1 Constructing Phase Portraits

What can be done?

As well known most of non-linear ordinary differential equations cannot
be solved explicitly. So any known to You expression of elementary func-
tions, for example, combinations of polynoms, trigonometric, logarithmic
functions etc cannot be the solution of the equations. We cannot find any
finite expression of elementary functions as the solution of the equations.
All the solutions You have learnt in the ground course at a technical uni-
versity of linear equations, separable equations etc are not more than good
approximations. Simulations are, of course, also approximations although
usually good. But to plan the simulations and especially in high dimensional
systems or systems with many parameters it is more effective or often prac-
tically necessary to know something from Mathematics about the behaviour
of the solutions. This is to try to get a general geometric picture about the
solutions. And that is what is done when You construct the phase portrait.
If the phase portrait is plotted the qualitative behaviour of the solutions can
be seen from it at once. From the plot we immediately can see where the
trajectory starting at a given point is approximately going to be. The phase
portrait is especially easy to plot in the two dimensional case.

What are we going to do?

Our aim now is to demonstrate some of the very central methods in con-
structing the phase portrait for a two dimensional system by applying them
to some easy examples. The examples are chosen so that all calculations
can be done with minimal knowledge of analysis and linear algebra and are
technically as short as we manage to do.

As good examples we have chosen the the following two two-dimensional
systems

(1.1) '=2(2-2~y) ¥ =y(6-20-y)
and
(1.2) t'=z2-2~y) ¥ =y(3-2z-1y).

We start with these systems because some very central ideas in con-
structing the phase portrait are easy to see in these cases. We are going to
construct the phase portrait only in the region z,y > 0. At the end we give
some examples of phase portraits from technical applications.

Before we start with constructing the phase portrait itself we recall some
important facts playing a central role in the constructing process.
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stable node. The phase portrait around the equilibrium is shown in figure
2b. The Jacobian at the the third equilibrium z = 2, y=10is
-2 -2

J = o 92

It has one eigenvalue -2 with eigenvector (1,0) and another eigenvalue 2 with
eigenvector (-1,2). Because one eigenvalue is less than zero and the other
greater it is a saddle. The phase portrait around the equilibrium is shown
in figure 2c.

Now we can plot a figure where the phase portrait is given around all
the three equilibria in the region z,y > 0. This is seen in figure 2d.

Global phase portrait

At the next stage we calculate the regions for the positivness or negatijve-
ness of z/. On the common boundary of these regions ¢’ = 0. This boundary
Is given by the lines ¢ = 0 and ¢ + y = 2 intersected with z,y > 0. In the
regionz+y <2 >0z is positive. In the region z4+y > 2, z > 0it
Is negative. (See figure 3)

We continue by calculating the sign of y' in different regions. ¥ =0
gives y =0 or 2z + y = 6. In the region 2z +y < 6, y > 0y is positive
and in the region 2z +y > 6, y > 0 it is negative. (See figure 4).

Now we try to connect the results above on the signs of ¢’ and 3. We
get the result seen in figure 5. In the region below the line z + y = 2 both
signs are positive and both £ and y are increasing. Thus the trajectories
move in direction up and right as is seen by the arrows in the figure. Above
z +y = 2 but below the line 2z + y = 6 2’ is negative and y’ is positive.
Thus the trajectories here move left and up according to the arrows in the
figure. Above the line 2z + y = 6 both z’ and y" are less than zero and
both z and y decrease. On the line z + y=2(z,y>0) wehavez' = 0
but ' > 0 and thus the trajectories go vertically up here. Because both
T and y are increasing below the line any trajectory starting in z,y > 0
below z + y = 2 will reach this line, intersect it and then remain above it.
On the line 2z + y = 6 (z,y > 0) we have ' = 0 and 2’ < 0. Thus all
the trajectories go horizontally to the left here. Because both z and y are
decreasing above the line 2z + y = 6 any trajectory starting above that line
will hit it, intersect it and remain below it. We conclude that any trajectory
starting in z,y > 0 will enter the region between the lines z + y = 2 and
2z 4+ y = 6 and remain there. In the latter region any trajectory moves to
the left and up and will thus tend to the equilibrium z = 0,y = 6 which
Is thus attracting everything in the region z,y > 0. On the z-axis ¥y =0
and z is increasing for z < 2 and decreasing for z > 2. Thus any trajectory
starting on the z-axis above z = 2 will tend to z = 2 from above and any
trajectory starting on the z-axis between 0 and 2 will tend to ¢ = 2 from
below. On the y-axis ' = 0 and y is increasing for y < 6 and decreasing for
¥ > 6. Thus any trajectory starting on the y-axis above y = 6 will tend to
y = 6 from above and any trajectory starting on the y-axis between 0 and
6 will tend to y = 6 from below. The whole phase portrait is illustrated in
figure 6.

