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3@ 3.14. Typical neighbourhoods N and N’ for the Volterra—Lotka equations
showing neutral stability.

Fig. 3.12. Phase portrait for the system (3.34). Trajectories satisfy 3xt+x3=C.
Orientation given by %; >0 for x, > 0.

which has solutions satisfying
Ixt+x3=¢C, . (3.36)

where C is a real constant. The phase woznm: is shown in Fig. 3.12. ,
None of the trajectories approach the origin as t— oo, so the fixed point
is not asymptotically stable. However, as Fig. 3.13 shows, for every disc N
centred on the origin, there is a smaller disc N’ such that every trajectory
passing through N’ remains in N. Thus the origin is stable. O

N=N
]

Definition 3.5.3
A fixed point of the system x = X(x) which is mS_u_o but not asymptotically -
stable is said to be neutrally mEEm

Tm 3.15. Neutral stability of the system %, =0, x,=—x, at 4 follows with
N=N"

B 0 b,c,d >0, is neutrally stable. The phase portrait for these equations was
' given in Fig. 1.33. Neutral stability of the fixed point at (c/d, a/b) follows from
~the existence of neighbourhoods N and N’ satisfying Definition 3.5.1 as
dicated in Fig. 3.14. Clearly, the fixed point is not asymptotically stable.
Another example is the non-simple linear fixed point shown in Fig. 3.15.
The particular fixed point 4 is not asymptotically stable because there are
trajectories passing through N of Fig. 3.15 which do not approach A as
t-» 00. However, with N' = N, every trajectory passing through N’ remains
- in N; so A is stable.

There are many examples of neutrally stable fixed points similar to Example -
3.5.1. For instance, the non-trivial fixed point of the Volterra-Lotka equations

fi=xya=bxg) Xy = = xyle—dx,) (337)

. Definition 3.5.4 .
¢ Afixed point of the system X = X(x) which is not stable is said to be unstable.

¥ . This means that there is a neighbourhood N of the fixed point such that
& for every neighbourhood N’ < N there is at least one trajectory which passes
& through N’ and does not remain in N. For example, the saddle point is
& unstable because there is a separatrix, containing points arbitrarily close to
. the origin, which escapes to infinity with increasing t.

Fig. 3.13. Typical neighbourhoods N and N’ (shaded) or Definition 3.5.1. Observe
all trajectories passing through N’ remain in N.
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negative definite. Now, V(¢,(x,)) < V(9,,(x,)) for all t > 1, because V(g (x,4))
is decreasing. However, V is positive definite and therefore {pxo)[t>1,)
lies inside the level curve of V containing ¢, (x,). This is true for every 1;,
so that ‘¢, (x,) >0 as 7, 0’ implies ‘p,(xo)—0 as ¢ co’. Moreover, the
above argument is valid for all Xo in N;j and therefore x=0 is an

-asymptotically stable fixed point. g

Definition 3.5.8

A function V satisfying hypotheses 1, 2 and 3 of Theorem 3.5.1 is called a

veak Liapunov function. If 3 is replaced by 3’ then V is a strong Liapunov
function.

Example 3.5.2
Prove that the function
Vy) =yi+y1y3+03,  (51,9,)eR? (342
is a strong Liapunov function for the system
Xy =1-=3x; +3x} +2x} — x} — 2x, x2
Xy =X —2X; X, + x1x, — x3, (3.43)
at the fixed point (1, 0).

Solution . :
On introducing local coordinates Y1,¥2 at (1,0), (3.43) becomes

== -3 Ja=yiy, -l (344)
The function V in (3.42) is positive definite and
. . v v
Vyiy)=s—yi+ =,
0y, 0y,

(2y1 +2y¥0)(= 13 = 2y,133)
+ 21y + 49301y, - 13)
= - 21— 4ylyi - Dyt — 48
is negative definite. Therefore, V is a strong Liapunov function for (343). O
Example 3.5.3
Investigate the stability of the second-order equation
X+%3+x=0. (345

at the origin of its phase plane.

