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Strongly continuous semigroups

The most central part of a well-posed linear system is its semigroup. This
chapter is devoted to a study of the properties of Cy semigroups, both in the
time domain and in the frequency domain. Typical time domain issues are the
generator of a semigroup, the dual semigroup, and the nonhomogeneous initial
value problem. The resolvent of the generator lives in the frequency domain.

3.1 Norm continuous semigroups

We begin by introducing the notion of the generator of a Cy (semi)group
(cf. Definition 2.2.2).

Definition 3.1.1
(i) The generator A of a C semigroup 2 is the operator
P
Ax = 1/:1?01 E(Q{ — Dx,

defined for all those x € X for which this limit exists.
(i1) The generator A of a Cy group 2 is the operator

N
Ax = %gr(l) Z(Q( — Dx,
defined for all those x € X for which this limit exists.

Before we continue our study of Cy semigroups and their generators, let
us first study the smaller class of uniformly continuous semigroups, i.e., semi-
groups 2 which satisfy (cf. Definition 2.2.2)

lim|| A" — 1| = 0. (3.1.1)
110
Clearly, every uniformly continuous semigroup is a Cy semigroup.
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86 Strongly continuous semigroups

We begin by presenting an example of a uniformly continuous (semi)group.
(As we shall see in Theorem 3.1.3, every uniformly continuous (semi)group is
of this type.)

Example 3.1.2 Let A € B(X), and define

o0 n
Ar (At)
e’ = E_O T t e R. (3.1.2)

Then e*' is a uniformly continuous group on X, and its generator is A. This
group satisfies ||eA’ || < el Al for all t € R. In particular, the growth bounds
of the semigroups t — e and t — ¢! (where t > 0) are bounded by ||A||
(cf. Definition 2.5.6).

Proof The series in (3.1.2) converges absolutely since
ZH (An)" (||A|||t|)n — el
T '

This proves that |le?’| satisfies the given bounds. Clearly ¢4 = 1. Being a
power series, the function ¢ > e’ is analytic, hence uniformly continuous for
all 1. By differentiating the power series (this is permitted since e*’ is analytic)
we find that the generator of e’ is A (and the limit in Definition 3.1.1 is
uniform). Thus, it only remains to verify the group property eA¢+" = eAseA,
which is done as follows:

CAGH) _ ZA(HI)” i nz<) kyn—k
n! = k

n=0 n=|

ZZAk kAn ktn —k i i Al ktn—k

i kb =Bl = kT (=K
=CASeAt.

O

Theorem 3.1.3 Let2 be a uniformly continuous semigroup. Then the following
claims are true:

(i) A has a bounded generator A and A' = e forallt > 0;
(ii) t > A" is analytic and %Q(’ =AU =W A forallt > 0;
(>iii) A can be extended to an analytic group on R satisfying
SA =AU =A'Aforallt € R.
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Remark 3.1.4 Actually a slightly stronger result is true: Every Cy semigroup
2 satisfying

limsup||2A’ — 1]| <1 (3.1.3)
t}0

has a bounded generator A and ' = e”’. Alternatively, every Cy semigroup
2l for which the operator foh A* ds is invertible for some 4 > 0 has a bounded
generator A and 2’ = e’ The proof is essentially the same as the one given
below (it uses strong integrals instead of uniform integrals).

Proof of Theorem 3.1.3 (i) For sufficiently small positive h, |1—
1/h f7 % ds|| < 1, hence 1/h [; A* ds is invertible, and so is [ 2* ds. By
the semigroup property, for 0 < ¢ < h,

1 h 1 h h
;(52[[—1)[ 52[%15:;(/ Ql“’ds—/ 2[st>

0 0 0
1 t+h h
—( / WH ds — / DG ds)
r\J; 0
1 t+h t
—( / WH ds — / A ds).
I \Jn 0

Multiply by (/i 2 ds) ™" to the right and let |, 0 to get

. 1 t _ h " K -1
lim (2~ 1) = @& —1)(/0 A ds)

in the uniform operator norm. This shows that 2 has the bounded generator
A= — 1)(th A ds)_]. By Example 3.1.2, the group e’ has the same
generator A as 2(. By Theorem 3.2.1(vii) below, 2 = e* for t > 0.

(ii)—(iii) See Example 3.1.2 and its proof. O

3.2 The generator of a Cy semigroup

We now return to the more general class of Cy semigroups. We already intro-
duced the notion of the generator of a Cy semigroup in Definition 3.1.1. Some
basic properties of this generator are listed in the following theorem.

Theorem 3.2.1 Let A’ be a Cy semigroup on a Banach space X with generator
A.

(i) Forall x € X,

1 t+h
lim — Wxds =A'x.
hio h J,
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(i1) Forallx e Xand0 <s <t < oo, f;?(“xdv € D(A) and
t
A'x —WA'x = A/ A’x dv.
(iii) Forallx € D(A)andt > 0, A'x € D(A), t — U'x is continuously

differentiable in X, and

d
a%l’x = AU'x = A Ax, t>0.

(iv) Forallx e D(A)and0 <s <t < o0,
t t
Ql’x—lesz/ Ql”xdvzf A’ Ax dv.

(v) Foralln =1,2,3,...,ifx € D(A"), then'x € D(A") forallt > 0,
the function t — ' x is n times continuously differentiable in X, and for
allk=0,1,2,... ,n,

(%)"m‘x = ARU A" F x, t>0.

(vi) A is a closed linear operator and N;2 D (A") is dense in X. For each
x € N, D(A") the function t — A'x belongs to C°°(@+; U).
(vii) A is uniquely determined by its generator A.

Proof (i) This follows from the continuity of s > 2A°x (see Lemma 2.2.13(ii)).
(ii)) Let x € X and & > 0. Then

1 t 1 [
E(mh - 1)/ Ax dv = E/ A x — A’x)dv

1 t+h s+h
= E/ Ql”xdv—/ A’x dv.
t S

As h | 0 this tends to A'x — 2A¥x.
(iii) Let x € D(A) and & > 0. Then

1 1
E(m" —DAx = m’z(mh —1x —> A'Axash | 0.

Thus, A'x € D (A), and AA'x = A" Ax is equal to the right-derivative of ’x
at r. To see that it is also a left-derivative we compute

1 I
(@' — A ) — W Ax = Ql’_h<z(2[hx —x)— Ax) £ @ — AN Ax.

This tends to zero because of the uniform boundedness of /=" and the strong
continuity of 2’ (see Lemma 2.2.13).
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(iv) We get (iv) by integrating (iii).

(v) This follows from (iii) by induction.

(vi) The linearity of A is trivial. To prove that A is closed we let x, € D (A),
X, = x,and Ax, — yin X, and claim that Ax = y. By part (iv) with s = 0,

t
A'x, — x, =/ A Ax, ds.
0

Both sides converge as n — oo (the integrand converges uniformly on [0, #]),
hence

t
Ax —x= / Ayds.
0

Divide by ¢, let ¢ | 0, and use part (i) to get Ax = y.

We still need to show that N7 D (A") is dense in X. Pick some real-valued
C® function n with compact support in (0, 1) and fooo n(s)ds = 1. For each
xeXandk=1,2,3,..., wedefine

1
Xy = k/ n(ks)A’x ds.
0

Then, for each & > 0,

1 1!
—QU" = Dxy = —/ n(ks)[AHx — Ax)ds
h hJo

1+h 1
—k / Dn(k(s — ) — nks) 1'% ds
0
1
— —k? / iks)2xds ash | 0.
0

Thus, x; € D (A) and Ax; = —k> fol n(ks)A*x. We can repeat the same argu-
ment with n replaced by 7, etc., to get x; € D(A") foreveryn =1,2,3....
This means that x;, € N7, D (A").

We claim that x; — x as k — oo, proving the density of N2, D (A") in X.
To see this we make a change of integration variable to get

1
Xk =/ n(s)2A ¥ x ds.
0

The function 2*/¥x tends uniformly to x on [0, 1], hence the integral tends to
Jo" n(s)xds = x as k — oo.

That Ax € COO(RJr; U) whenever x € N2, D (A") follows from (iv).

(vii) Suppose that there is another Cy semigroup 2(; with the same generator
A.Take x € D(A), t > 0, and consider the function s > A" ~*Ajx, s € [0, ¢].
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We can use part (iii) and the chain rule to compute its derivative in the form
d_, ; ‘ ,
d—QlJ A x = AA A x — WAUA T x = WA Ax — A AT Ax = 0.
s

Thus, this function is a constant. Taking s = 0 and s = ¢ we get A'x = Ajx
for all x € D (A). By the density of D (A) in X, the same must be true for all
x e X. O

To illustrate Definition 3.1.1, let us determine the generators of the shift
(semi)groups 7', 7}, 7', T[to,r)’ and r{rT in Examples 2.3.2 and 2.5.3. The do-
mains of these generators are spaces of the following type:

Definition 3.2.2 Let J be a subinterval of R, w € R, and let U be a Banach
space.

(i) A function u belongs to W,.”(J; U) if it is an nth order integral of a
function ™ e LIPOC(J; U) (i.e., u™ V() —u V() = f: u™(s)ds,
etc.).! It belongs to W,,"”(J; U) if, in addition, u® € LL(J; U) for all
k=0,1,2,...,n.

(i) The space W}/ (R; U) consists of the functions in Wy;”(R; U) whose

support is bounded to the left, and the space WZ:{;C(]R; U) consists of the
functions u in W,".”(R; U) which satisfy m_u € Wy, "(R™; U).
(iii) The spaces W2 (J; U), Wy.b | (R; U), BC)(J; U), BC), | (R; U),

0,w,loc w,loc
BC&w(J; U), Bcg’w,m(R; U), BUC,(J;U), BUC, | (R; U),
Reg, (J;U), Regy, 1, (R; U), Regg ,(J;U), and Regg , 1,.(R; U) are
defined in an analogous way, with L? replaced by BC, BCy, BUC, Reg,

or Reg,.

Example 3.2.3 The generators of the (semi)groups t', T\, T', T 1, and Ty
in Examples 2.3.2 and 2.5.3 are the following:

(i) The generator of the bilateral left shift group ' on LL(R; U) is the
differentiation operator % with domain W (R; U), and the generator of
the left shift group t' on BUC,(R; U) is the differentiation operator %
with domain BUCL (R; U). We denote these generators simply by %.

(ii) The generator of the incoming left shift semigroup t'_on LIRY;U)is
the differentiation operator % with domain Wal,’p (R+; U), and the
generator of the left shift semigroup t!_ on BUCC,,(KJr; U) is the
differentiation operator % with domain BUC}O(E+; U). We denote these
generators by % +

! Our definition of Wl:')’cp implies that the functions in this space are locally absolutely continuous
together with their derivatives up to order n — 1. This is true independently of whether U has
the Radon—Nikodym property or not.
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(iii) The generator of the outgoing left shift semigroup t' on LE(R™;U) is
the differentiation operator g L \vith domain
{u e W PR, U) | u(0) = 0}, and the generator of the left shift
semigroup t' on {u € BUC,[R ;U) | u(0) = O} is the differentiation
operator % with domain {u € BUC:U(Ei; U) | u(0) =u(0) =0}. We
denote these generators by %_.

(iv) The generator of the finite left shift semigroup T[[O,T) on LP([0,T);U) is
the differentiation operator % with domain
{u e WhP([0, TT; U) | u(T) = 0}, and the generator of the left shift
semigroup T[o myon{u € C(0, T U) | u(T) = 0} is the differentiation
operator 3 wnh domain {u e C'([0, T, U) | w(T) = i(T) = 0}. We
denote these generators by 4 0.7y

(v) The generator of the circular left shift group I{TT on LP(Tr;U) is the
differentiation operator - wzth domain W'-P(T; U) (which can be
identified with {u € W' ”([O, T1;U) | u(T) = u(0)}), and the generator
of the circular left shift group T{TT on C(T7; U) is the differentiation
operator % with domain C'(Tr; U) (which can be identified with the set
{u e CL([0, T1;U) | w(T) = u(0) and u(T) = i(0)}). We denote these
generators by %Tf

Proof The proofs are very similar to each other, so let us only prove, for ex-
ample, (iii). Since the proof for the L”-case works in the BUC-case, too, we
restrict the discussion to the L”-case. For simplicity we take w = 0, but the
same argument applies when w is nonzero.

Suppose that u € LP(R™; U), and that 1 (t+u —u)— gin LP(R™; U) as
h | 0. If we extend u and g to L?(R; U) by defining them to be zero on R'
then this can be written as —('L’ u—u)— gin LP(R;U)ash | 0.

Fix some a € R, and for each t € R, define

t+a a
f@ =/ u(s)ds =/ u(s +1)ds.
t 0
Then
1, “1 .,
(@ f—f)=f0 (s 1) = uls + 1) ds
t+a 1 N

=/ Z(T u(s) — u(s))ds

t+a
— / g(s)dsash | 0.
t
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On the other hand
1 1 t+a+h 1 t+a
E(thf - f)= ;A /Hh u(s)ds — ﬁ/; u(s)ds
1 t+a+h 1 t+h
= ;A —/tJra u(s)ds — %/z u(s)ds,

and as & | O this tends to u(t + a) — u(¢t) whenever both ¢ and t + a are
Lebesgue points of u. We conclude that for almost all @ and ¢,

t+a
u(t +a) =u(t)+ / g(s)ds.

By definition, this means that u € W'?(R; U) and that it = g. Since we ex-
tended u to all of R by defining u to be zero on R" , we have, in addition
u(0) = 0 (if we redefine u on a set of measure zero to make it continuous
everywhere).

To prove the converse claim it suffices to observe that, if u € wlp (@7; U)
and u(0) = 0, then we can extend u to a function in W!'P(R; U) by defining u
to be zero on R, and that

Lehu— @) = St + 1) (r)>—1/'+h'<)d
hfu u —hu u _h j us S,

whichtendstozin LP(R; U)ash | O(see,e.g., Gripenbergetal. [1990, Lemma
7.4, p. 67]). O

Let us record the following fact for later use:

Lemma 3.2.4 For 1 < p < oo, Wa’(R;U) C BCy(R;U), i.., every u €
Wal,’p(R; U) is continuous and e ' u(t) — 0 as t — +o0.