The second example

Solving for equilibria

. We now consider the system (1.2). Again the equilibria are solutions of
the systems of equations 2’ = 0, y = 0. These equations imply that one
of z = 0 or z + y = 2 must be satisfied and one of y = 0 or 2z + y = 3 must
be satisfied. Thus z = y = 0 is an equilibrium. z = 0 and 2z + y = 3 gives
the equilibrium ¢ = 0,y = 3. y =0 and z + Yy = 2 gives the equilibrium
¢ = 2,y = 0. The system of equations z + y = 2, 2z + y = 3 has the
solution z = y = 1. Thus we have now got four equilibria and start to
determine the type of them.

Local phase portrait

The Jacobian for the system is

At the origin it is
20

T=149 3

and clearly the eigenvalues are both positive and we have an unstable node.
The eigenvectors are (0,1) and (1,0). The local phase portrait around the
origin is shown in figure 7a. The Jacobian at the the second equilibrium
z=0,y=3is

-1 0

-6 -3

It has one eigenvalue -1 with eigenvector (1,-3) and another eigenvalue -3
with eigenvector (0,1). Because both eigenvalues are less than zero it is a
stable node. The phase portrait around the equilibrium is shown in figure
7b. The Jacobian at the the third equilibrium z = 2,y =0 is

-2 =2
I= 0 -1

It has one eigenvalue -2 with eigenvector (1,0) and another eigenvalue -1

with eigenvector (-2,1). Again because both eigenvalues are less than zero

it is a stable node. The phase portrait around the equilibrivm is shown in

figure 7c. The Jacobian at the the fourth equilibrium ¢ =1,y =1 is

-1 -1

7=, )

It has one eigenvalue —1 — /2 with eigenvector (1,4/2) and another eigen-
value —1 + /2 with eigenvector AIH)\MV. Because one eigenvalue is less
than zero and the other greater it is a saddle. The phase portrait around
the equilibrium is shown in figure 7d.

Now we can plot a figure where the phase portrait is given around all
the three equilibria in the region z,y > 0. This is seen in figure 7e.



*jre1j1od eseyd ayj ut suoljnfos drporred aaey
WIdY} JO SUIOS 39S NOK Sy suoljedrdde [edMUYI8) Y)Im PalIeuu0d sura)shs
aulos 10} Jlerjiod aseyd jo ssjdurexe aur0s 9)eljsuowep seIndy jse[ oy,

so[dwexs 12410
‘Tenyoe ale syreljrod aseyd jo sedAy H_da.k
IMOQE UOIJRULIOJUI JO J0] & @Al elIqIMba punole Inoiaryaq [e20] 8y} pue A
pue ,z jo su3is 2y} jo sisATeue moyAuy *jou Io jussaid are suornios drpotrad
J1 4no puy oy prey si 1 Affeedsy -9A0Qe 95D 9Yj Ul SB WIRYSAS Q) jO