Solution .
If x;, = x and x, = x, then

Xy =Xy, Xy ==X =x3 (3.46)

is the first-order system: of (3.45). The derivative of the function Vix,,x,)=

X1 +x3 along the trajectories of (3.46) is

Vixy,x,) = — 2x5

and so V is only negative semi-definite. Hence by Theorem 3.5.1 the origin
is a stable fixed point of system (3.46). O

In fact, asymptotic stability can be deduced for some systems having a weak
Liapunov function similar to that in Example 3.5.3. Observe that V(x) only
fails to be negative away from the origin on the line x, = 0. On this line the
components of the vector field given by (3.46) are x% 1 =0,%, = —x,. Thus,
all trajectories (except the origin) cross the line x,=0 and V is only
momentarily zero. At all other points in the plane it is negative. Under these
circumstances the following theorem gives asymptotic stability.

Theorem 3.5.2 . ‘
If there exists a weak Liapunov function V Jor the system x =X(x) in a
neighbourhood of an isolated fixed point at the origin, then providing V(x) does

not vanish identically on any trajectory, other than the fixed point itself, the
origin is asymptotically stable. .

Example 3 54 «.
Show that all trajectories of the system

Xy W.x? Xy=—x; —(1=x})x, (3.47)

passing through points (x,,x,), with x? + x2 <1, tend to the origin with
increasing t. _

& Solution
¢ The function V(x,,x,)=x2+ x} is a weak Liapunov function in the region

X} + x5 <1(V(x;,x,) = —2x2(1 — x2)). The function V vanishes only on
the lines x, =0 and x; = + 1. However, there are no trajectories of (3.47)

which lie on these lines because on x,=0,%, = —-x;#0 and on x; = + 1,
of X, = x, #0. Therefore, by Theorem 3.5.2, the origin is asymptotically stable.

Moreover the arguments used to prove Theorem 3.5.1 show that any
trajectory ¢,(Xo),|Xo| <1, has the property lim,_, ., ¢,(x,) = 0. 0

The fact that the origin is an asymptotically stable fixed point of system
(3.47) can be deduced by using the linearization theorem. However, the above

~solution provides an explicit ‘domain of stability’ or ‘basin of attraction’

N = {(xy,x,)|x? + x3 < 1}. All trajectories through points of N approach the
origin as t increases. The linearization theorem gives the existence of a domain

& of stability but no indication of its size.

¥ Theorem 3.5.3
i Suppose the system % = X(x) has a fixed point at the origin. If a real-valued,
& - continuous function V exists such that:
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Fig.3.19. System %; =x,, %,= —x,. The variables y, =x;x, and y, =Inx,,
xy >0, satisfy y, =0, y, = 1.

Fig. 3.20. The flow box theorem guarantees the existence of coordinates which
transform the local phase portrait at x, into the form shown in Fig. 3.17.

For Fig. 3.19, the trajectories in the neighbourhood of x, lie on hyperbolae
x;X; =K >0. If we introduce variables y, = x,x, and y, =In x, then the
flow box is bounded by the coordinate lines y, = constant and y, = constant
and in the y, y,-plane the local phase portrait again looks like Fig. 3.17.

Theorem 3.6.1 (Flow box theorem)

In a sufficiently small neighbourhood of an ordinary point x, of the system
X =X(x) there is a differentiable change of coordinates y=y(x) such that
y=(0,1).

The flow box theorem guarantees the existence of new coordinates with
the above property, at least in some neighbourhood of any ordinary point
of any system. Thus, local phase portraits at ordinary points are all
qualitatively equivalent.

3.6.2 Global phase portraits

The linearization and flow box theorems provide local phase portraits at
most simple fixed points and all ordinary points, However, this information
does not always determine the complete phase portrait of a system.

Example 3.6.1
Find and classify the fixed points of the system

Xy =2x;—XT, X;= —Xy+ XX, (3.54)

Discuss possible phase portraits for the system.

Solution :

The system has fixed points at 4 =(0,0) and B=(2,0). The linearized
systems are:

Xy =2x,, X,=—Xx, atA4; (3.55)
and

V1= —2y, y,=y, atB. (3.56)

The linearization theorem implies that (3.54) has saddle points at 4 and B.
Furthermore, the non-linear separatrices of these saddle points are tangent
to the principal directions at 4 and B. For (3.55) and (3.56) the principal
directions coincide with the local coordinate axes.