Proof The continuity is obvious. The function u_, () = e “'u(t) belongs to
L?, and so does its derivative —wu_,, + e_, . This implies that u_,(t) — 0
ast — oo. O

By combining Theorem 3.2.1(vi) with Example 3.2.3 we get the major part
of the following lemma:

Lemma3.2.5 Letl1 < p <oo,weR, andn =0,1,2,.... Then C*(R;U)
is dense in LE(R; U), LY (R;U), W*P(R;U), WIZCP(R; U), BCy(R; U), and
C"(R;U).

loc

Proof Tt follows from Theorem 3.2.1(vi) and Example 3.2.3 that
ﬂ,fiIWk'/’(R; U) is dense in L?(R;U) and in W"?(R; U). Let u belong to
this space. Then u € C*. Choose any n € C2°(R;R) satisfying n(¢) = 1 for
[t| <1, and define u,,(t) = n(¢t/m)u(t). Thenu,, € C*(R; U), and u,,, — u in
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LP(R;U) and in W*P(R; U), proving the density of C° in L? and in W™?.
The other claims are proved in a similar manner (see also Lemma 2.3.3). O

Example 3.2.6 Let A" be a Cy semigroup on a Banach space X with
generator A.

(i) For each o € C, the generator of the exponentially shifted semigroup
e A" t > 0 (see Example 2.3.5) is A + a.
(ii) For each ) > 0, the generator of the time compressed semigroup A,
t > 0 (see Example 2.3.6) is L A.
(iii) For each (boundedly) invertible E € B(X1; X), the generator Ag of the
similarity transformed semigroup A, = E~'A'E, t > 0 (see Example
2.3.7)is Ay = E"YAE, with domain D (Ag) = E~'D (A).

We leave the easy proof to the reader.
Theorem 3.2.1 does not say anything about the spectrum and resolvent set
of the generator A. These notions and some related ones are defined as follows:

Definition 3.2.7 Let A: X D D(A) — X beclosed, and let o € C.

(i) o belongs to the resolvent set p(A) of A if o — A is injective, onto, and
has an inverse (@ — A)~! € B(X). Otherwise o belongs to the spectrum
o(A) of A.

(ii) o belongs to the point spectrum o,(A), or equivalently, « is an
eigenvalue of A, if (@ — A) is not injective. A vector x € X satisfying
(o — A)x = O is called an eigenvector corresponding to the eigenvalue o.

(i) « belongs to the residual spectrum o,(A) if (o — A) is injective but its
range is not dense in X.

(iv) o belongs to the continuous spectrum o.(A) if (@ — A) is injective and
has dense range, but the range is not closed.

(v) The resolvent of A is the operator-valued function o« — (o — A)~!,
defined on p(A).

By the closed graph theorem, o (A) is the disjoint union of 0,(A), 6, (A), and
o0.(A). The different parts of the spectrum need not be closed (see Examples
3.3.1 and 3.3.5), but, as the following lemma shows, the resolvent set is always
open, hence the whole spectrum is always closed.

Lemma 3.2.8 Let A be a(closed) operator X D D (A) — X, with a nonempty
resolvent set.

(i) For each a and B in the resolvent set of A,
@=A"'=-B-A=B-0@-0T"'B-A". 32D
In particular, (a — A)~' (B — A =B -4 a-A4""
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(ii) Let o € p(A) and denote ||( — A)~Y|| by k. Then every B in the circle
| — a| < 1/k belongs to the resolvent set of A, and

(B —A)" (3.2.2)

1 K
< ———.
1 —«|B —af

(iii) Let o € p(A). Then §||(a — A)~Y|| > 1, where § is the distance from « to
o(A).

The identity (3.2.1) in (i) is usually called the resolvent identity. Note that
the closedness of A is a consequence of the fact that A has a nonempty resolvent
set.

Proof of Lemma 3.2.8. (i) Multiply the left hand side by (@ — A) to the left and
by (B — A) to the right to get

@—Afae-A"'=B-A"B-A=B-a
(i) By part (i), for all 8 € C,
B—A)=(1+B—a)a—A) ") —A). (3.2.3)

It follows from the contraction mapping principle thatif we take |8 — | < 1/x,
then (1 4 (8 — a)(a@ — A)™") is invertible and

(1+B-w@-A) < — b
T 1—«|p -«
This combined with (3.2.3) implies that 8 € p(A) and that (3.2.2) holds.
(iii) This follows from (ii). O

Our next theorem lists some properties of the resolvent (A — A)~! of the
generator of a Cy semigroup. Among others, it shows that the resolvent set of
the generator of a semigroup contains a right half-plane.

Theorem 3.2.9 Let A’ be a Cy semigroup on a Banach space X with generator
A and growth bound wsy (see Definition 2.5.6).

(i) Every A € (C;:m belongs to the resolvent set of A, and

l [o.¢]
A —A)y Dy = — / s"e M Ax ds
n! 0

forallx € X, A € (C:jm, andn =0,1,2,.... In particular,
o0
r—A)"x= / e MU ds
0

forall x € X and ) € CJ .
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(ii) For each w > wy there is a finite constant M such that
[ — A" < ML — )™
foralln =1,2,3,... and A € (CI. In particular,
[x =47 < MO —w)!

forall x» € C}.
(iii) For all x € X, the following limits exist in the norm of X

lim A(A —A) 'x =xand lim AL — A)'x = 0.
A—+400 A— 400
(iv) Forallt = 0 and all . € p(A),
(A=A =A - A

Proof (i) Define 2, = e 2" and A; = A — A. Then by Example 3.2.6(i), A;
is the generator of 2, . We observe that 2, has negative growth bound, i.e., for
all x € X, 2 x tends exponentially to zero as t — co. More precisely, for each
wy < w < NA there is a constant M such that for all s > O (cf. Example 2.3.5),

le”2A° || < Me=mer, (3.2.4)
Apply Theorem 3.2.1(ii) with s = 0 and 2 and A replaced by 2, and A, to get
t
Wx —x = AA/ A3 x ds.
0
Since A; is closed, we can let t — oo to get
[e.¢]
X = _A)\./ Al x ds.
0

On the other hand, if x € D (A), then we can do the same thing starting from
the identity in Theorem 3.2.1(iv) to get

o0
x = —/ A Ay x ds.
0
This proves that A belongs to the resolvent set of A and that
[e.¢]
r—A)x = / e MUAxds, xeX. (3.2.5)
0

To get a similar formula for iterates of (A — A)~! we differentiate this formula
with respect to A. By the resolvent identity in Lemma 3.2.8(1) withh = 8 — A,

.1 -1 S a2
;%E[()\Jrh—A) x—(A—A)"'x]=-(—A) " x.
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The corresponding limit of the right hand side of (3.2.5) is

1

o0
lim %(e(Hh” — e“)%{xx ds = / Z(e’” — l)e’\SQle ds.

h—0 Jo 0

Ash — 0, 3(e"* — 1) — s uniformly on compact subsets of R, and
1o L Ihs|
|E(e‘_1)|= Ssh—slfo eVldy < se™l.

hs
/ e’ dy
0 |

This combined with (3.2.4) shows that we can use the Lebesgue dominated
convergence theorem to move the limit inside the integral to get

1
*1hs]

(A—A)x = / se MWxds, xeX.
0

The same argument can be repeated. Every time we differentiate the right
hand side of (3.2.5) the integrand is multiplied by a factor —s (but we can still
use the Lebesgue dominated convergence theorem). Thus, to finish the proof
of (i) we need to show that

a
dar
To do this we use induction over n, the chain rule, and the fact that the formula

is true for n = 1, as we have just seen. We leave this computation to the reader.
(ii) Use part (i), (3.2.4), and the fact that (cf. Lemma 4.2.10)

1 [ "
- sTeT O gg — (ML — ) "D RA>w, n=0,1,2,....
n:Jo

A —A) 'y = (=1"nl(n — A" Dy, (3.2.6)

(iii) We observe that the two claims are equivalent to each other since (A —
A)(A — A)~'x = x.If x € D(A), then we can use part (ii) to get

A — A 'x — x| = A — A) " x|
=|(x —A)'Ax| - 0as A — oo.

AsD(A)isdensein X and limsup, ,, IA(A — A)7! < oo (this, too, follows
from part (ii)), it must then be true that A(A — A)~'x — x for all x € X.
(iv) By Theorem 3.2.1(iii), for all y € D (A),

A — Ay =L — AA'y.

Substituting y = (A — A)~'x and applying (A — A)~" to both sides of this iden-
tity we find that

A=A " Ax=A0-A)""x

forall x € X. O
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In this proof we used an estimate on |%(e’” — 1)| that will be useful later,
too, so let us separate this part of the proof into the following slightly more
general lemma:

Lemma3.2.10 Let 1 < p <oo,w € R, andn=0,1,2,....
(i) Foralla, B € C,
o — | < | — B max(e™, "),

l S €N
e —ef — (@ — B)e’| < Sl = BI* max{e", e}.

(1) The function o +— (t e, te R_) is analytic on the half-plane C} in
the spaces LL(R™;C), Wy P(R™; C), and BCj ,(R™;C) (i.e, it has a
complex derivative with respect to o in these spaces when Ra > w). Its
derivative is the function t — te*', t € R™.

(iii) The function o +— (t et > O) is analytic on the half-plane C_ in
the spaces LL(R*; C), Wﬂ’p(@+; C), and BCg’w(Eﬂ Q©). Its derivative is
the function t > te*', t > Q.

Proof (i) Define f(t) = ¢©@P"ef. Then f(r) = (« — B)e@P’ef and
1
le* —ef| = |f(1) — f(O) = ‘/0 f(s)ds

1
<|a-— ,3|em’3/ |e(°‘”3)3| ds
0

NR(a—p)s

< la—Ble™ sup e
0<s<1

= |a — Ble" max{e" P 1}

= |l — B| max{e““‘", emﬁ)}.

The similar proof of the second inequality is left to the reader. It can be based
on the fact that f(¢) = (a — B)*e®#"ef, and that

1 K
e — b — (o — p)ef = f(1) — F(O) — f(O) = /0 /0 Faydvds.

(ii) It follows from (i) with « replaced by (« + h)t and S replaced by ot
that the function 7 > (™" — e*') — re* tends to zero as 1 — 0 (as a com-
plex limit) uniformly for ¢ in each bounded interval. Moreover, combining the
growth estimate that (i) gives for this function with the Lebesgue dominated
convergence theorem we find that it tends to zero in L5 (R™; C). A similar argu-
ment shows that all z-derivatives of this function also tend to zero in LL(R™; C),
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i.e., the function itself tends to zero in W, ”(R~; C). The proof of the analyticity
in BCj(R™; C) is similar (but slightly simpler).
(iii) This proof is completely analogous to the proof of (ii). O

3.3 The spectra of some generators

To get an example of what the spectrum of a generator can look like, let us
determine the spectra of the generators of the shift (semi)groups in Examples
2.3.2and 3.2.3:

Example 3.3.1 The generators of the (semi)groups t', ti, t', 7y ) and tr,
in Examples 2.3.2 and 2.5.3 (see Example 3.2.3) have the following spectra:

(i) The spectrum of the generator % of the left shift bilateral group T' on
LIR; U) with 1 < p < 00 or on BUC,(R; U) is equal to the vertical
line {MA = w}. The whole spectrum is a residual spectrum in the
L'-case, a continuous spectrum in the LP-case with 1 < p < oo, and a
point spectrum in the BUC- case

(i1) The spectrum of the generator of the incoming left shift semigroup
‘L’+ on LERT;U)with1 < p < oo oron BUCw(R ; U) is equal to the
closed half-plane (Cw. The open left half-plane C;, belongs to the point
spectrum, and the boundary {R) = w} belongs to the continuous
spectrum in the LP-case with 1 < p < 0o and to the point spectrum in
the BUC-case.

(iii) The spectrum of the generator d _ of the outgoing left shift semigroup t"
on LER™;U) with1 < p < o0 oron {u € BUC,(R ;U) | u(0) = 0} is
equal to the closed half-plane @;. The open half-plane C_, belongs to the
residual spectrum, and the boundary {fA = w} belongs to the residual
spectrum in the L'-case and to the continuous spectrum in the other
cases.

(iv) The spectrum of the generator d S 10.7) of the finite left shift semigroup
‘L'[O,T) on LP([0, T); U)with 1 < p < oo or on
{u e CO, T];U) | u(0) = 0} is empty.

(v) The spectrum of the generator %TT of the circular left shift group r{rr on
LP(Tr;U)with 1 < p < oo oron C(Tr;U) is a pure point spectrum
located at 2w jm/T | m =0, £1, £2,...}.

Proof For simplicity we take w = 0. The general case can either be reduced to
the case w = 0 with the help of Lemma 2.5.2(ii), or it can be proved directly
by a slight modification of the argument below.
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(i) As 1’ is a group, both 7/ and ™" are semigroups, and |t’|| = 1 for

all ¢ € R. It follows from Theorem 3.2.9(i) that every A ¢ jR belongs to the
resolvent set of %. It remains to show that jR belongs to the residual spectrum
in the L'-case, to the continuous spectrum in the L”-case with 1 < p < oo,
and to the point spectrum in the BUC-case.

Set) = jBwhere f € R,andletu € W'P(R;U) =D (&£).1f jBu — it = f
forsomeu € W'"P(R;U)and f € L”(R; U) then, by the variation of constants
formula, forall T € R,

u(t) =e-"ﬁ("T)u(T)_/ P17 f(s)ds.

T

By letting T — —oo we get (see Lemma 3.2.4)
t
u(t) = — lim e/PU=9 £(s) ds.
T——o0 Jr

In particular, if f = Othenu = 0,i.e., j§ — % is injective. By letting t — 400
we find that

t
lim lim e P f(s)ds = 0.
t—>00T——00 Jr
If p = 1, then this implies that the range of j8 — % is not dense, hence jB €
a,.(%). If p > 1 thenitis not true for every f € LP(R; U) that the limits above
exist, so the range of j§ — % isnotequalto LP(R; U),1i.e., jow € 0(%). On the
other hand, if f € CX°(R; U) with [ e™/# f(s)ds = 0, and if we define u
to be the integral above, then u € C®°(R; U) C W'"P(R;U) and jBy — it = f.
The set of functions f of this type is dense in L”(R;U) when 1 < p < co.
Thus jg — has dense range if p > 1, and in this case jf € ac(d?)
In the BUC case the function eg(t) = e/#! is an eigenfunction, i.e., (j8 —
d)e ;s = 0; hence jB € 0,().2
(ii) That CT C ,o(d +) follows from Theorem 3.2.9(i). If EhA < Othen A €
ap(d +) because then the function u = ¢*' belongs to W P(R ;U) and Au —
it = 0. The proof that the imaginary axis belongs either to the singular spectrum
in the LP-case or to the point spectrum in the BUC-case is quite similar to the
one above, and it is left to the reader (in the L”-case, let T — +o0 to get
u(t) = ftoo e/BU=9 f£(s) ds, and see also the footnote about the case p = 1).