Inoraeysq S[OYm 3Y) SUMUIIANEP Ued om SALM[E JOU ‘9SIN0D J() IR
"1 213y ur pajenjsny s1 yre1yiod
aseyd s[oym aYJ, ‘mofeq woly ¢ = £ 0} pudy I ¢ pue () Usemlaq spxe-A o)
uo Junjre)s £10909(e1) Lue pue sroqe woll ¢ = £ 0) puey M ¢ = £ aroqe
stxe-fi a3 uo Surpres L1opoefer) Aue snyy, ¢ < £ 1o} Bursea1dap pue ¢ > £
l0j Buisesrouy 81 £ pue ( = ,z sixe-f Y} UQ 'mO[eq WO} g = T 0} pus)
A g pue ( Usamiaq sixe-z syj uo Juljle)s £1090a(el) Lue pue sa0qe wol}
¢ = T 0} pPus) [[IM g = T 9a0Qe siXe-z 8y} uo Juljre)s A1opdaler) Lue sy,
"¢ < Z 1o} FujseaIdap pue g > 10} Buises1our st z pue ) = A spxe-z 9y u()
0 = £'g = z wnuqmmba ay) 03 pusy snyy [[IMm pue umop pue JYSiI oy Oy
seaoW £10129(e1) Aue uoldar 1amol oy u g = A‘Qg = z wnuqymbs oY) 0y
puay snyjy Tim pue dn pue 3397 33 0] seaour £10303(eI) Lue uorSa1 1oddn oY)
uj -eIey} ufewl pue ¢ = £ + zg pue g = £ + z gauy aY) uvemjeq suoiSel
aY3 JO 8u0 189UB [[Im ( < A ‘z W Bunreys £10308(e1) LUe JRY) SPNPIUG B
9=4A‘)=z yurs
3y 0) pus) pue g = fi + T sA0qe UTEW.I I131JRISY) [[IM 41 § = £ + Tg aul oY)
$308SI29Ul 31 J] "0 = A ' = T juIs 8y 0) PUL) pue ¢ = £ + zg oA0QE UlRWIAI
Isjyelayy f[im 31 g = £ + z ouf] Y} spoesiajul £10909(e1) 8Y) J] “WLY) jo suios
Y 14 s9ul] 953y anoqe Burjre)s £10308f®1) AUe sHUT aY3 Jo Yjoq 3y} sA0qe
Surses10ep a1 £ pue z yjoq esnedsyg ) =g =z unprqmbs sy 0y pusy
pue g = £ + z our ay) mo[eq uUrewlal IdjyeleY) fim 31 ¢ = £ 4 zg euy o)
sjoesIequl 41 §] 'g = £°Q =  wnuqmba ayy 0y pusy pue ¢ = £ 4 zg suy oYy
MO[eq UreIal I19)jeIay) [[Im 31 g = A+ T BUT] 3Y) $)09SI83UI 91 J] *sOUY| 83Y) JO
suo yoeal [im ¢ = i+ zg pue g = A4 2 moeq g < £ ‘z ur Junyre)s £10p8(e1y
Aue sour om) ayy mofeq Sulseeldur a1 £ pue T Yjoq asnedeq ‘eley JYSiI o)
0} A[{eu0ZII0Y dA0W $a110)0a(RI} BY) snyy pue () < ,Z Jnq ( = A oavy oM
¢ = fi+zoun ey mofpq ¢ = A+ g dur 8y) UQ "eI18Y 9J9[ 8Y3 0} A[eIuozIIoy
aAout 31109231y aY3 snyy pue ( >,z Inq 0 = f 3aeY am g = £ + T our oYy
sroqe ¢ = f + g Su Y3 UQ "o18Y umop A[fediiiea 0F sa110300(®1) ) Sny)
pue 0 > A 1nq 0 =z eaey em ¢ = £ 4 27 sul] 3Y) sr0qe g = £ 4 T suy oY)
uQ a1y dn Afresniea o3 serrojosle1) ayy snyy pue § < A inq g = ,Z aney
om ¢ = fi + 27 our ayy mopeq {0 < £‘z) g = £ + z sur ayy u() -esessvep fi
pue z yjoq pue olez uey) ssof axe fpue ,z yjoqg=£A+z pueg =4+ 3g
sauf[ Ay} Yj0q 2A0qy 2IndYy 9} U smolle o3 0) Burpiodne umop pue S
8Y3 0} dA0UI B13Y sol103a(el) oY) snyJ, -earysod stz pue aaljeSou s 4
¢ = A+ z suf oY) mofeq ing ¢ = £ + 2 9r0qy "eINJY oY) Ul smolle AY) O)
Surp1ovoe dn pue 33a] ay) 0} A0 BI8Y SaL10923(®I} oY) snyT, ‘sansod s A
pue aanedeu s,z 9 = £ 4 27 Ul Y} mOPRq INQ g = A 4 T sa0qy ‘eInSy o)
ur smolre 9y} Aq usss sI se JySi1 pue dn UOIYDLIIP UT 2AOW §a[10308(®l) oY)
snyJ, ‘Suiseslout ore £ pue & Yyjoq pue sapisod are suls yjoq ¢ = fi + 17
pue g = £+ 2z saur yjoq mofeq Uolsal ay3 uy 'O SInBY ur usss jmsal ayy je8
s, A pue ,z jo sulis 8y} Uo dA0qE SNSRI BY) 1IUUCD 0y LI} Bm MON
‘(6 @n3y eag) ‘earjedou st 4 g < £ ‘g < £ + z7 uoider ayj ur pue
aanyisod st A9 <A ‘g > A4z uoiBel eyl ul ‘¢ = £ + 27 10 g = £ seA3
0 = A ‘suoiSer juszayip ut A jo uSis oy Sunemo[ed £q enNUNUOD
(8 81n38y 90g) -oaryeSou st
No<z ‘g<f+zuoBeroyyuy eanisod st 29 <z ‘g> A4z uoder
ayy ul "0 < Az yyim payoesiayul g = £ + T pue g = z sauy ayj Aq uaard st
Arepunoq siqJ, -0 = ,z suoida1 asaY} Jo AIRPUNOQ UOUILIOD BY) U() *,T JO SSOU
-oalye5au 10 ssouAlyisod 93 10} SuUOISI 3] s1eMO[ed am 2Fe)S JXaU Ay} 1Y

