0 F(s)fds < o [ IGs)Fas. (1.9)
We extend F' and G to periodic functions, period one, so that F'is odd and G
is even: F'(—t) = —F(t) and G(—t) = G(¢) (first to the interval (—1/2,1/2) and



CHAPTER 1. FINITE FOURIER TRANSFORM 32

then by periodicity to all of R). The extended function F' is continuous since
F(0) = F(1/2) = 0. Then (1.9) becomes
1
2 2
/T|F(s)| ds < 4—7r2/T|G(S)| ds &
1
1Nz < oo lIGlleze)

By Parseval’s identity, equation (1.6) on page 20, and Theorem 1.39 this is

equivalent to
R 1 R
S IEMIP < — > [2mnF(n). (1.10)

Here

since F' is odd, and for n # 0 we have (27n)? > 472 Thus (1.10) is true. O
Note: The constant (1’_7“)2 is the best possible: we get equality if we take

F(1) #0, F(=1) = —F(1), and all other F'(n) = 0. (Which function is this?)

1.4.2 Weierstrass Approximation Theorem

Theorem 1.42 (Weierstrass Approximation Theorem). Every continuous func-
tion on a closed interval [a,b] can be uniformly approximated by a polynomial:
For every € > 0 there is a polynomial P so that

max|P(t) - f(t)] < (1.11)
Proor. First change the variable so that the interval becomes [0,1/2] (see
previous page). Then extend f to an even function on [—1/2,1/2] (see previous
page). Then extend f to a continuous 1-periodic function. By Corollary 1.35,
the sequence -

fult) = 3 Fulm)fln)ern

n=—m

(F,, = Fejer kernel) converges to f uniformly. Choose m so large that

|fm(t) = f(E)] < /2

for all t. The function f,,(¢) is analytic, so by the course in analytic functions,

the series

£2(0)

o]
k=
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converges to fp,(t), uniformly for ¢ € [—1/2,1/2]. By taking N large enough we
therefore have

|Py(t) — fm(t)| < /2 for t € [~1/2,1/2],

(k)
where Py(t) = ]kvzo fmk!(o)tk. This is a polynomial, and |Py(t) — f(t)] < ¢

for t € [-1/2,1/2]. Changing the variable ¢ back to the original one we get a

polynomial satisfying (1.11). O

1.4.3 Solution of Differential Equations

There are many ways to use Fourier series to solve differential equations. We

give only two examples.

Example 1.43. Solve the differential equation
y'() + Ay(x) = f(z), 0<z<1, (1.12)

with boundary conditions y(0) = y(1), ¥'(0) = 3'(1). (These are periodic bound-

ary conditions.) The function f is given, and A € C is a constant.

SOLUTION. Extend y and f to all of R so that they become periodic, period
1. The equation + boundary conditions then give y € C'(T). If we in addition
assume that f € L?(T), then (1.12) says that ¢ = f — Ay € L*(T) (i.e. f'is
“absolutely continuous”).

Assuming that f € C*(T) and that f’ is absolutely continuous we have by one

of the homeworks

—_

(y")(n) = (2min)*j(n),

so by transforming (1.12) we get

—4m®n®j(n) + Aj(n) = f(n), neZ, or (1.13)
(A —4r*n®)j(n) = f(n), neZ.

Case A: X\ # 4n?n? for all n € Z. Then (1.13) gives

~

§(n) = A fiz)2n2

The sequence on the right is in £}(Z), so g(n) € £X(Z). (i.e., >_|§(n)| < 0o). By
Theorem 1.37, R
- f(n) 2mint
N—_——

n=—0oo

=j(n)
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Thus, this is the only possible solution of (1.12).
How do we know that it is, indeed, a solution? Actually, we don’t, but by working

harder, and using the results from Chapter 0, it can be shown that y € C1(T),

and .
J(O)= Y 2mingln)e,
where the sequence
. 2ming(n)
2 ) = 3 g
belongs to (*(Z) (both 24— and §j(n) belongs to ¢*(Z), and the product of two

(*-sequences is an (!-sequence; see Analysis IT). The sequence

—4mn?
. 2 N o
(2min)"g(n) = N2t (n)
is an ¢?-sequence, and
= —4rn? .
fn) — f"(t)

‘. A — 4An?n?

n—=—

in the L%sense. Thus, f € CY(T), f’ is “absolutely continuous”, and equation
(1.12) holds in the L?-sense (but not necessary everywhere). (It is called a mild
solution of (1.12)).

Case B: \ = 472k? for some k € Z. Write

A —471n? = 4 (kK* — n?) = 47 (k — n)(k 4+ n).

~

We get two additional necessary conditions: f(£k) = 0. (If this condition is not
true then the equation has no solutions.)

If f(k:) = f(—k) = 0, then we get infinitely many solutions: Choose (k) and
y(—k) arbitrarily, and

g(n) = W=y " # *k.

Continue as in Case A.

Example 1.44. Same equation, but new boundary conditions: Interval is [0, 1/2],

and
y(0) = 0= y(1/2).
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Extend y and f to [—1/2,1/2] as odd functions

y(t) = —y(=t), —-1/2<t<0
ft) = —f(-t), -1/2<t<0

and then make them periodic, period 1. Continue as before. This leads to a

Fourier series with odd coefficients, which can be rewritten as a sinus-series.
Example 1.45. Same equation, interval [0, 1/2], boundary conditions
y'(0) =0=y'(1/2).

Extend y and f to even functions, and continue as above. This leads to a solution

with even coefficients ¢(n), and it can be rewritten as a cosinus-series.

1.4.4 Solution of Partial Differential Equations

See course on special functions.