2 Tt is easy to show that the range of j8 — & is not closed i 1n the L'-case and BUC-case either.
For example, in the L1 -case the range is dense in{f eL'R;U)| fR f(s)ds = 0}, but it is not
true for every fe LY(R; U) with fR f (s)ds = 0 that the function
u(t) = — [ /P79 f(s)ds belongs to L' (R; V).
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(iii) That C* C A € p(%f) follows from Theorem 3.2.9(i). If XA < O or if
. d .
NA <0and p =1, thenevery f € R (A — E_> satisfies

0
/ e ™ f(s)ds =0,

—0Q

hence the range is not dense in this case. We leave the proof of the claim that
o, = {* € C | R = 0} in the other cases to the reader (see the proof of (i)).

(iv) This follows from Theorem 3.2.9(i), since the growth bound of 79, r) is
—00.

(v) For each m € Z, the derivative of the T-periodic function e>™/""/T with
respect to ¢ is (2 jm / T)e*™ ™!/ 'hence 27 jm /T is an eigenvalue of %Tr with
eigenfunction e>™/""/T

To complete the proof of (v) we have to show that the remaining points A
in the complex plane belong to the resolvent set of %TT' To do this we have to
solve the equation Au — it = f, where, for example, f € L?(T7; U). By the
variation of constants formula, a solution of this equation must satisfy

u(s) =e*<H>u(z)—f e’V f(v)dv, s, teR.

t

Taking s =t 4+ T, and requiring that u(tr + 7)) = u(¢) (in order to ensure 7T -
periodicity of u) we get

t+T
(1 —eMu@) = —/ TV £(v) dv.

The factor on the left hand side is invertible iff A does not coincide with any of
the points 27t jm /T, in which case we get the following formula for the unique
T -periodic solution u of Au — it = f:

t+T
u®) =(1 —e*”)*I/ eV f(v) dv

T
= (1 —e*H)! / e ™ f(t +s)ds.
0

The right-hand side of this formula maps L”(T7;U) into W'?(T7;U) and
C(Ty;U) into C'(T7;U), and by differentiating this formula we find that,
indeed, Au — 1t = f. O

d4°d "d " d and &

Example 3.3.2 The resolvents of the generators ., By I B0y ST,

in Example 3.2.3 can be described as follows:

() The resolvent (. — %)’1 of the generator of the bilateral left shift group
! on LER; U) and on BUC,(R; U) maps f intot ftoo e f(s)ds,
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t R ifRr > w, anditmaps f intot > — [*__ 7 f(s)ds, t € R, if
R < w.

(i) For each ). € C} the resolvent (A — % Jr)’1 of the generator of the
incoming left shift semigroup T\ on LYRT;U) and on BUCw(R+; U)
maps f intot v+ [7 M=) f(s)ds, t > 0.

(iii) For each ) € C} the resolvent (. — %_)’1 of the generator of the
outgoing left shift semigroup t' on LE(R™; U) and on
{u € BUC,(R ;U) | u(0) = 0} maps f intot — fto =) f(s)ds,
teR .

(iv) For each A € C the resolvent (A — %[O’T))’l of the generator of the finite
left shift semigroup I[IO,T) on LP([0, T); U) and on
{u e C(U0, T;U) | u(T) = 0} maps f into t —> j;T =9 f(s)ds,
te[0, 7).

(v) For each ) € C which is not one of the points
{2njm/T | m =0, £1, £2, ...} the resolvent (. — %TT)’I of the
generator of the circular left shift group t{rr on LP(Tr;U) and on
C(Ty;U) maps f intot — (1 —e*T)~! ffrT e =9 f(s)ds.

The proof of this is essentially contained in the proof of Example 3.3.1.

The shift (semi)group examples that we have seen so far have rather ex-
ceptional spectra. They play an important role in our theory, but in typical
applications one more frequently encounters semigroups of the following type:

Example 3.3.3 Let {¢,};2, be an orthonormal basis in a separable Hilbert

n
space X, and let {L,};2 | be a sequence of complex numbers. Then the sum

o0
Ax =) e (x,¢)ps, x€X, 120,
n=1

converges for each x € X and t > 0 and defines a Cy semigroup if and only if

wg = sup RA, < oo.
n>0

The growth bound of this semigroup is wg, and
2] = e”*, ¢ >0.
It is a group if and only if
oy = igg NA, > —o00.
in which case

|20 =e*, 1 <0.
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In particular, if W\, = w for all n, then A" is a group, and
A =e*, teR.

Proof Clearly, the sum converges always if we choose x = ¢,, in which case
A p, = e*'¢,, and |A'¢,| = ™. If A is to be a semigroup, then ||A || >
e’ for all n, and by Theorem 2.5.4(i), the number wg defined above must be
finite and less than or equal to the growth bound of 2. If 2’ is to be a group,
then 24~ is also a semigroup, and the same argument with ¢ replaced by —t
shows that necessarily ag > —o0 in this case.

Let us suppose that wg < 0o. Foreach N =1, 2,3, ..., define

N
Apx =Y e (x, $) .
n=1

Then it is easy to show that each A is a C group (since ¢, L ¢ whenn # k).
For each r > 0, the sum converges as N — oo because the norm of the tail of
the series tends to zero (the sequence ¢, is orthonormal):

00 2 0
An _ An 2
D p)pa| = Y I (x. )l
n=N+1 n=N+1
[e ]
20N, 2
= > P |(x, ¢
n=N+1
oo
2 2
< Y |(x, )l
n=N+1

— Qas N — oo.

Thus " € B(X) (as a strong limit of operators in B(X)). The norm estimate
1] < e®2 follows from the fact that (see the computation above)
2

S ezwg[t | X |2 .

A x)? =

Y e (x, g
n=1

Moreover, for each x the convergence is uniform in ¢ over bounded intervals
since

o0
Ax = Ayx? < > [(x, ).

n=N+1

This implies that ¢ — 2’ x is continuous on R " foreach x € X. Since each An
satisfies Ql?v = 1and Q(f\,“ = Qlﬁle’N, s, t > 0, the same identities carry over to
the limit. We conclude that 2 is a Cy semigroup.

If wg > —o0, then we can repeat the same argument to get convergence also
fort < 0. U
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Definition 3.3.4 A (semi)group of the type described in Example 3.3.3 is called

diagonal, with eigenvectors {¢,},2 | and eigenvalues {X,};° ;.

n=I

The reason for this terminology is the following:

Example 3.3.5 The generator A of the (semi)group in Example 3.3.3 is the
operator

o0

Ax =" dlx, $n) b,

n=1

with domain

D(A):{xeX

DA+ P, da)* < oo}.

n=1

The spectrum of A is the closure of the set {}, |n =1,2,3,...}: every X,
belongs to the point spectrum and cluster points different from all the A, belong
to the continuous spectrum. The resolvent operator is given by

(@—A)"x =) (¢ = 1) x, du)pn-

n=1

Proof Suppose that limy o +(A"x — x) exists. Taking the inner product with
dpon=1,2,3,..., we get

1 N
%m«mhx =), ¢ =lim k;(ek " —D)(x, ¢) (B, bn)

— 1 Anh .
= 1,}1‘8 E(e D(x, ¢n)
= An{X, @n).

Thus, for all x € D (A), we have Ax = Zi’;l An{x, @n)P,. The norm of this
vector is finite as is the norm of x = Z;’C’:l (x, @n)Pn, so we conclude that

D(A) C {xeX

D A+ P, da) > < oo}.

n=1

To prove the opposite inclusion, let us suppose that

DA+ P, ¢ < oo,
n=1
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Then the sum y = Y 77, A, (x, ¢,) ¢, converges in X, and for each h > 0 we
have

> 1 2
_( Il 1) - )"n ( ’ ¢n>¢n

> (5 e

=1

1 2
@ =)~y =

_ Z‘%(e“h — D= | 1 B

Take 4 < 1. Then, by Lemma 3.2.10, %|e*”h — 1| < |A, M, (h), where

00
n

M,(h) = max{1, e""} < M = max{l, e“?},
hence

1 2
@ = D= | 1 8 < (L4 MP 1Pl (x, 60

Moreover, for each n, (%(e*"h -1 - An) — 0 as & | 0. This means that we
can use the discrete Lebesgue dominated convergence theorem to conclude
T@'x —x)—y —> 0ash | 0,ie,x € D(A).

Obviously every A, is an eigenvalue since ¢, € D (A) and A¢, = A,¢,,. The
spectrum of A contains therefore at least the closure of {A, |n =1,2,3,...}
(the spectrum is always closed).

If inf,>0|l — X,] > O, then there exist two positive constants a and b such
that a(l + |A,|) < | — A,| < b(1 + |1,]), and the sum

B}C == Z(a - )\n)_l<x7 ¢n>¢n
n=1

converges for every x € X and defines an operator B € 3(X) which maps X
onto D (A). Itis easy to show that B is the inverse to (@ — A), hence « € p(A).
Conversely, suppose that (¢« — A) has an inverse (& — A)~'. Then

1= ¢l = (@ — A) (o — A)py|
= |(a@ — A (@ = A)pul < e — A) o — Al

This shows that every o € p(A) satisfies inf,>olac — A,| > 0.

Ifinf, >0l — A,| = Obuta # A, forall n, then o is not an eigenvalue because
ax — Ax = Z,fozl(a — A){x, ¢n)p, = 0 only when (x, ¢,) = 0 for all n, i.e.,
x = 0. On the other hand, the range of « — A is dense because it contains
all finite linear combinations of the base vectors ¢,,. Thus @ € o.(A) in this
case. O

Example 3.3.3 can be generalized to the case where A is an arbitrary normal
operator on a Hilbert space X, whose spectrum is contained in some left half-
plane. The proofs remain essentially the same, except for the fact that the sums
have to be replaced by integrals over a spectral resolution. We refer the reader
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to Rudin [1973, pp. 301-303] for a precise description of the spectral resolution
used in the following theorem (dual operators and semigroups are discussed in
Section 3.5).

Example 3.3.6 Let A be a closed and densely defined normal operator on a
Hilbert space X (i.e., A*A = AA*), and let E be the corresponding spectral
resolution of A, so that

(Ax. y)x =/ ME(dDx,y), xeD(A)., yeX.
o(A)
Then the following claims are valid.
(i) Foreachn =1,2,3, ... the domain of A" is given be

D(A") = {x € X ‘ (1+ |A|2>”<E<dx)x,x>} < 00,

o(A)

and
A" x| = {x € X ‘ / |x|2"<E<dx>x,x>}.
o(4)
(ii) Foreacha € p(A),0 <k <ne€e{l1,2,3,...},andx, y € X,

(A = A)"x, y)x = / M@ =V T(E(dA)x, y).
o (A)

(iii) A generates a Cy semigroup A on X if and only if the spectrum of A is
contained in some left half-plane, i.e.,

wg = sup RA < oo.
reo(A)

In this case,
124 =™, >0,
and
(Arx,y) = /(A) e (E(dMx,y), t>0, xeX, yeX. (33.1)
(iv) A generates a Cy group A on X if and only if o (A) is contained in some
vertical strip @ < RA < w. In this case, if we define
agy = Iinf{RA | L € 0(A)},
then
2] = ™, <0,

and (3.3.1) holds for all t € R.
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(v) A Coy semigroup A on X is normal (i.e., A" = A forallt > 0) if and
only if its generator is normal.

Proof (i)—(ii) See Rudin (1973, Theorems 12.21, 13.24 and 13.33).
(iii) See Rudin (1973, Theorem 13.37) and the remark following that theo-
rem.
(iv) The proof of this in analogous to the proof of (iii).
(v) See Rudin (1973, Theorem 13.37).
O

Most of the examples of semigroups that we will encounter in this book are
either of the type described in Example 2.3.2, 3.3.3, or 3.3.6, or a transformation
of these examples of the types listed in Examples 2.3.10-2.3.13.

3.4 Which operators are generators?

There is a celebrated converse to Theorem 3.2.9(i) that gives a complete char-
acterization of the class of operators A that generate Cy semigroups:

Theorem 3.4.1 (Hille-Yosida) A linear operator A is the generator of a Cy
semigroup U satisfying ||| < Me*" if and only if the following conditions
hold:

(i) D(A) is dense in X;
(i1) every real A > w belongs to the resolvent set of A, and

H()L—A)’”” < ﬁfork>wandn= 1,2,3,....

Alternatively, condition (ii) can be replaced by

(ii") every real A > w belongs to the resolvent set of A, and
an
By

-1 Mn!
()\.—A) HEmfor)\.>wandn=0,l,2,....
_w”

Note that the assumption implies that A must be closed, since it has a
nonempty resolvent set.

Proof The necessity of (i) and (ii) follows from Theorems 3.2.1(vi) and 3.2.9
(1)—(ii) (the exact estimate in Theorem 3.2.9(ii) was derived from (3.2.4), which
isequivalent to ||’ || < Me®"). The equivalence of (ii) and (ii") is a consequence
of (3.2.6).

Let us start the proof of the converse claim by observing that the conclusion
of Theorem 3.2.9(iii) remains valid, since the proof used only (ii) with n = 1
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and the density of D (A) in X. This means that if we define
Ay =aAl@—A) "= @ - A" —a,

then each A, € B(X), and, for each x € D(A), Aqx — Ax in X as o — 00.
Since A, is bounded, we can define !, = ede! g5 in Example 3.1.2. We claim
that for each x € X, the limit A'x = lim,_, o A, x exists, uniformly in 7 on any
bounded interval, and that (" is a semigroup with generator A.

Define

By = Ay +a =a’(a— A"

Then, by (ii), foralln = 1,2,3, ...,

2n

I1Be Il < @y’ (3.4.1)
and by Theorem 3.2.9(iii) and Example 3.2.6(i),
o0 Bntn
A = e bl = e Z # (3.4.2)
n=0 °
Therefore
o0 n 2n
||g((fx|| < e I_ML
= n! (o — w)* (34.3)
_ Mefate(otzt)/(otfw) — Me(llwt)/(ﬂt*w)’ t>0.