yerjrod aseyd peqoin)



\&Qhﬁ \Qqs..\\«:w\h 0\ Zwo - \\.Smabwan\ lnear .\H NQNQ\ \D\“n\m \bo\u\\m\\ Q\SQ:D\ \Q\ Q&

,mf,\m ms,
)/
/71NN

Real 2@1_.; mwm:EFnh 9

e m&l?m :m@n:,\s?ﬁ & ﬁ KQNQ\ .\w&\ﬁs\btﬁ Q\QQBQ\ QNQ\‘&.N\\D :

A
h..:mu OWD

> Sourcg

x < | \
m.oaimx n@mag\:&
Zmrmp*?m real wo...mh

> sadd/e
Y A 4d

e :nup*?m \J

f f

\
\ Sources , |
g .

ﬁozw?x mmmmi\m\:mf 2 M/f/\
To,ml?m ﬁna_\ \Unw*u

/

A

&

.

Real wc?.*?m Q.mw m:SLCma




(5%
/
\U unod
\n\:u\\ ;\ \
25
s\\
\Q\QN



v

Y




7/
\\// 7

(2
2 (&)

«\\ \\\ \uc:n{ﬁ \N\Svm *oo\ u\:owQ\ \waN.

ﬂo\c %ﬂ \

(%)

«Qw.\ \QSSG \\G\\\SQ\ w\,.m\\ \muh\

N

(=)

yus

N

(1)

NM\Q & \UN\\\% 0 \N\G\\\S&\ mu.h\\ \Q\Q\

224198 <

4
N

NQ@\ \Qt%\% \\3\%\ u\SWQ\ \hw%\



Xx=0 <=

X=0 V
K...:W“nm.

A 4

Y

%no <<=

J=9
o%y\._rr%“m

v



0y

% ﬂ x
S
lk\QQ\\u
? 0
*“
ol