This information is insufficient to determine the qualitative type of the
global phase portrait. For example, Fig. 3.21 shows two phase portraits that
are consistent with the local behaviour. The phase portraits shown are not
qualitatively equivalent because the two saddle points have a common
separatrix or saddle connection in Fig. 3.21(a) whereas in Fig. 3.21(b) they
do not. This is a qualitative difference; there is no continuous bijection that
relates the two phase portraits.

(@) , (b)

Fig. 3.21. Two qualitatively different phase portraits compatible with the local
phase portraits obtained from the linearization theorem.
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102 Non-linear systems in the plane

.

X, @{x) tends to x* as t— — oo and to X3 as t— 4 00, so that L (x)= {x¥}
and L,(x) = {x}}. If x = x* or x3, then ¢,(x) = x for all t and L(x) = L,(x)=
{x}. In both cases, any sequence of times, tending to the appropriate limit,
will suffice in Definition 3.8.1.

Example 3.8.1
Let ¢, be the flow on R? of the differential equation with polar form

f=ar(l-r), 6=1, : (3.81)

where a is a positive constant. Find L,(x) and L, (x) for x # 0.

Solution

The phase portrait for the system (3.81) is shown in Fig. 3.26. The main
features are the unstable focus at the origin and the closed orbit, C, given
by r=1.

To find L,(x) for x 0, let y be any point of C and take {t.}&. | to be the
sequence of ¢> 0 at which the trajectory through x crosses the radial line
through y (see Fig. 3.26). Clearly, t,~ o0 as n— oo and lim, ., #, (x)=y. In
particular, if x lies in C then ¢, (x) =y for each n. Thus every point of C is
an w-limit point of x by Definition 3.8.1 and L,(x)=C for any x # 0.

Let us now turn to L,(x). If {x| < 1, then a similar definition of {¢,}&., with
t <0 allows us to show that ti

_
{0} ifix]<1
c if x| = 1. , (3.82)

However, if |x| > 1 there is no sequence {tu}ey, witht,— — 00 as n— oo, such
that lim, . , ¢, (x) exists. We conclude therefore that L,(x)is empty for |x| > 1.
a

The closed orbit, C, in Example 3.8.1 is an example of what is called a limit
cycle. ,

L,(x)=

oy
e, (X) . [ ¢, (%)
5 t
ND = M“NM”W M i _s ; “_ # QMAXV ND -
w . ’ ’

c

Fig 3.26. Phase portrait for (3.81) with a=£. Note that the origin is an unstable
focus and the circle =1 is a closed orbit of period 2x.

Limit points and limit cycles 103

& Definition 3.8.2

A closed orbit, ¥, is said to be a limit cycle if % is a subset of L,(x) or L,(x)

for some x that does not lie in .

Observe that Definition 3.8.2 does not require that trajectories approach

- the limit cycle from both sides, as is the case for C in Example 3.8.1. The
- limit cycle occurring in Example 3.8.1 has the property that the trajectories
- of all points, x, with |x| 0 or 1 are attracted to it as time increases. It is an
" example of what is called an attracting set. Figure 3.27 shows some limit
* cycles that are not attracting sets. Thus, while every attracting set is a limit

set, not all limit sets are attracting sets. Note also that a closed orbit around

~a centre is not a limit cycle, because it only contains limit points of points
- in itself.

2
4

G\Qy
&)

7
=

. (a) (b)

_ Fig. 3.27. Examples of limit cycles that are not attracting sets. Ocmo.Z.o that EH
(8) Ly(x) =% for |x| < 1;(b) L,(x)= % for |x| > 1; and ¥ is therefore a _:.5: oxo_o in
- both cases. However, % is not an attracting set in either case because trajectories do

not approach € from both sides.

-

t
Xl
(a) (b)
ﬂm. 3.28. (a) Tllustration of the definition of the Poincaré map, P, for the system

=1

o

- (3.81). (b) Graphical representation of the fixed point iteration x,, = P(x,), n=0,

1,..., with attracting fixed point at x*=1.
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’

summarized as follows.

xeA L,(x)=¢, L,(x)=P,

xed’ L,(x)=¢%, L,(x)=P,

xeB  L(x)=%, L,x)=T,uP,
xeB’ L,(x)=¢, L,x)=T,uP,
xeC L(x)=¢ L,x)=T,ul,uP,

All the limit sets are closed and bounded and they consist of: (1) fixed points;
(2) closed orbits; or (3) unions of fixed points and separatrices. The limit sets
of type (3) are closed curves but they are not closed orbits because they are
not single trajectories. d

The following theorem, which only holds for planar phase portraits,
essentially states that the types of limit set that are found in Example 3.9.1
are the only compact ones that can occur. The reader will recall that a
compact set in the plane is one that is closed and bounded.