This tends to Me“ as o — oo, and the convergence is uniform in ¢ on
any bounded interval. Since (¢ — A)~!and (8 — A)~! commute (see Lemma
3.2.8(1)), also A, and Ag commute, i.e., AyAg = AgAq, and this implies that
QlétAﬁ = A,ngfx forall @, B > wand ¢ € R. Thus, forallx € X and ¢ € R,

t
d '
A x — ﬂ%x = /0 a[ﬂi?{%ﬂ] dsx
t t
= / A (Ay — Aﬁ)ﬁ%_sx ds = / QlfolfB_s(Aa — Ap)x ds,
0 0

and

| — Al x|

t (3.4.4)
< M2 / e@ws)/ (=)o (Bolt=sD/(B=0)| A x — Ayx]|ds.
0

Let o, B — oo. Then the products of the exponentials tend to e®’e®! =) =

@' uniformly in s and ¢ on any bounded interval, and if x € D (A), then

€
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|Ayx — Agx| — 0O since both A,x — x and Agx — x. Therefore,

lim |Ax — fsx|=0, xeD(A),
o, f—o0

uniformly in 7 on any bounded interval. In other words, o +— 2! x is a Cauchy
family in C(R™: X), and it has a limit in C(R"; X). Since we have a uniform
bound on the norm of 2! x for 7 in each bounded interval (see (3.4.3)) and
D (A) is dense in X, the limit lim,_, o 2!, x must exist in C(@Jr; X) for all
x € X, uniformly in ¢ on any bounded interval. Let us denote the limit by ' x.
For each ¢t > 0 we have 21" € B(X) (the strong limit of a family operators in
B(X) belongs to B(X)). By construction ¢ +— 2'x is continuous, i.e., t —> 2’
is strongly continuous. Moreover, 2’ inherits the semigroup properties A° = 1
and 251 = A*A" from 2!, and it also inherits the bound ||| < Me®'. We
conclude that " is a Cy semigroup.

The only thing left to be shown is that the generator of 2is A. Letx € D (A).
Then by Theorem 3.2.1(iv)

t

t
A'x —x = lim (A, x —x) = lim A Ayxds = / A Ax ds
o—> 00

o—>00 0 0

(the integrand converges uniformly on [0, #] to 2* Ax). Divide this by ¢ and
let ¢ | 0. This shows that, if we (temporarily) denote the generator of 2 by B,
then D(A) C D(B), and Bx = Ax for all x € D (A). In other words, B is an
extension of A. But this extension cannot be nontrivial, because if we take some
common point « in the resolvent sets of A and B (any o > w will do), then

X =(a — A)D(A) = (« — BYD(A)
which implies that
DB =(@—B) 'X=@-A)"'X=D().
O

Corollary 3.4.2 A linear operator A is the generator of a Cy semigroup 2
satisfying |24 < €' if and only if the following conditions hold.:

(i) D(A) is dense in X;
(ii) Every real A > w belongs to the resolvent set of A, and

=4 < for x> w.

1
A —w)

Proof This follows from Theorem 3.4.1 since ||(@ — A)7"|| < [[(c — A)~'||".
O

The case w = 0 is of special interest:
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Definition 3.4.3 By a bounded semigroup or group we mean a semigroup or
group 2 satisfying sup,.[|?|| < 0o or sup, ||| < oo, respectively. By a
contraction semigroup of group we mean a semigroup or group 2 satisfying
|| < 1forallt > 0ort € R, respectively.

Corollary 3.4.4 Let A be a linear operator X D D (A) — X with dense do-
main and let M < o0o. Then the following conditions are equivalent:

(1) A is the generator of a (bounded) Cy semigroup U satisfying |A"|| < M
forallt > 0;
(ii) every positive real A belongs to the resolvent set of A and

H(A — A)_"“ <M\ "forh>0andn=1,2,3,...;
(iii) the right half-plane C* belongs to the resolvent set of A and
[ =A™ <RV for Rr > 0andn =1,2,3, ...

Proof By Theorem 3.4.1, (i) < (ii). Obviously (iii) = (ii). To show that (i) =
(iii) we split A € C into A = o + jB and apply Theorem 3.4.1 with X replaced
by a, 2 replaced by e /2" and A replaced by A — jB. O

Corollary 3.4.5 Let A be a linear operator X D D (A) — X with dense do-
main. Then the following conditions are equivalent

(i) A is the generator of a Cy contraction semigroup;
(i) every positive real A belongs to the resolvent set of A and

[x = A" <A™ fora > 0;
(iii) the right-half plane C* belongs to the resolvent set of A, and
[x= A7 < @)~ for%in > 0.

Proof This proof is similar to the proof of Corollary 3.4.4, but we replace
Theorem 3.4.1 by Corollary 3.4.2. O

There is also another characterization of the generators of contraction semi-
groups which is based on dissipativity.

Definition 3.4.6 A linear operator A: X D D (A) — X is dissipative if for
every x € D(A) there is a vector x* € X* with [x*|> = |x|*> = (x*, x) such
that N(x*, Ax) < 0 (if X is a Hilbert space, then we take x* = x).3

Lemma 3.4.7 Let A: X D D(A) — X be a linear operator. Then the follow-
ing conditions are equivalent:

3 The dual space X* is discussed at the beginning of Section 3.5.
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(i) A is dissipative;

(i) A — jBI is dissipative for all B € R;
@iii) |[(A — A)x| = Alx| forall x € D(A) and all A > 0;
(iv) |(A — A)x| > RA|x| forall x € D(A)and all . € CT.

Proof (1) = (ii): This follows from Definition 3.4.6 since, with the notation of
that definition, % (x*, jBx) = R(—jB(x*, x)) = R(—jB|x|>) = 0.

(i) = (iv): Suppose that (ii) holds. Let x € D(A) and A = o + jB with
o > 0and B8 € R. Choose some x* € X* with |x*|> = |x|> = (x*, x) such that
N(x*, Ax) < 0 (by the Hahn—Banach theorem, this is possible). Then

[Ax — Ax||x| > |{(x*, Ax — Ax)| > R{x™, Ax — Ax)
= N(x*, ax) — R(x*, (A — jB)x) = alx|,
and (iv) follows.

(iv) = (iii): This is obvious.

(iii) = (1): Let x € D (A), and suppose that A x| < [(A — A)x]| forall A > O.
Choose some zj € X* with |zi| = 1 such that (z}, (A — A)x) = |(A — A)x]|.
Then, for all A > 0,

Alx| < |Ax — Ax| = (2}, Ax — Ax)
= AN(z), x) — N(z}, Ax) < Alx| — R(z], Ax).

This implies that R(z}, Ax) < 0 and that
AR(Z), x) > |Ax — Ax| = Alx| — |Ax].

Forall A > 0, let Z; be the weak* closure of the set {z}, | « > A}. Then each Z}
is a weak™ compact subset of the unit ball in X*, and for all z* € Z} we have

R(z*, Ax) <0, R(* x) > x| —r7"Ax], |z*] <1

(the functionals z* +— 9(z*, x) and z* — N(z*, Ax) are continuous in the
weak™ topology). The sets Z; obviously have the finite intersection property
and they are weak® compact, so their intersection N;.¢Z; is nonempty (see,
e.g., Rudin [1987, Theorem 2.6, p. 37]). Choose any z* in this intersection.
Then

R(z", Ax) <0, N x)> x|, | <1.

The last two inequalities imply that |z*| = (z*, x) = |x|. By taking y* = |x|z*
in Definition 3.4.6 we find that A is dissipative. O

By using the notion of dissipativity we can add one more condition to the
list of equivalent conditions in Corollary 3.4.5.
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Theorem 3.4.8 (Lumer-Phillips) Let A be a linear operator X D D (A) —
X with dense domain. Then the following conditions are equivalent (and they
are equivalent to the conditions (ii) and (iii) in Corollary 3.4.5):

(i) A is the generator of a Cy contraction semigroup;
(iv) A is dissipative and p(A) N Ct #£ (.

These conditions are, in particular, true if
(v) A is closed and densely defined, and both A and A* are dissipative.
If X is reflexive, then (v) is equivalent to the other conditions.

Proof (i) = (iv): This follows from Corollary 3.4.5 and Lemma 3.4.7.

(iv) = (i): Suppose that (iv) holds. Then A is closed (since its resolvent set
is nonempty). Take some A = o + jB € p(A) witha >0and B e R. If A is
dissipative, then we get from Lemma 3.4.7(iv) for all x € D (A), |(A — A)x| >
a|x|. This implies that |[|(A — A)™!|| < 1/a. By Lemma 3.2.8, the resolvent set
of A contains an open circle with center A and radius « = %A. We can repeat
this argument with & replaced by first 3/2a, then (3/2)?a, then (3/2)%a, etc.,
to show that the whole right-half plane belongs to the resolvent set, and that
(k= A7 < A)~! for all A € Ct. By Corollary 3.4.5, A is therefore the
generator of a Cy contraction semigroup.

(v) = (iv): By Lemma 3.4.7, |(1 — A)x| > |x| for all x € D (A). This im-
plies that 1 — A is injective and has closed range (see Lemma 9.10.2(iii)). If
R (1 — A) # X then, by the Hahn—Banach theorem, there is some nonzero x* €
X* such that (x*, x — Ax = 0), or equivalently, (x*, Ax) = (x*, x) forall x €
D (A). This implies that x* € D (A*) and that A*x* = x*,i.e.,(1 — A*)x* = 0.
By Lemma 3.4.7 and the dissipativity of A*, |x*| < |(1 — A*)x*| = 0, contra-
dicting our original choice of x*. Thus R (1 — A) = X. By the closed graph
theorem, (1 — A)~! € B(X), so 1 € p(A), and we have proved that (iv) holds.

If X is reflexive, then A is a generator of a Cy contraction semigroup if
and only if A* is the generator of a Cy contraction semigroup (see Theorem
3.5.6(v)), so (v) follows from (iv) in this case. O

In the Hilbert space case there is still another way of characterizing a gen-
erator of a contraction semigroup.

Theorem 3.4.9 Let X be a Hilbert space, and let A be a linear operator X D
D (A) — X with dense domain. Then the following conditions are equivalent:

(1) A is the generator of a Cy contraction semigroup,
(ii) there is some ). € C* N p(A) for which the operator
A, = (L + A\ — A~ is a contraction,
(iii) all » € C* belong to p(A), and A;, = (& + A)(x — A~ is a contraction,
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If A, is defined as in (vi) and (vii), then —1 is not an eigenvalue of A,, and
R 1+ A;) = D(A). Conversely, if X is a Hilbert space and if A is a contraction
on X such that —1 is not an eigenvalue of A, then R (1 + A) is dense in X, and,
forall . € C*, the operator A; with D (A,) = R (1 + A) defined by

Ajx = hx — 2904 (1 + A) " 'x, xeR(1+A),

is the generator of a Cy contraction semigroup on X (and the operator A, in
(vi) and (vii) corresponding to Aj is A).

Proof (1) = (vii) = (vi) = (i): Let us denote A = o + jB where o > 0 and
B € R. Forall x € D(A), if we denote B = A — jf, then

I(x — A)x)* = |(@ — B)x|* = &?|x|* — 2a0M(x, Bx) + |Bx|?
(& + A)x|? = |(« + B)x|* = &®|x|* + 2o (x, Bx) + |Bx|*.

If (i) holds, then by Lemma 3.4.7 and Theorem 3.4.8, B = A — jp is dissi-
pative, and we get (A + A)x| < |(A — A)x| for all A € CT and all x € D (A).
By Corollary 3.4.5, > € p(A), and by replacing x by (A — A)~'x we find that
|A,x| < |x|forall x € X, i.e, A, is a contraction. This proves that (i) = (vii).
Obviously (vii) = (vi). If (vi) holds, then for that particular value of A, we
have |A,x| < |x| for all x € X, or equivalently, |(A + A)x| < |(A — A)x| for
all x € D(A). The preceding argument then shows that B = A — jf is dissi-
pative, hence so is A, and (i) follows from Theorem 3.4.8. This proves that (i),
(vi), and (vii) are equivalent.

Let us next show that —1 cannot be an eigenvalue of A, (although —1 €
o (A,) whenever A is unbounded) and that R (1 4+ A;) = D (A). This follows
from the (easily verified) identity that

14+ A, =28 (0 — A"

Here the right-hand side is injective, hence so is the left-hand side, and the range
of the right-hand side is D (A), hence so is the range of the left-hand side.

It remains to prove the converse part. Let A be a contraction on X such
that —1 is not an eigenvalue of A. Then the operator A, is well-defined on
D(A)) =R(1+A),and

(A1 — A)x =200 (1 + A) " Lx, xeR(+A),

This implies that A — A, is injective, R (A — A;) = X, and (A — A =
2RA (1 4+ A)~!. In particular, A € p(A;). Arguing as in the proof of the im-
plication (vi) = (i) we find that A, is dissipative since A is a contraction (note
that we have the same relationship between A; and A as we had between A
and A;, namely A = (A + A0 — A;)™1). If we knew that D (A) is dense in
X, then we could conclude from Theorem 3.4.8 that A, is the generator of a Cy
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contraction semigroup. Thus, to complete the proof, the only thing remaining
to be verified is that R (1 + A) is dense in X. This is true if and only if —1 is
not an eigenvalue of A*, so let us prove this statement instead. If A*x = x for
some x € X, then

(A*x,x) = (x, Ax) = (x,x) = |x|*,
hence
Ix — Ax|* = |x* — 20 (x, Ax) + |Ax|* = |Ax|* — |x|* <0,

and we see that Ax = x. This implies that x = 0, because —1 was supposed
not to be an eigenvalue of A. O

The operator A, in Theorem 3.4.9 is called the Cayley transform of A with
parameter o € C*. We shall say much more about this transform in Chapter 11.

3.5 The dual semigroup

Many results in quadratic optimal control rely on the possibility of passing
from a system to its dual system. In this section we shall look at the dual of the
semigroup 2. The dual of the full system will be discussed in Section 6.2.

In most applications of the duality theory the state space X is a Hilbert
space. In this case it is natural to identify the dual X with X itself. This has
the effect that the mapping from an operator A on X to its dual A* becomes
conjugate-linear instead of linear, as is the case in the standard Banach space
theory. To simplify the passage from the Banach space dual of an operator to
the Hilbert space dual we shall throughout use the conjugate-linear dual instead
of the ordinary dual of a Banach space.

