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224 —HIGHER DIMENSIONAL DYNAMICS

s S*tg)
Fig. 6.6. The sector bundles S*(g) and S"(q)

See Fig. 6.6.
Note that DF(0) preserves S*(0) in'the sense that if v ¢ 5%(0), then
DF(0)v € 5%(0). Moreover, if - , : ' :
ve (fo)
: 70

we note that |¢1] = Aj&o| > 2/¢o|. Simila.rly, (DF(0))~! preserves S%(0) and
we have [n_1| = p~1[no| > 2|nol. ‘ L :

Since F is at least O, the Jacobian matrix DF(z) varies co;ltinuousli' '

with z and there must therefore be a neighborhood of 0 in which the above
properties hold. More precisely, there exists ¢ > 0 such that, if ||, Jy| < ¢,
then
1. DF(z,y) preserves S*(z,y) and DF~1(z,y) preserves §5*(z,y), ie.;
DF(z,y)v € S*(F(z,y)). whenever v ¢ S5*(z,y).
2. If (§0,m0) € S*(z,y), then & > 2|éol.
3. If (§o,m0) € §*(z,y), then In-1] > 2fno].
- The concept of preservation of sector bundles js one that arises whenever.
hyperbolicity is verified; it is illustrated geometrically in Fig. 6.7." :
We will now concentrate on the square B given by |z],|y| < e. We sa
that the curve y(2) = (, h(2)) is a horizontal curve in B if
1. h is defined and continuous for [z < e —
2. h(0)=0 :

h(—¢).
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0 in which the above
ch that, if |z|, ly| < ¢,

reserves S*(z,y), i.e.,
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in Fig. 6.7, i "

y |z, ly] < e. We say
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DF(q)-sY%q)

“F(q)

Fig. 6.7. Preservation of the sector bundles.

=(X,h(x)

Fig. 6.8. A horizontal and a vertical curve in B.

3. for any 21,z with |2;] < ¢, |h(z1) — h(z3)] < %Im; —-a:2| ‘No‘t_t}‘t’h;ﬁ't'
7(z) is the graph of h(z) which lies in B and is depicted in Fig. 6.8.
Reversing the roles of ¢ and y yields a definition of a '\Arei'lt‘ical.v_(;'_il‘;'yc.

Lemma 6.10. If y(z) = (=,h(z)) is a horizontal curve, then the image
F(y(z)) meets B in a horizontal curve.

Proof. We first observe that if (21,y1) = F(e, h(e)), then z; > 2e. This
follows immediately from the fact that |¢;| > 2|¢|. Similarly, if (z1,21) =
F(—¢,h(—¢)), then &1 < —2¢. Clearly, F(0) = 0 so that the image curve
passes through the origin. Finally, suppose that (zo,yo) and (=}, y}) lie on
F(z,h(z)) and |yp—yo| > 3|zh—=zo|. Choose a3, a3 such that F(oy,h(a1)) =
(z0,30) and F(az,h(az)) = (zb,y}). Consider the straight line segment £
connecting (1, h(a1)) to (az,h(az)). The tangent vector to £ lies in S¥ at
each point along £. Now F maps £ to a smooth curve connecting (=0, %0) to
(z0,¥p). By the Mean Value Theorem, there is a point ‘on this curve where
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