Theorem 3.9.1 (Poincaré—Bendixson)

A non-empty, compact limit set of a phase flow in the plane that does not
contain a fixed point is a closed orbit.

This result can be used to prove the existence of an attracting/repelling limit
cycle provided we can recognize a bounded region of the phase plane which
contains a limit set but does not contain a fixed point. Example 3.8.1 illustrates
one scenario in which this is possible. .

Refer to Fig. 3.26 and consider any closed annulus with inner radius less
than one and outer radius greater than one. Observe that the trajectories of
the boundary points of the annulus all flow into its interior. Such a region %
must contain an attracting (limit) set which these trajectories approach as
t-> 0. However, the only fixed point of the system (3.81) is the origin.
Consequently, the annulus contains a compact limit set with no fixed point.
This set must be a closed orbit by Theorem 3.9.1.

The annulus in the above discussion is an example of what is called a
trapping region. The phase portraits in Fig, 3.30(a), (b) show that, while the
existence of a trapping region guarantees the existence of an attracting set, &
it 1s not sufficient to ensure that the limit set is a limit cycle. Figure 3.30(c) 48
highlights the fact that the trapping region may contain more than one limit
cycle.

We can formalize these ideas as follows.

(e) . (d)

- Fig. 3.30.  An annular trapping region containing: (a) an attracting fixed point; (b) an
. attracting set consisting of a union of fixed points and separatrices; (c) two limit cycles

€, and %, and a continuum of closed orbits. (d) The annulus shown is a positively
. invariant set containing no fixed points but the trajectories of the system do not flow
into it as ¢ increases. There are no limit cycles in this annulus:

If D is a trapping region for the system x = X(x) and there are no fixed points
&% in D, then the phase portrait of the system has a limit cycle in D.

- In Example 3.8.1 the trajectories of the system are directed into the annulus

atevery point of its boundary. While this property is sufficient to ensure that
£ a compact, connected set, D, 1s a trapping region, it is not a necessary one.
=Of course, it is necessary that no trajectories leave D with increasing time; a
set with this property is said to be positively invariant.

' Definition 3.9.2
Given the system % = X(x) with flow ¢,, a subset D of R? is said to be a

' positively invariant set for the system if, for every point x, of D, ¢,(x,) lies
& in D for all positive ¢.

Definition 3.9.1

>:meem:mnommc:mgEomv\mSBwnfxv,s\:rmoés:mmm ooaﬁmoroozsooﬁoa
set D = R? such that ¢, (D)= D for all ¢t > 0. .

b~ The subset D is called an invariant set for the system if the conditions of

In Definition 3.9.1 we have used ¢, (D) to denote x)|xeD}. The following =
#40) {9.00|xeD} X Definition 3.9.2 are satisfied for all real t.

corollary to Theorem 3.9.1 then encapsulates the argument illustrated above,
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110 Non-linear systems in the plane

Equation (3.96) follows because C is a solution curve, while (3.97) follows
from (3.94). Hence, the closed trajectory C cannot exist.

Example 3.9.3
Prove that if the system

%= — x4 %, (1=xi—=x3),  Xa=x +x(1 - x2—x})+K, (3.98)

where K is a constant, has a closed trajectory, then it will either:

1. encircle the origin; or
2. intersect the circle x? + x3 =14.
Solution
The quantity
oxX,  9xX,
2L 2R A(xd 4 .
G, T 5%, (xi +x3) (3.99)
is positive inside the circle xi + x2 =14 and negative outside it. Thus, any
closed trajectory cannot be wholly contained in the simply connected region
{(xy,%5)|x} + x3 <4}. Therefore, if a closed trajectory exists it is either
contained in { (x,,x,)|x} + x3 >4} or it will intersect x2 + x3 = 3. If the closed
orbit is contained in {(x,%;)|x + x3 >4} then it must encircle the origin,
otherwise it will bound a region of constant negative sign of (3.99). .|

EXERCISES

Sections 3.1-3.3

3.1 Use the method of isoclines to sketch the global phase portraits of the
following systems:

(@) %, =X,%;, Xp=Inxy, x, >0;
(b) %, =4x,(x; — 1), %, = X500 +X1);
(C) X, =Xy Xz, %, =x3—x}.