As usual, we define the dual X* of the Banach space X to be the space of all
bounded linear functionals x*: X — C. We denote the value of the functional
x* € X* acting on the vector x € X alternatively by

* * *
x'x = (x, x7) = (x, X", x0)-
The norm in X* is the usual supremum-norm

[x*|x+ 1= sup [{x,x™)], (3.5.1)

[xlx=1

and by the Hahn—Banach theorem, the symmetric relation

lxlx = sup [{x,x")]| (3.5.2)

e e =1
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also holds. On this space we use a nonstandard linear structure, defining the
sum of two elements x* and y* in X* and the product of a scalar A € C and a
vector x* € X* by

(x, x* + y*) = (x, x") + (x,y"), xe€X,

_ 3.5.3
(x, Ax™) == Mx, x™), xeX, xreC. ( )

In other words, the mapping (x, x*) — (x, x*) is anti-linear (linear in x and
conjugate-linear in x*). All the standard results on the dual of a Banach space
and the dual operator remain valid in this conjugate-linear setting, except for
the fact that the mapping from an operator A to its dual operator A* becomes
conjugate-linear instead of linear, like in the standard Hilbert space case.

Let A be aclosed (unbounded) operator X O D (A) — Y with dense domain.
The domain of the dual A* of A consists of those y* € Y* for which the linear
functional

x = (Ax, Y )yyy, xe€D(A),

can be extended to a bounded linear functional on X. This extension is unique
since D (A) is dense, and it can be written in the form

x> (Ax, Y ) wyy = X, x ) xxn, x €D,

for some x* € X.For y* € D(A*) we define A* by A*y* = x*, where x* € X*
is the element above. Thus,

(A)C, y*>()/,y*) = (x, A*y*>()(,x*), xe€D(A), y* eD (A*) , (354
and this relationship serves as a definition of A*.

Lemma 3.5.1 Let A: X D D(A) — Y be a closed linear operator with dense
domain. Then

(i) A*: Y* D D(A*) — U" is a closed linear operator,

(ii) If A € B(X;Y), then A* € B(Y*; X*), and | A| = || A*]],
>iii) D (A*) weak*-dense in Y*,
(iv) If Y is reflexive, then D (A*) is dense in Y*.

Proof (i) It is a routine calculation to show that A* is linear. Let us show that
it is closed. Take some sequence y; € D (A*) such that yi — y* € Y* and
A*y* — x*in X* as n — oo. Then, for each x € D (A),

(x, x*y = lim (x, Ay}) = lim (Ax, y)) = (Ax, y").

n—oo n—oo

This means that the functional (Ax, y*) can be extended to a bounded linear
functional on X, hence y* € D (A*) and x* = A*y*. Thus, A* is closed.
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(i) If A € B(X;Y), then it is clear that D (A*) = Y*. Moreover,

| A% By=;x+) = sup |A*y*|x+ = sup [{x, A"y")x,x»)l
[y*|=1 |x|=1
[y*|=1
= sup [(Ax, y*)(x,x+| = sup|Ax|y

Ix|=1 Ix|=1
[y*|=1

= |l Allsex:y)-

(iii)Lety € Y,y # 0. As A is closed, the set {[éx] | xeD (A)} is a closed
subspace of [};], and [5] certainly does not belong to this subspace. By the
Hahn-Banach theorem in [ %] = [ 4], there is some x{ € X* and y} € ¥*
such that (x, x{) + (Ax, y{) = 0 for all x € D (A), but (0, x1) — {y, ¥{) # 0.
The first equation says that yi' € D (A*) (and that A*y| = —x7). Thus, for each
nonzero y € Y, it is possible to find some y* € D (A*) such that (y, y*) # 0,
or equivalently, Y > y = 0iff (y, y*) = 0 for all y* € D (A*). This shows that
D (A*) is weak*-dense in Y* (apply the Hahn—Banach theorem [Rudin, 1973,
Theorem 3.5, p. 59] to the weak*-topology).

(iv) If Y is reflexive, then (iii) implies that D (A*) is weakly dense in Y*,
hence dense in Y* Rudin [1973, Corollary 3.12(b), p. 65]).

]

Lemma 3.5.2 Let A: X D D(A) — Y be closed, densely defined, and injec-
tive, and suppose that R (A) = Y. Then A~' € B(Y; X), and (A~")* = (A*)~.
We denote this operator by A™*.

Proof The operator A~! is closed since A is closed, and by the closed graph
theorem, it is bounded, i.e., A~! € B(Y; X). By Lemma 3.5.1(ii), (A~")*
B(X*; Y*). It remains to show that (A~!)* = (A*)~L.

Take some arbitrary x € D (A) and x* € X*. Then

(x,x*) = (A7  Ax, x*) = (Ax, (A7 H*x*).

This implies that (A~!)*x* € D (A*) and that A*(A~!)*x* = x*. Thus, (A~")*
is a left inverse of A*. If we instead take some arbitrary x € X and x* € D (A*),
then

(x,x*) = (AA 'x, x*) = (A7 x, A*x*) = (x, (A7) A*x").

Thus, (A~)*isalsoa right inverse of A*. This means that A* is invertible, with
(A"~ = @A H~ O

Lemma 3.5.3 Let A: X D D (A) — X be densely defined, and let a € p(A)
(in particular, this means that A is closed). Then o € p(A*), and (¢ —
AT =(@—-A) Y =@—- A
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Proof By the definition of the dual operator, (¢ — A)* = o — A*. Therefore
Lemma 3.5.3 follows from Lemma 3.5.2, applied to the operator — A. O

Lemma3.54 Let A: X D D(A) - Y be densely defined, and let B €
B(Y;Z). Then (BA)* = A*B* (with D(BA)*) =D (A*B*) = {7 € Z* |
B*z € D(AM)}).

Proof Let x e D(A)=D(BA) and z*e€ D(A*B*)=({z*e€ Z*| B*z €
D (A*)}. Then

(BAx,2")(z,2+) = (Ax, B*Z")(y,y») = (x, A"B*Z")(x,x».

This implies that z* € D ((BA)*), and that (BA)*z* = A*B*z*. To complete
the proof it therefore suffices to show that D ((BA)*) C D (A*B*). Let z* €
D ((BA)*). Then, for every x € D(A) = D (BA),

(Ax, B*Z")y,y») = (BAX, 2%)(z,2+) = (x, (BA)"Z")(x x*)-
This implies that B*z* € D (A*), and hence z* € D (A*B¥). O

Lemma 3.5.5 Let B € B(X;Y) be invertible (with an inverse in B(Y ; X)), and
let A:' Y D D(A) - Z be densely defined. Then AB is densely defined (with
D(AB)={x € X | Bx € D(A)}), and (AB)* = B*A* (with D(B*A*) =
D (AY)).

Proof The domain of AB is the image under B~! of D (A) which is dense
in Y, and therefore D (AB) is dense in X (if x € X, and if y, € D(A) and
y, = v := Bxiny,thenx, := B~'y,in D(AB),and x, — B~ 'y = x in X).
Thus A B has an adjoint (AB)*.

Letx e D(AB)={x € X | Bx e D(A)} and z* € D (A*). Then

(ABx,2")z,22) = (Bx, A*Z")(y,y») = (x, B*A™Z") (x,x».

This implies that z* € D((AB)*), and that (AB)*z* = B*A*z*. To com-
plete the proof it therefore suffices to show that D ((AB)*) C D(A*). Let
z* € D((AB)*). Then, for every y € D (A), we have B~'y € D (AB), and
(Ay, )22y = (ABB™'y, ) (z,2+) = (B™'y, (AB)*2")(x x+)
= (y, BT(AB)"Z")(y.y+.
This implies that z* € D (A*). O

Theorem 3.5.6 Let 2 be a Cy semigroup on a Banach space X with generator
A.

(1) A = A)*, t > 0, is a locally bounded semigroup on X* (but it need not
be strongly continuous). This semigroup has the same growth bound as 2.
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(i) Let X© = {x* € X* | lim, o A*x* = x*}. Then X© is a closed subspace
of X* which is invariant under U*, and the restriction A° of A* to X© is
a Cy semigroup on X©.

(iii) The generator A of the semigroup A® in (ii) is the restriction of A* to
D (A®) = {x* € D(A*) | A*x* € XO}L

(iv) X© is the closure of D (A*) in X*. Thus, D (A*) C X© and D (A*) is
dense in X°.

(V) If X is reflexive, then X© = X*, A® = A*, and A* is a Cy semigroup on
X* with generator A*.

(vi) If A € B(X), then X© = X*, A® = A*, and A* is a Cy semigroup on X*
with generator A*.

For an example where X© # X*, see Example 3.5.11 with p = 1.

Proof of Theorem 3.5.6 (i) This follows from Lemmas 3.5.1(ii) and 3.5.4.

(ii) The proof of the claim that 2* maps X© into X © is the same as the proof
of Lemma 2.2.13(ii).

To show that X© is closed we let x;f € X©, x¥ — x* € X*. Write

207 — ) < 20" = A+ 12y — )+ g — .

Given € > 0, we can make [|2A*x* — A*x}|| 4 ||x; — x*|| < €/2 for all 0 <
s < 1 by choosing n large enough (since [|A**|| < Me®® for some M > 0 and
o € R).Nextwechooser < 1sosmallthat |A*x) — x|| < e/2forall0 <s <
t. Then ||A*x* — x*|| < € for 0 < s < t. This proves that lim, o AM x* = x*,
hence x* € X©. Thus X© is closed in X*.

Since X© is closed in X*, it is a Banach space with the same norm, and by
definition, A® is a Cy semigroup on X©.

(iii) Let A® be the generator of 2®. Choose some x € D(A) and x* €
D (A®) C X® C X*. Then

N . 1 t *
(Ax, x")x,x+) = %}}(?(m — Dx,x >(x,x*)

= lim (x, ;(m*f - 1)x*>

110 (X, X*)

= (x, A%x*)(x.x)-

This implies that x* € D (A*) and A®x* = A*x*. In other words, if we let B
be the restriction of A*to D (B) = {x* € D (A*) | A*x* € X©}, then A® C B,
ie,D(A®) C D(B)and A°X* = Bx* forall x* € D (A®).

It remains to show that D (B) = D (AQ). Choose some o € p(A®) N p(A*)
(by Theorem 3.2.9(i) and Lemma 3.5.3, any o with S v large enough will do).
Then o« — A® maps D (A®) one-to-one onto X©, hence o — B maps D (B)
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onto X©, i.e.,
©=(a—A°)D(A®) = (a — BYD(B).

But @ — B is a restriction of &« — A* which is one-to-one on X*; hence « — B
is injective on D (B), and

DB)=(x—B)'X°=(—-A°)""'X°=D(A).

(iv) Let x* € D (A*). Choose o and M such that ||2*|| < Me** forall s > 0.
Then, for all x € X, all # > 0, and all real @ > wg, by Theorem 3.2.1(ii) and
Example 3.2.6(i),

|{x, ™A — Dx*)| = |{(e™'A" — Dx, x*)|
(@ — A)a — A~ e ™A — D)x, x¥)|
<

(@ — A) '@ ™A — Dx, (o — A)x*)|

</ " Ax ds, (o — A)x*>

< Mt|lx|[ll(e — A)x™||.

Taking the supremum over all x € X with ||x|| = 1 an using (3.5.1) we get
™A — Dx*|| < Mz|(e — A)x*|| — Oast | 0,

which implies that lim, o A*x* = x*. This shows that D (A*) C X©. That
D (A*)is dense in X © follows from the fact that D (AO) C D(A*)and D (Ao)
is dense in X©.

(v)—(vi) This follows from (iv) and Lemma 3.5.1(ii)—(@iv). O

Definition 3.5.7 The Cy semigroup 2® in Theorem 3.5.6 is the dual of the Cy
semigroup 2, X© is the ®-dual of X (with respect to ), and A® is the ®-dual
of A.

Example 3.5.8 The dual 4* of the diagonal (semi)group A in Example 3.3.3 is
another diagonal (semi)group where the eigenvectors {¢, }o2 | stay the same but

the sequence of eigenvalues {1, }°2, has been replaced by its complex conjugate
{An)S2 . Thus

0 —
A x = Zekn’(x, Gu)pn, x€H, t>0.

n=1

The dual generator A* has the same domain as A, and is it given by

0]

Z X, b, x €D(A).
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Inparticular, A" = A* forallt > 0and A = A* ifand only if all the eigenvalues
are real.

We leave the proof to the reader as an exercise.
Let us next look at the duals of the shift (semi)groups in Examples 2.3.2 and
2.5.3. To do this we need to determine the dual of an L”-space.

Lemma 3.5.9 Let U be a reflexive Banach space®, let 1 < p < oo, 1/p +
1/g =1 (with1/oo =0), w € R, and J C R (with positive measure).

(i) The dual of LE(J; U) can be identified with sz(l; U*) in the sense that
every bounded linear functional f on LE(J;U) is of the form
(u, )= /(M(f)’ uw ) wundt, uelLl(J;U),
J

for some u* € LY, (J;U*). The norm of the functional f is equal to the
L, (J)-norm on u*.
(i) LE(J; U) is reflexive iff 1 < p < oc.
Proof For w = 0 this lemma is contained in Diestel and Uhl [1977, Theorem 1,
p. 98 and Corollary 2, p. 100]. If f is a bounded linear functional on L(J; U)
for some w # 0, then f,: v (v, f,) = (e,v, f) (Where e,(f) =€) is a
bounded linear functional on L”(J; U), hence this functional has a representa-
tion of the form

(v, fo) = fj(v(t), u,, (1) dt

for some u} € LY(J;U"). Replacing v e LP(J;U) by u =e,v € LT U)
and u* by u* = e_,u* € LY (J; U*) we get the desired representation

(u, ) = (e—olt, fo) = fj(e*w’u(t), U, (1) dt

= f(u(t), e “ul (1)) dr = /(u(t), u*(t)) dt.
J J
O

The representation in Lemma 3.5.9 is canonical in the sense that it ‘inde-
pendent of p and @’ in the following sense:

Lemma 3.5.10 Let U be a reflexive Banach space. If f is a bounded linear
functional on LZ'I(J; Uu)yn LZE(J;U), where 1 < p; <00, 1 < p, <00, w; €
R, and w; € R, then we get the same representing function u* for f if we use

4 In part (i) the reflexivity assumption on U can be weakened to the assumption that U has the
Radon-Nikodym property. See Diestel and Uhl (1977, Theorem 1, p. 98).
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any combination of p; and wj, i, j = 1,2 in Lemma 3.5.9. In particular, u* €
L(f‘w](J;U*)ﬂ L? (J;U*), where 1/pi +1/q1 =1and 1/p, +1/g, = 1.

