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Let us look at the nonlinear equation z’ = (22+41)(z~1)(z—2)(z—3)(z~4).
The equation is a bit hard to integrate if we do not use symbolic integration
programs. However we can immediately plot the phase portrait. The equilibria
are 1,2,3 and 4 and the phase portrait looks like:
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As another example look at the movement of a hydrofoil described by the
equation v’ = T'(v) — §(v), where v is the speed of the boat, T is the force
caused by the motor and S is the friction force of the water. The graphs of
the functions are demonstrated in figure below. The phase portrait is on the
v-axis for two different situations.

= Hoooaae

O W= —— 7
U

Bifurcation diagrams with one parameter

Let us now look at an example with parameter: 2’ = az? - a?. Ifa < 0
there are no equilibria and the phase portrait looks like:
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If a > 0 there are two equilibria ~+/a and /2. The former is stable and
the last one is unstable. The phase portrait looks like:
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(Observe that in these cases the solution may tend to infinity for finite
time). If @ = 0 there are infinitely many equilibria.

‘We can now summarize the situation in a so called bifurcation diagram
below 4
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Here the horizontal axis corresponds to the parameter a and the phase
portrait is along the vertical axis corresponding to the varinble z. The curves

represent the equilibria and the dotted curves mean that the equilibrium is
unstable.

Another example of such bifuractions diagram we get from the system
bs
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describing the slip of an asynchronous electric machine.
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Let us look at yet another example with parameter: oZa
2

=ar’-a®r+2d%z +2ax +3z—a*+a® - a® +3a+6.

The right side is a polynom of second degree and thus we can have no more
than two equilibria. The extremum of the function is of great importance for
determining the phase portrait. It can be calculated to (use, for example,
maple)
(a® — 2a + 3)?

B 4a ’
Let us first consider the cases when a® — 2a + 3 # 0. If @ > 0 the extremum
is a minimum which is less than zero and the phase portrait looks like

~ N P Y. | N

If @ < 0 the extremum is a maximum greater than zero and the phase
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h)z' = 2%+ cad
i)z’ = czt + 22
jz=ze+¢
Bz =1/(1+z¥)+c
g =cx - 2°
m) ¢’ = 2% - 823 + 2227 — 362 + ¢
n) 2’ = 3z* — 162% 4+ 3¢% + 36z + ¢
o)z’ = ms@l 82% — 1522 4 36z + ¢
p)z’ =228 - 322+ 12z + ¢
g e =228 -322-12¢+ ¢
for different values of the parameter c. Summarize the results in a bifurcation
diagram,

Exercise 1.2 Plot the graph of the right side for the system

/L 1000023 -

¢ = 131000022

Plot the phase portrait.

Exercise 1.3 Plot the phase portrait for the system
a)z' =az?+(a+b)z+b
bz’ =2+ (a+ D22 +b .
)z’ =z +az +b+ad
dz' =234+ (b-Dz?+a+1
e)z' =2°+ bzt +a -5
fle'=zt+ (a+ D2+ b
gle =zt +az® b+ a®
Bg' =zt +(b-1z%+a+1
iz’ =zt +bad +a -8
i)z’ =5-z/(az? + bz + 4) g%ﬂ\“p
k)z' =2-bz/(azl+z+a) a>1/2
o' =az’+bz+a+2
m)z' =az? +(b+ )z +a
n)a' =bz2+az+b+1
o)z’ =(a+ e+ bz +a
p)z'=az?+(b- L)z +a
gz =az? +br+a+b
Ve’ =az?+(b+a)z+a
)z’ =bz? +bz+a+2
t)z' =az? +(b-a)z+a
)z’ =bz?+(a-b)z+b
for different parameter regions for the paramelers a and b. Summarize the
results in a bifurcation diagram with windows.

Exercise 1.4 Find the possible different phase portraits for z' = 22%~10a%23+
8atz 4+ 2a — 1 when 0 < a < 1. Hint: Use Maple to animate the curve and
find that there are at least three different phase portraits for a = 0,0.45,1.

Exercise 1.5 Find the possible phase poriraits in the previous ezercise when
-2<aXx0.

Two one dimensional systems are topologically equivalent iff they have the
same number of equilibria and the types of the equilibria coincide in the same
order.

Example, z' = (22 +1)(z ~ 1)(z - 2)(z — 3)(z - 4) and 2’ = 2(z — 1)(z -
2)(z — 4) are topologically equivalent and both have the same phase diagram
shown earlier above.

A homeomorphism giving the equivalence can be

z~1 z<X3
hz)=4{ 2z -4 3<z<4
z z>4

\\

& h N

N@ 4
_

¢ t f }s
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Exercise 1.6 Show that the phase portrait of the system ¢’ = (z + 1)(z ~

1)(z — 3)(z — 4) is equivalent to the systems above. Find a homeomorphism
giving the equivalence between one of the systems above and this system.
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