3.2 Show that the mapping (x,,X,)—(f{r)cos 8, f(r)sin ), where x, =rcos 0,
x,=rsinf and f (r) = tan(mr/2ro), is @ continuous bijection of N =
{(x1,%,)|r <o} onto R2. Does the bijection map the set of concentric
circles on 0 in N onto the set of concentric circles on 0 in R?*? What
property of local phase portraits of linear systems in the plane does this
result illustrate?

13 Sketch the local phase portraits of the fixed points in Figs 3.5(a), 3.22(b)
and 3.30(a). :

4.4 Find the linearizations of the following systems, at the fixed points indi-

T A T Tl
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(a) introducing local coordinates at the fixed points;
(b) using Taylor’s theorem. :

Cv VN»"X».TX»XW\:.TXWVN, XN"NX»IwXN, AO,OV,
(i) %, =xi+sinx,—1,  X2= sinh(x, = 1)  (1,0);
(i) x, =x}—¢€",  X2= x, (1 + x2), e~ % —1)

State the preferred method (if one exists) for each system.

Use the linearization theorem to classify, where possible, the fixed points
of the systems:

(@) %, =x3—3x, +2, %, =x? —x3;

(b) Xy =Xz, xNHpr.waw

(c) %, =sin(x, +X2) Xg = X2}

(d) X, =x; —x,—€", X, =X1— Xy —

(€) Xy = — X3+ Xy + X1 X2, Xy =Xy — Xy — X35

() Xy =Xz, xNHIC.wa.TxeNIxi

(g) Xy = —3Ixa+ X%~ 4 %, =x3—x}.

3.6 Linearize the system

Xy = — Xz, xNHAxHIxm
at the origin and classify the fixed point of the linearized system. Show
that the trajectories of the non-linear system lie on the family of curves
“ xt+xz—x3/3=C,
where C is a constant. Sketch these curves to show that the non-linear
system and its linearization have qualitatively equivalent local phase
portraits at the origin. Why could this conclusion not be deduced from
the linearization theorem?

37 Find the principal directions of the fixed points at the origin of the

following systems:
(@) X, =" -1,
(b) %, = —sinx; + Xz, %, = 8inX,;

(c) %, =In(x, +x2+1), %, =%%y + X2,
and use them to sketch local phase portraits.

Xy = X3,

X +x,> -1

Section 3.4

3.8 Find the family of solution curves which satisfy

dx, xi-—x3
dx, 2x;X;

’ .X:.XNMW.O,

by making the substitution x3 =u. Sketch the family of mo_ﬂsonm .mna
hence or otherwise sketch the local phase portrait of the non-simple fixed
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is unstable by using
Vixy,xy)=3x,x3 —x3.
3.23 Show that the fixed point at the origin of the system
Xy =xi, Xy =2x{x} — x3
is unstable by using the function
V(xy, %) = ax; + Bx,

for a suitable choice of the constants « and 8.
Verify the instability at the fixed point by examining the behaviour

of the separatrices.
Section 3.6
3.24 Show that the non-linear change of coordinates
YVI=Xi+X3,  yy=x 4%
satisfies the requirements of the flow box theorem for the system
3x32 1

ME T T 1T,

in the neighbourhood of any point (x,, x,) with x, # —
3.25 Prove that the following systems have no fixed points:

(@) x; =en*Y, Xy =X+ Xy,
(b) x,=x, +x,+2, X=X, +x,+1;
€ % =x,+2x3, %,=1+x3

and sketch their phase portraits,
3.26 Sketch phase portraits consistent with the following information:
(a) two fixed points, a saddle and a stable node;
(b) three fixed points, one saddle and two stable nodes.
3.27 Find the local phase portraits at each of the fixed points of the system

Xy =x;(1 = x}), Xy =X;.
Use these results to suggest a global phase portrait. Check whether your

suggestion is correct by using the method of isoclines.

Section 3.7

w,wmEsamaisgmnm_moﬁromo:oismmmeBmSmo"roni:r"ro:aonﬁmsm
of definition: .