—wn

Proof This follows from the fact that the integral f S {u(t), u*(1)) dt does not
depend on either p or w (as long as it converges absolutely). O

Example 3.5.11 Let U be a reflexive Banach space, let 1 < p < oo, 1/p +
1/g =1 (with1/o0 =0), and w € R.

(i) The dual of the bilateral left shift group ', t € R, on LL(R; U) is the
right shift group ', t € R, which acts on LY ,(R;U*)if1 < p < o0
and on BUC_,(R; U*) if p = 1.

(ii) The dual of the incoming left shift semigroup T\, t > 0, on LEY@RT;U) is
the right shift semigroup

— — u(s —1t), s>t,
(Tyu)(®) = (r 7 mu)(s) = :
0, otherwise,
which acts on LY ,(R*; U*) if 1 < p < oo and on
(' € BUC_,(R";U") | w*(0) =0} if p=1.
(iil) The dual of the outgoing left shift semigroup ', t > 0, on LE(R™;U) is
the right shift semigroup

_ = u(s —1), s=0,
(tZu)(s) = (-t u)(s) =
0, otherwise,
which acts on LY ,(R™;U*) if 1 < p < 00 and on BUC_,(R ;U*) if

p=1
(iv) The dual of the finite left shift semigroup T[to,r)’ t>0,0n L0, T);U)is
the right shift semigroup

us —1), t<s<T,

(Tio.7)(s) = (ro.r)T " 10,1y 0)(5) = .
, otherwise,

which acts on L4((0, T); U*) if 1 < p < o0 and on
{u* € C([0, T U™) [u*(0)=0}if p=1.

(V) The dual of the circular left shift group r{rr, t >0, on LY(Ty;U) is the
circular right shift group

(g, u)(s) = (z"u)(s) = u(s — 1),

which acts on L1(T7;U*) if 1 < p <oocandon C(Tr; U*)if p = 1.
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Proof (i) By Lemma 3.5.9, the dual of LL(R;U) is LY (R;U*). Let u €
LOR;U)and u* € LY (R;U*) and ¢ € R. Then

o0

(t'u, u*y = /00 (t'u(s), u™(s)) ds = / (u(s + 1), u*(s)) ds

= /Oo(u(s), u (s — 1)) ds = /oo(u(s), T 'u(s)) ds

= (u, " "u").

This shows that T* = t~'. The rest of (i) follows from Theorem 3.5.6, Defini-
tion 3.5.7, and Examples 2.3.2 and 2.5.3.
(i1)—(iv) This follows from (i) and Examples 2.3.2 and 2.5.3. O

The new right shift semigroups that we obtained in Example 3.5.11 are sim-
ilar to the left shift semigroups that we have encountered earlier. The similarity
transform is the reflection operator 51 (in one case combined with a shift), which
we define as follows.

Definition 3.5.12 Let 1 < p < o0, and let U be a Banach space.

(i) For each function u € LY (R; U) we define the reflection flu of u by

loc
Au)(s) = u(—s), seR. (3.5.5)
(i1) For each function u € Reg,,.(R; U) we define the reflection Slu of u by

Au)(s) = 1i131 u(t), selR. (3.5.6)

Observe that these two cases are consistent in the sense that in part (ii) we
have (Au)(s) = u(—s) for all but countably s.

Lemma3.5.13 Let J CR,teR we R, and1 < p < oco.

(1) A maps L?|Reg,,(R;U) onto L?|Reg_,(R; U), and

(a A =4,
(b) St =74,
(c) Ay =gy, and
(d) I* =4 (in LE(J; U) with reflexive U and 1 < p < 00).

(ii) 7} =7y (in LY(J; U) with reflexive U and 1 < p < 00).

(iii) The dual of the time compression operator y, (see Example 2.3.6) is the
inverse time compression operator v, ;. (in Lb(J; U) with reflexive U
and1 < p < o0).

5 In the Reg-well-posed case we require y to be right-continuous and define 517 to be the set
whose characteristic function is s
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(iv) The right shift (semi)groups in Example 3.5.11 are similar to the
corresponding left shifts (semi)groups in Examples 2.3.2 and 2.5.3 as

follows:

(a) 1© = A,
) 0 = 9;
(c) t° = A A;

(d) T[((?,T) = ‘L’_TH‘L'[O,T);[‘L’T;
(e) 5, = Ay, 5L

We leave the easy proof to the reader.

3.6 The rigged spaces induced by the generator

In our subsequent theory of L”|Reg-well-posed linear systems we shall need
a scale of spaces X,, n =0, £1, 12, ..., which are constructed from X by
means of the semigroup generator A. In particular, the spaces X and X_; will
be of fundamental importance. To construct these spaces we need not even
assume that A generates a Cy semigroup on X; it is enough if A has a nonempty
resolvent set and dense domain.

We begin with the case n > 0, and define

Xo=X, X,=D(A")forn=1,2,3,....

Choose an arbitrary number « from the resolvent set of A. Then (¢ — A)™"
maps X one-to-one onto D (A") (this can be proved by induction over n), and
we can define a norm in X, by

xln = Ix|x, = |(@ — A)x|,.

With this norm each X, becomes a Banach space, X, 1, C X,, with a dense
injection, and (A — «)" is an isometric (i.e., norm-preserving) isometry (i.e.,
bounded linear operator with a bounded inverse) from X, onto X. If X is a
Hilbert space, then so are all the spaces X,,.

If we replace o by some other 8 € p(A), then (8 — A)™" has the same range
as (@ — A)™", so if we use S instead of « in the definition of X, then we still
get the same space, but with a different norm. However, the two norms are
equivalent since (@ — A)"(8 — A)™" is an isomorphism (not isometric) on X:
for n = 1 this follows from the resolvent formula in Lemma 3.2.8(i) which
gives

(@=AB - =1+@-pB—-4",
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and by iterating this formula we get the general case. Most of the time the value
of @ € p(A) which determines the exact norm in X, is not important.

If A generates a Cy semigroup 2, then the restriction 2x, of 2 to X,
is a Cp semigroup on X,. It follows from Theorem 3.2.1(iii) and Example
3.2.6(i) that A x, = (@ — A)™"U( — A)", i.e., A jx, and 2 are (isometrically)
isometric. Thus, all the important properties of these semigroups are identical.
In particular, they all have the same growth bound wg, and the generator of 2,
is the restriction A|x,,, of A to X,4. In the sequel we occasionally write (for
simplicity) 2l instead of 2(x, and A instead of Ax,,, (but we still use the more
complicated notions in those cases where the distinction is important).

It is also possible to go in the opposite direction to get spaces X, with
negative index n. This time we first define a sequence of weaker norms in X,
namely

IX|—p = (@ — A)7"x|, forn =1,2,3,...,

and let X _,, be the completion of X withrespecttothenorm |-|_,. Then (o« — A)"
has a unique extension to an isometric operator which maps X onto X_,. We
denote this operator by (o — A)jy and it inverse by (o — A)lfxnin, or sometimes
simply by (¢« — A)" respectively (@ — A)~™" if no confusion is likely to arise. In
the case n = 1 we often write (o — A, %)~ !instead of (o — A)l}lfl . Thus, for all
n,l=0,%£1,%2,...,

(¢ — A)fXM is an isometry of X, ; onto X,,.
If A generates a Cp semigroup 2l on X, then we can use the formula
91‘)(7“ = (06 - A)TXQ[(O[ - A)\_Xn_n

to extend (rather than restrict) 2 to a semigroup on each of the spaces X_,,.
In this way we get a full scale of spaces X, C X, forn =0, £1,£2,...,
and a corresponding scale of isometric semigroups 2(|x_,. In places where no
confusion is likely to arise we abbreviate 2 x , to 2. The generator of x , is
Ajx_,.,- Asin the case of the semigroup itself we sometimes abbreviate A|x_, .,
to A.

Above we have defined the norm in X by using the fact that (« — A)~! maps
X one-to-one onto X whenever « € p(A). Another commonly used norm in
X is the graph norm

1/2

Ixlx, = (IxI% + |Ax]%) 3.6.1)

This is the restriction of the norm ||[§ ]Il = (IxI% + |y|§()1/2 in [§] to the
graph G (A) = {[f;x] | x € X} This graph is closed since A is closed, so it is
a Banach space in itself (or a Hilbert space if X is a Hilbert space). The map
which takes [éj‘] € G (A) into x is injective, so we may let x € D (A) inherit
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the norm of [/;X] € G (A), and this is the norm ||-||x, in (3.6.1). This norm is
majorized by the earlier introduced norm ||, since

|Ax|x = (A —a +o)x|x < llxllx, + lallx]x,
and
IxIx = (@ — A~ (@ — Axlx < Il — A llx]x,,

so by the open mapping theorem, the two norms |-|x, and ||-|| x, are equivalent.
A similar norm can be used in X,, = D (A") forn = 2,3, ..., namely

n 1/2
Ixllx, = (1% + 14"x1%) "%, (3.6.2)

To prove that thisis anormin X,, we can argue as above: the operator A" is closed
since it is the restriction of (A")|x := Ax_,, A|x_,,, - - Ajx € B(X; X_,)toits
natural domain D (A") = {x € X | (A");xx € X}, and the above norm is the
graph norm of A" on D (A"). To show that it is equivalent to the norm |-|x,
we may argue as follows. Take some o € p(A). Then, for each x € D (A") we
have (from the binomial formula)

"\ (n
_ A n — kAn—k
(o )'x ,;zo <k>a X,
or equivalently,

n
A'x = (o — A)'x — Z (Z)akA"_kx

k=1
" (n
=(1- o AR — A)”)(a — A)'x.
(-20)
Thus, |A"x|x < M|x|x,, where M is the norm of the operator 1 —
i1 (A" (@ — A)™ € B(X), and, of course,
[x|x = [(@ — A) (¢ — A)"x|x < (@ — A)"[l|x]x,-

This shows that the norm ||-||x, is majorized by the norm |[-|x, , so by the open
mapping theorem, the two norms |-|x, and ||| x, are equivalent.

Let us illustrate these constructions by looking at Example 3.3.5. In this
example we have

o0
2 2i 2
Xy, =) lor— Al I(x, b0 3
k=1

where o« € p(A), and each X, is a Hilbert space with the orthogonal basis
{¢n}o2, (it becomes orthonormal if we divide ¢y by |a — Ak]). For n > 1 we
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can alternatively use the equivalent norm

00

Ik, = D (1 + )™ [x. i) 3

k=1
cf. Example 3.3.5.

Remark 3.6.1 This remark explains how the spaces X, interact with duality.
Since X, C X, foralln =0, &1, £2, ..., with dense embeddings, the duals
of these embedding maps are injective (see Lemma 9.10.2(ii)), so they define
embeddings (X,,)* C (X,+1)* (which need not be dense). Since (¢ — A)" is an
isometry of X,,,; onto X, it follows that (0« — A*)" is an isometry of (X;)* onto
(Xu4)" for all n, I =0,£1,+2,.... If X is reflexive, then the embeddings
(X,)* C (X,4+1)* are dense, and these spaces are the same that we would get
by repeating the argument leading to the definition of the spaces X,,, with X
replaced by X*, A replaced by A*, and using a different subindex (i.e., —n
instead of ). When we discuss the causal and anti-causal dual systems X¢ and
%1 it is convenient to denote the domain of A* by X*, and accordingly, in the
sequel we use the notation

X', =X =X, n=0,£1,%£2,....
In particular,
(A", x5 ), x0) = (0 A X ) xx ) X € Xa X7 € XT,
where by A* we mean A*" := (A*)" = (A")*.

In the Hilbert space case one often uses a slightly different construction,
which resembles the one described in Remark 3.6.1. Assume that W C X are
two Hilbert spaces, with a continuous and dense embedding. Then (x, y) —
(x, ¥)x is a bounded sesquilinear form on W, and therefore (see, e.g., Kato
(1980, pp. 256-257)) there is a unique operator E € I3(W) which is positive
and self-adjoint (with respect to the inner product of W) such that

(x, V)x = (Ex, y)w = (x, Ey)w = (WVEx, VEy)w,  x,yeW,

where +/E is the positive self-adjoint square root of E (cf. Lemma A.2.2). For
allx e W,

|Ex|% = (EVEx, EVEx)w < |El} VEx3 = IEI B k.

and this implies that E can be extended to a unique operator in B(X), which
we still denote by the same symbol E. This operator is still self-adjoint in X
since (x, Ey)x = (Ex, Ey)w = (Ex, y)x forall x, y € W, and W is dense in
X. The space X may be regarded as the completion of W with respect to the
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norm |x|x = |[vEx|w, and this means that the extended version of v/E is an
isometric isomorphism of W onto X.

Let V be the completion of X with respect to the norm |x|y = |v/Ex|x. By
repeating the same argument that we gave above with W replaced by X and X
replaced by V we find that E can be extended to a self-adjoint operator in V
(which we still denote by the same letter), that VE is an isometric isomorphism
of V onto X, and that E is an isometric isomorphism of V onto W. Moreover,

(x,y)v = (Ex, y)x = (x, Ey)x = (WEx,VEy)x, x,y€X,
(x’y>v=(EX,J’>X=(EXaEY)W, 'x7y€W'

The space V can be interpreted as the dual of W with X as pivot space as
follows. Every x € V induces a bounded linear functional on W through the
formula

(x, V) v.w) = (EX, Y)w,

and every bounded linear functional on W is of this type since E maps W
one-to-one onto V. This is a norm-preserving mapping of the dual of W onto
V, since the norm of the above functional is |Ex|w = |x|y. That X is a pivot
space means that forallx € X andy € W,

(x, Y)vowy = {x, ¥)x,

which is true since both sides are equal to (Ex, y)w.

If we apply this procedure (in the Hilbert space case) to the space X; C X
described at the beginning of this section, then we get V- = X* | and the extended
version of E is givenby E = (@ — A)~'(@ — Ajy)~" if we use the norm |x|; =
|(@ — A)x|x in X;. If we instead use the graph norm |x|? = |x|% + |Ax|% in
X, then the extended version of E is given by E = (1 + Al*XA)‘l.