3.29

3.30

331

332

333

3.34

EXxercises 11D

@ Xy =x,, G =xi+ 1

(b) X, =x,(x,+1), X3=—x(x, +1);

(0 x;=secxy, X,=-—x3, - |x|<n/2

(d) x»nx (x, e —cosx,), x,=sinx,—2xe
F

ind a first integral of the system

Xw”kaleXWv v.ﬂN W @XwXNiTHm
using the substitution x, = ux3. Sketch the phase portrait.
How do the phase portraits of the two systems

%y =% (x5 — xy), X, = —X3(x3 — xy)
Xy =Xy, Xy = —X3

differ?
Find a first integral of the system

X, =X;X,, X,=lnx,, x;>1

in the region indicated. Hence, or otherwise, sketch the phase portrait.
Find first integrals for the linear systems x =Jx, where J is a 2 x 2
Jordan matrix of node, centre and focus type. State maximal regions
on which these first integrals exist.

Is a system which has an asymptotically stable fixed point ever
conservative? ‘ G
Find a Hamiltonian H for a particle moving along a straight line subject
to

= —x+oax?

& >0, where x is the displacement. Sketch the- level curves of the
Hamiltonian H in the phase plane. Indicate the regions of the phase
plane that contain trajectories which give non-oscillatory motion.
When expressed in terms of plane polar coordinates (r, 0) given by x =r
cos §, p =r sin §, Hamilton's equations (3.70) take the form

where H(r,0) = H(r cos 6,7 sin 8). Consider the system with
H(r,0) = — wr? +r* +r*sin 50,

when 0 < u«4 and r < 4. Show that there are ten fixed points near the
circle r = /\..hﬂw» and determine their topological types. Sketch H(r,0) as
a function of r for sin 58 = 0, + 1 and verify that the phase portrait takes
the form shown below.

AT v ey
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118 Non-linear systems in the plane

and confirm that the trajectories starting on these circles move into the
annulus {x|{<r<1 \/\ 2} as t increases. What feature of systems
satisfying condition (ii) does this example illustrate?

3.42 Show that each of the following regions is a positively invariant set for
the system given: '

(a) the half-plane x, >0 for
v X, =2x,%,, X,=x

(b) the disc x2 + x2 < 1 for
Xy=—Xy+ X3+ X, (xF+x3),  Xy=—x;— X3+ x,(x +x3);

(c) the closed region formed by joining the points (¢ ~2*,0) and (1,0) by
a segment of the x,-axis and one turn of the spiral with polar form
r=e"°for

Xy =—X; =X, Xpg=X;—X;

(d) the region inside and on the closed curve that is a subset of
{(x1,%2)]303 + x3)— 2x} =1} for

Xy =Xy,  Xp=—x; +xi;
-(e) the closed region bounded by the curves C, and C, for the system
Xy=xy =%, —x (03 + x5, X=X, +x, — X063 + %),

with flow ¢,(x,,x,), where C, is the closed curve formed by the
union of {¢,(x,0)|0 <t < 2n} and the segment of the x,-axis between
AX. Ov NDQ A\vNaAX. OV

Indicate which of these positively invariant sets are trapping regions and
specify the attracting set contained within them.

3.43 Prove that there exists a region R = {(x,,x,)|x} + x% <r?} such that
all trajectories of the system

Xy = —wx, + x, (1 —x} —x3), Xy =wx, +x,;(1 —x? —x3)—F,

where w and F are constants, eventually enter R. Show that the system
has a limit cycle when F =0.
3.44 Prove that the system

has no limit cycles.
3.45 Consider the system

Xy = —wxy + X, (1= x} = x3) = x,(x} + x3),
Xy =wxy +x5(1 = x} — x3) + x,(x} + x3) - F,

where w.and F are constants. Prove that if the system has a limit cycle

Exercises 119

such that all of its points are at a distance greater than 1 \/\N from the
origin, then the limit cycle must encircle the origin.

8 346 Suppose that the region R = {(x,, xwvv_f ,X, > 0} is positively invariant

for the system %, = X (xy, X,), X, = X,(x;,%,) and that
% 50 for x, Z —x3+3x, +1
%, 20  for x, x4,

respectively. Assuming that there are no closed orbits in R prove that -
the unique fixed point in R is asymptotically stable.