In this book we shall usually identify X with its dual, and identify the dual of
W with V as described above. However, occasionally it is important to compute
the dual of an operator with respect to the inner product in W or in V instead of
computing it with respect to the inner produce in X. Here the following result
is helpful.

Proposition 3.6.2 Let U, Y, and W C X C V be Hilbert spaces, where the
embeddings are continuous and dense, let E € B(V) be injective, selfadjoint
(with respect to the inner product in V), and suppose that ~E maps V iso-
metrically onto X and that E \x maps X isometrically onto W (the operator
E and the space V can be constructed starting from W and X as explained
above). We identify U and Y with their duals.

(1) Let B € B(U; W), let B’ € B(W; U) be the adjoint of B with respect to
the inner product in W, and let B* € B(X; U) be the adjoint of B with
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respect to the inner product in X (note that B € B(U; X)). Then

B* = B'E|x. In particular, this formula can be used to extend B* to
B'E € B(V;U), which is the adjoint of B when we identify the dual of
W with V.

(ii) Let B € B(U; X), let B* € B(X; U) be the adjoint of B with respect to
the inner product in X, and let B” € B(V; U) be the adjoint of B with
respect to the inner product in V (note that B € B(U;V)). Then
B” = B*E.

(iii) Let B € B(U; V), let B* € B(W; U) be the adjoint of B when we
identify the dual of V with W (with X as pivot space), and let
B” € B(V;U) be the adjoint of B with respect to the inner product in
V. Then B” = B*E.

@iv) Let C € B(V;Y), let C" € B(Y; V) be the adjoint of C with respect to
the inner product in V, and let C* € B(Y; X) be the adjoint of C with
respect to the inner product in X (note that C € B(X;Y). Then
C* = EC". In particular, C* € B(Y; W).

(v) Let C € B(X;Y), let C* € B(Y; X) be the adjoint of C with respect to
the inner product in X, and let C' € B(Y; W) be the adjoint of C with
respect to the inner product in W (note that C € B(W;Y). Then
C' = EC*.

(vi) Let C € B(W;Y), let C' € B(Y; W) be the adjoint of C with respect to
the inner product in W, and let C* € B(Y; V) be the adjoint of C when
we identify the dual of W with V (with X as pivot space). Then
C' = EC*.

(vii) Let A € B(V), and suppose that X is invariant under A. Let A” € B(W)
be the adjoint of A with respect to the inner product of V, and let A}y be
the adjoint of A|x with respect to the inner produce of X. Then
EA" = A\\E. In particular, W is invariant under Aly.

(viii) Let A € B(X), and suppose that W is invariant under A. Let A* be the
adjoint of A with respect to the inner product of X, and let AiW be the
adjoint of Aw with respect to the inner produce of W. Then
ATWE\X = EA*. In particular, EX is invariant under AIW.

(ix) Let A € B(W), let A’ € B(W) be the adjoint of A with respect to the
inner product in W, and let A* € B(V) be the adjoint of A when we
identify the dual of W with V. Then A’E = E A*.

Proof (i) Forallx € X andu € U,
(u, B*x)y = (Bu, x)x = (Bu, Ex)w = (u, B'Ex)y.

Thus, B* = B'E|x. If we instead let B* stand for the adjoint of B when we
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identify the dual of W by V, thenforallu € U and x € V,
(B*x,u)y = (x, Bu)v,wy = (Ex, Bu)w = (B'Ex, u)y.

Thus, B* = B'E.
(ii) Apply (i) with W replaced by X and X replaced by V.
(iii) Forall x € Vandu € U,

(u, B"x)y = (Bu,x)y = (EBu, Ex)y = (Bu, Ex)y,w) = (u, B'Ex)y.

Thus B” = B*E.
(iv)Forallx e Xandy € Y,

<xa C*Y>X = (va Y>Y = (xa C”.Y)V = (xa EC”.Y)X

Thus C* = EC”.
(v) Apply (iv) with V replaced by X and X replaced by W.
(vi)Forallx e Wandy €Y,
(C'y, x)w = (y, Cx)y = (C*y, x)v.w) = (EC™y, x)w.

Thus, C' = EC*.
(vil) Forallx €e X andy € V,

(x, EA"y)y = (AEx, y)y = (AxEx, Ey)x = (x, EA[xEy)x
= (x, AXEY)v.

Thus, EA” = AJyE on V. This implies that W is invariant under Ay.
(viii) Apply (vii) with V replaced by X and X replaced by W.
(ix)Forallx e Vandy e W,

(A'Ex, y)w = (Ex, Ay)w = (x, Ay)v.w) = (A"x, Y)v.w)
=(EA*x, y)w.

Thus A'E = EA*. O

3.7 Approximations of the semigroup

The approximation A, to A that we used in the proof of the Hille—Yosida
Theorem 3.4.1 will be quite useful in the sequel, too. For later use, let us record
some of the properties of this and some related approximations:

Theorem 3.7.1 Let A be the generator of a Cy semigroup on X. Define the
space X1 =D (A) as in Section 3.6. For all a € p(A) (in particular, for
alla € C} ), define

Jy =ale — A", Ay = aAla — A7,
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and for all h > 0 and x € X, define

1 [ 1
J'x = E/ Axds, Al = E(th — Dx.
0

Then the following claims are true:

() Forallo € p(A)and h > 0, J, € B(X; X)), J" € B(X; X1), Ay € B(X),
A" € B(X), and

Jy=al@—A)""'=1+ Al —A)7",
Ag=Aly =a(ly,— 1) =a*a— A~ —a,

ho_ h_l h_ _l "o
A"=AJ"= - Dx=-A Wxds,
h hJo

+

Moreover, for a € C,

o0
Jox = a/ e “Axds, x e X.
0

(ii) Forall o, B € p(A)and h, k, t > 0, the operators Jy, Jg, Jh TR A,
Ag, A", A% and A" commute with each other.

(iii) J, and J" approximate the identity and A, and A" approximate A in the
sense that the following limits exist:

lim Jyx =lim Jhx =x in X forall x € X,
a—+o0 hl0

lim Agx = lim A"x = Ax in X forall x € X,,
a—+00 hl0

lim o 'Jyx = lim (@ — A~ 'x =0in X, forall x € X,
oa—>—+00 a—>+00
t

limhJ"x =lim [ Wxdx =0 inX,foralx e X,

10 10 Jo
lim o 'Agx =limhA"x =0 inX forallx € X.
a——+00 hl0

(iv) A is uniformly continuous (hence analytic) iff J, has a bounded inverse
for some a € p(A), or equivalently, iff J* has a bounded inverse for
some h > 0.

Proof (i) Obviously, J, € B(X; X)), A, € B(X),and A" € B(X). By Theorem
3.2.1(ii), J* € B(X; X). The algebraic properties in (i) are easy to verify (see
also Theorem 3.2.1(ii)). The integral formula for J, is found in Theorem 3.2.9(i).

(i) This is true since 2° commutes with 2’ and with (o — A)~!. See also
Theorems 3.2.1 and 3.2.9.
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(iii) That limy_, 1 o0 Jox = limy g J'x = x in X for all x € X follows from
Theorems 3.2.1(i) and 3.2.9(iii) and that lim,_, { oo Agx = limy g A'x = Axin
X for all x € X, follows from (i), Definition 3.1.1, and Theorem 3.2.9(iii). By
Theorem 3.2.9(iii), for all 8 € p(A), limy_, 1 (8 — A)(a — A 'x=0in X
for all x € X, and this implies that limy_, ;oo &' Jox = 0in X; for all x € X.
To prove that limy, o hJ hx = 01in X, for all x € X it suffices to observe that,
for all B € p(A),

h h
(B —AhJ'x =B — A)/ Wxds = ,3/ Wx +x —A'x,
0 0

and here the right-hand side tends to zero in X for every x € X. That
limg, 100 ' Agx = limy g hA"x = 0in X for all x € X follows from (i) and
the fact that limg—, oo Jox = limy o J"x = x in X forall x € X.

(iv) Obviously A € B(X)iff J, has abounded inverse. That J" has a bounded
inverse for some & > 0 iff A € B(X) follows from Example 3.1.2 and Remark
3.1.4. By Theorem 3.1.3, the boundedness of A is equivalent to the uniform
continuity of 2. O

Definition 3.7.2 The operators J, and A, in Theorem 3.7.1 are called the
Yosida (or Abel) approximations of the identity 1 and of A, respectively (with
parameter o). The operators J" and A" in Theorem 3.7.1 are called the Cesaro
approximations (or order one) of the identity 1 and of A, respectively (with
parameter h).

Theorem 3.7.3 Let A be the generator of a Cy semigroup A on X, and let
Ay = aA(a — A)~! be the Yosida approximation of A. Then for each x € X
andt > 0, limy_, 1o e«'x = A'x, and the convergence is uniform in t on any
bounded interval.

The proof of this theorem is contained in the proof of Theorem 3.4.1.
The same result is true if we replace the Yosida approximation by the Cesaro
approximation:

Theorem 3.7.4 Let A be the generator of a Cy semigroup A on X, and let
Ay = %(2(’1 — 1) be the Cesaro approximation of A. Then for each x € X and
t >0, limy eM''x = A'x, and the convergence is uniform in t on any bounded
interval.

Proof The proof follows the same lines as the proof of Theorem 3.4.1 with A,
replaced by A", !, replaced by !, = e and B, replaced by B" = A" 4 % =
%th. We can choose M and w so that ||| < Me®" for all t > 0. Then (3.4.1)
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is replaced by
M ewhn

hyny _ h
”(B)”_H( Ql)H S hr
and (3.4.3) is replaced by

tn
120, | < e/ Z

_ Me—z/he(z/h)e‘”” — Mel/hE"=1)

Mea)hn

t>0.

This tends to Me®' as h | 0, uniformly in ¢ on any bounded interval. The new
version of estimate (3.4.4) is (for all 4, k > 0),
t
12 x — Al x| < M> / et/ M =D lt=5)/ ke =1 ghy _ pky| g,
0
and the remainder of the proof of Theorem 3.4.1 stays the same. O

Theorem 3.7.5 Let A be the generator of a Cy semigroup A on X. Then, for

allt > 0,

t —n
Ax = lim (1 - —A) x. xeX,
n

n—o00
and the convergence is uniform in t on each bounded interval
Proof By Theorem 3.2.9(i), forall x € X and (n — 1)/t > wy,

(1 _ L < >n+l< ) (n-H)x
( >n+l ! / s"e Y x ds
n

n+1 oo
—v tv
_ /0 (ve™)"Ax .

) (n+l)

n+1 fo (ve—v)n dv = 1 this lmphes that

A n
foN—tD)
‘(1 — —A) x —Ax
n
nn+1 00 "
= ’ / (ve™)"(@A"x — A'x) dv‘
n! 0
nn+1 oo
/ v”e_””|Q(“’x — Q(’x| dv.

n! 0

Foreach T > 0, the function v > 2" is uniformly continuous on [0, T']. Thus

for every € > 0 it is possible to find a § > 0 such that |A""x — 2'x| < € for
all t €[0,7T] and 1 —§ <v <1+ 5. We split the integral above into three
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parts I, I, and I3, over the intervals [0, 1 — §),[1 — &, 1 + &), and [1 + &, 00),
respectively. Then

t —(n+1)
’(1 — —A) x —A'x
n

The function v +— ve™" is increasing on [0, 1], so we can estimate for all €
[0, T] (choose M > 0 and w > 0 so that |2 || < Me® < Me®T)

=L+h+1

n+1 1—6 —(1=8)\n 1-6
I < o« e ) / |Ax — A'x|dv
n! 0
n+1 _ —(1=8)\n
< oy A= DDy
n!

nnJrl 1+6
— n
L <e / (ve ”) dv < €,
1-5

n+1 0o
py /1 (ve_”)”|Ql’”x—Qltx|dv

nn+1 o]
<2M / (ve_”)"e"’” dv
1

nn+1 00 "
=M / (Ue—(l—(l+wT)/n)v) eV dv.
146

We recall Stirling’s formula

nnJr%

lim =/27. (3.7.1)

n—oopn! el

which together with the fact that (1 — §)e'™® < 1/e implies that I; — 0 as
n — oo. The function v > ve~(=U+@T)/mv ig decreasing for v > (1 — (1 +
wT)/n)~", so for n large enough, we can estimate I3 by

nn+1

o0
(1 + 8)e~(=(rel)/miL+0)y" / o do
n! s

n+1

n
<2M
n!

((1 + 8)e7(17(1+a)T)/n)(1+5))n .
Since

llm (1 + 8)67(17(1+wT)/n)(1+8) — (1 + 8)67(14*3) < l/e,

n— 0o

we can use Stirling’s formula (3.7.1) once more to conclude that /5 tends to
zero as n — oo. Thus,

. t —(n+1)
lim (1 — —A) x =Ax,
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uniformly in ¢ € [0, T]. As furthermore

n—oo

. ro\—1

1 1—-A =

im ( . ) X =x

uniformly in # € [0, T] (see Theorem 3.7.1(iii)), this implies that

t —n
lim (1 — —A) x =Ax,

n— 00 n

uniformly in # on any bounded interval. O

3.8 The nonhomogeneous Cauchy problem
It is time to study of the relationship between the differential equation

x(t) = Ax(1) + f(), t=>s,

3.8.1
X(6) = %, G50
and the variation of constants formula
t
x(1) = A xg +/ A7 f(v)dv. (3.8.2)

It is possible to do this in several different settings, but we choose a setting that
is relevant for the full system [%%] Here the spaces X, and the extended
semigroups 2lx, and generators Ax,,, (with n < 0) introduced in Section 3.6

become important.

n+1

Definition 3.8.1 Let seR, x;,€X, n=0,%1,£2,..., and f €
Llloc([s, 00); Xy—1). A function x is a strong solution of (3.8.1) in X,
(on the interval [s, 00)) if x € C([s, 00); X,,) N W,\ ([s, 00); X, 1), x(5) = X,
and X(¢) = Ax,x(t) + f(¢) in X, for almost all # > 5. By a strong solution
of (3.8.1) (without any reference to a space X,) we mean a strong solution of

(3.8.1)in X (= Xo).

Below we shall primarily look for sufficient conditions which imply that
we have a strong solution (in X). This means that we must take x; € X and
f e L,loc([s, 00); X_1), and that (3.8.1) should be interpreted as an equation in
X _ (valid for almost all # > s). Thus, it should really be written in the form

(recall that A|x maps X = X, into X_;)

x(t) = Axx() + f(), t>s,

) = (3.8.3)
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The integration in (3.8.2) should be carried out in X_;, so that this identity
should really be written in the form

x([) = Qltfs_xs + / 2%2}1 f(U) dl). (384)

In order for (3.8.1) and (3.8.2) (or more precisely, (3.8.3) and (3.8.4)) to be
equivalent we need some sort of smoothness assumptions on f: it should be
either smooth in time or smooth in the state space (see parts (iv) and (v) below).

Theorem 3.8.2 Lets € R, x, € X, and f € L} ([s, 00); X_1).

loc

(i) The function x given by (3.8.4) is a strong solution of (3.8.1) in X_,

(hence in X,, for everyn < —1).

(ii) Equation (3.8.1) has at most one strong solution x in X, namely the
function x given by (3.8.4).

(iii) The function x given by (3.8.4) is a strong solution of (3.8.1) in X,, for
some n > 0 if and only if x € C([s, 00); X,,) and
fe Llloc([s, o0); X,—1). (In particular, this implies that x; € X,.)

v) If f € Llloc([s, 00); X) then the function x given by (3.8.2) is a strong
solution of (3.8.1) in X.

W Iffe Wli,’cl([s, 00); X _1) then the function x given by (3.8.4) is a strong
solution of (3.8.1)in X, x € C'([s, 00); X_1), and z = X is a strong
solution of the equation

(1) = Az(t) + f(1), t>s,
2(s) = Axs + f(s)

in X_i. In particular, X(t) = Ajxx(t) + f(t) in X_y forallt > s (and
not just almost all t > s).
Vi) If f = 7o, p) f1, Wwheres <a < B <ooand f| € W,L’cl([s, 00); X_1)
then the function x given by (3.8.4) is a strong solution of (3.8.1) in X.
(vii) If f is any finite linear combination of functions of the type presented in
(iv)—(vi), then the function x given by (3.8.4) is a strong solution of

(3.8.1) in X.

(3.8.5)

Proof (i) Define x by (3.8.4). The term # > "~*x, belongs to C([s, 00); X) N
C'([s, 00); X_1) N C%([s, 00); X_») and it is a strong solution of (3.8.1) with
f =01in X. Subtracting this term from x we reduce the problem to the case
where x; = 0. (The same reduction is valid in the proofs of (ii)—(vii), too.)

That x € C([s, 00); X) follows from Proposition 2.3.1 with X replaced by
X_1,¢€=0,and ® = 0.

Suppose for the moment that f € C([s,00);X_;). Since Ax , €
B(X_1; X_»), we can then easily justify the following computation for # > 0
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(the double integrals are computed in X_;, and the other integrals in X_; or
X _1; see Theorem 3.2.1(ii) for the last step)

t t pv
f A|X,,x(v)dv=A|x7,/ f A" f(w)dw dv
s St .vt
=A|x71/ / Ay fw)dvdw
St wtfw
= A|X,1f f Ay f(w)dvdw
s JO
t t—w
=/ A|x,,f Ay  fw)dvdw
s 0

Z/(Qq;fj — 1) f(w)dw.

As the set of continuous functions is dense in L', the same identity must then
be true for all f € Llloc([s, 00); X_1). Rewriting this in terms of the function x

in (3.8.4) (with x, = 0) we get
*(t) = / (A, x(0) + f(v) dv.

Thus, x € W5 ([s, 00); X 2) and i(r) = Ajx_,x(t) + f () in X_, for almost
all ¢ > s. Clearly x(s) = 0. This implies that x is a strong solution of (3.8.1) in
X_; with x;, = 0.

(ii) If z is an arbitrary functionin C'([s, 00); X), then it is easy to show (using
Theorem 3.2.1(ii)) that, for each ¢ > s, the function v — 21'~Vz(v) is continu-
ously differentiable in X_;, with derivative 2A"~"(z(v) — Axz(v)). Integrating
this identity (in X,_;) we get

(1) = 9"7”Z(S)+/ AT (2(v) — Apxz(v)) dv.

s

Since C!([s, 00); X) is dense in W]i;cl([s, o0); X_1) N C([s, 00); X), and since
both sides of the above identity depend continuously in X_; on z in the norm
of Wll)’cl([s, 00); X_1) N C([s, 00); X), the same identity must hold for every
zZ € le)’cl([s, o0); X_1) N C([s, 00); X). In particular, it is true whenever z is a
strong solution of (3.8.1) in X,,, in which case we furthermore have z(v) —
A|xz(v) = f(v) for almost all v > 5. This means that z is given by (3.8.4).

(iii) The necessity of the condition x € C([s, 00); X,,) is part of the definition
of a strong solution in X,,. The necessity of the condition f € Llloc([s, 00); Xp1)
follows from the fact that f = X — A|x,x, where x € Llloc([s, 00); X,—1) and
Ax,x € C([s, 00); X,,_1).

Conversely, suppose that x e C([s,00);X,) and that f €
LIIOC([S, 00); Xy—1). By (1), we have x = Ajxx + f = Ajx,x + f in X_»; in
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particular, the derivative x is computed in X _,. However, the right-hand side of
this identity belongs to LI‘OC([s, 00); X,—1), S0 its integral (which is x) belongs
to WIL’CI([S, 00); X,—1), and the same identity is true a.e. in X,_;. Thus, x is a
strong solution in X,.

(iv)—(vii) In the remainder of the proof we take x;, = 0, without loss of
generality (see the proof of (i)).

(iv) The proof of (iv) identical to the proof of (i), with X_; replaced by X.

(v) Since Ajx_, € Cl(ﬁ+;B(X_1;X_2)) and f € C([s, o0); X_1), we can
differentiate under the integral sign to get (as an identity in X _,)

50 = f() + Ay, f Ay fydv, 13

Integrate by parts (or alternatively, write f(v) = f(s) + f‘ " f(w)dw and use
Fubini’s theorem) to show that we can write this (still as an identity in X_,)

x(t) = A" f(5) +/ Ay’ fw)dv, t>s.

By (i), the right-hand side of this expression is the strong solution of (3.8.5)
in X_;, so from the definition of a strong solution we conclude that x €
C([s,00); X_N Wlf)’cl([s, 00); X_5). The continuity of x in X_; implies that,
although we originally computed the derivative X of x as a limit in the norm of
X _,, this limit actually exists in the norm of X_; (i.e., x is differentiable in the
stronger norm of X_;), and that x € C!([s, 00); X_1) N Wli’cl([s, 00); X_7).

We proceed to show that x € C([s, 00); X) and that x(¢) = Axx(t) + f(¢)
in X_; forall t > 5. We know from (i) that x(¢) = Ajx_,x(¢) + f(¢)in X_, for
almost all # > s, and, since both sides are continuous in X _,, we must actually
have equality for all t > s. Choose some « in the resolvent set of A;x , (or
equivalently, from the resolvent set of A) and subtract «x(¢) from both sides of
this identity to get (as an identity in X_,)

ax(t) — x(t) = (@ — Ajx_)x(t) — f(2),

that is

x(t) = (@ — Ax )7 (f() + ax(t) — x(1)).

As (o — A\x,l)_l € B(X_1; X), and x, x and f belong to C([s, 00); X_1), the
latter equation shows that x € C([s, 00); X), and that x(t) = A|xx(¢) + f(t)in
X_ forall t > s. Thus, x is a strong solution of (3.8.1) in X.

(vi) Since 7, 8) f1 = M[a,00).f1 — T[8,00) f1, WE can without loss of generality
suppose that 8 = oo (cf. (vii)).
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Clearly, the restriction of x to [s,«) is the zero function, so in or-
der to prove the theorem it suffices to show that 7y o)X € C([a, 00); X) N
WIL’CI([a;oo);X,l) and that x(«) =0, because this implies that x €

C([la, 00); X) N WIL’CI([a; 00); X_1). But this follows from (v) with s replaced

by « (and x, = 0).°
(vii) This follows from the linearity of (3.8.1) and (3.8.4). O

Sometimes we need more smoothness of a solution than we get from Theo-
rem 3.8.2.

Theorem 3.8.3 Let s € R, x, € X, f € W2l([s,00); X_1), and Ajxx, +
f(s) € X. Then the strong solution x of (3.8.1) satisfies x € C%([s, 00); X_) N
C'([s, 00); X), x = z is the strong solution of (3.8.5) in X, and X =y is the
strong solution of

y(@0) = Ay(0) + f@), 1=,
y(s) = Ax(s) + f(s)
in X_y. In particular, x = Aixx + f € C'([s, 00); X_1) N C([s, 00); X) and

the identities x(t) = Ajx_,x(t) + f(t) and ¥(t) = Ax_ x(t) + f () are hold
X _yforallt > s.

(3.8.6)

Proof By Theorem 3.8.2(v), x € C([s, 00); X) N C!([s, 00); X_,), and, of
course,

X(t) = Aixx(@) + f(@), t>s.

Arguing as in the proof of Theorem 3.8.2(v) (using the density of C? in
W21y we can use the extra differentiability assumption on u to show that
x € C*([s, 00); X_»), and that

() = Ax_ x(0) + f(0), t>s.

Let z = x. Then z(s) = A;xx; + f(s) € X, and z is the strong solution of the
equation (3.8.5) in X_;. However, by Theorem 3.8.2(v), this solution is ac-
tually a strong solution in X, i.e., z € C([s, 00); X), and it has some addi-
tional smoothness, namely z € C'([s, 00); X_;). Since z = x, this means that
x € C*([s, 00); X_1) N C!([s, 00); X), as claimed. O

Above we have only looked at the local smoothness of a strong solution of
(3.8.1) (or more generally, of the function x defined by the variation of constants
formula (3.8.2)). There are also some corresponding global growth bounds on
the solution and its derivatives.

6 Although x is continuous, there will be a jump discontinuity in X at the cutoff point. Thus, we
will not in general have x € C (s, 00); X_1) in this case, but we will still have
X € Reglloc([s, 00); X_1)and x — f € C([s, 00); X_1).
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Theorem 3.8.4 Let A be the generator of a Cy semigroup A with growth bound
wg. Let w > wy, and let 1 < p < oo. Under the following additional assump-
tions on the function f in Theorems 3.8.2 and 3.8.3 we get the following ad-
ditional conclusions about the strong solution x of (3.8.1) (and all the listed
derivatives exist in the given sense):

() If f € L&([s, 00); X), then

x € BCo,,([s, 00); X) N LE([s, 00); X),
x € LP([s, 00); X_1).

(i) If f € WhP([s, 00); X_1), then

x € BCy ,([s, 00); X) N LE([s, 00); X),
X € BCy o([s,00); X_1) N LE([s, 00); X_1),
X e LE([s, 00); X_2).

(iii) If f € W2P([s, 00); X_1), then

x € BCy ,([s, 00); X) N LE([s, 00); X),

x € BCy([s, 00); X) N LE([s, 00); X),

¥ € BCou([s, 00); X_1) N L{([s, 00); X_1),
X € L2 ([s, 00); X _p).

Proof (i) Let ¥ be the L”-well-posed linear system on (X, X, X) described in
Proposition 2.3.1 with B = 1, C = 1, and D = 0. Then, according to Theorem
3.8.2(iv), the strong solution x of (3.8.1) can be interpreted as the state trajectory
of this system, and furthermore, its output y satisfies y(t) = x(¢) forallt > s. By
Theorem2.5.4,x € BCp ([s,00); X)andx =y € LP([s, 00); X). This implies
that x = Ajxx + f € Li([s, 00); X_1).

(i) We again consider the same system as above, but this time on
(X_1, X-1, X_1). As above we first conclude that x € BCy ,([s, 00); X_1) N
L2([s, 00); X_1). We can also apply the same argument with x replaced by
X (recall that, by Theorem 3.8.2(v), x is the strong solution of (3.8.5) in
X_1)togetx € BCo ([, 00); X_1) N Li([s, 00); X_1)and ¥ = Ajx_ i + f €
L([s, 00); X_»). Finally, we choose some « € p(A) = p(A x) and write the
equation X = A|xx + f inthe form (a — A\X)‘l(ax — X + f)toconclude that
i € BCyo([s, 00); X) N LL([s, 00); X).

(>iii) Apply (ii) both to the function x itself and to the function x. O

Another instance where we need a global growth bound on the solution, this
time on R™, is when we want to study the existence and uniqueness of strong
solutions of the equation x(¢#) = Ax(t) + f(¢) on all of R.
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Definition 3.8.5 Letn =0,+£1,+2,...,and f € LIIOC(R; X,,_1). A function x
is a strong solution of the equation

x() = Ax(t) + f(1), t eR, (3.8.7)

in X, (on all of R) if x € C(R; X,,) N W2 (R; X,,_1), and %(r) = Ax,x(r) +

f(¢)in X,,_; for almost all # € R. By a strong solution of (3.8.7) (without any
reference to a space X,,) we mean a strong solution of (3.8.7) in X (= Xj).

Without any further conditions we cannot expect a strong solution of (3.8.7)
to be unique. For example, if A generates a Cy group on X, then for every
xo € X, the function x(¢) = A’ xo, t € R, is a strong solution of (3.8.7). We can
rule out this case by, e.g., imposing a growth restriction on x at —oo.

Lemma 3.8.6 Let w € R, and suppose that the semigroup 2 generated by A is
w-bounded (see Definition 2.5.6). Then, foreach f € Ll (R; X_)), the equation

loc
(3.8.7) can have at most one strong solution x satisfying lim,_, _., e~ x(t) = 0.

If such a solution exists, then we refer to it as the strong solution of (3.8.7)
which vanishes at —o0.

Proof The difference of two strong solutions of (3.8.7) is a strong solution
of the equation x(¢) = Ax(¢) on R, so it suffices to show that the only strong
solution of (3.8.7) which satisfies lim;_, _o €' x(¢) = 0 is the zero solution.
Since it is a strong solution on R, it is also a strong solution on [s, co) with
initial state x(s) for every s € R, hence by Theorem 3.8.2(iv), x(¢) = A" ¥ x(s)
for every t > s. By the w-boundedness of 2, there is a constant M such that
|x(2)] < Me®=9|x(s)|, or equivalently, e~ |x(¢)| < Me~*"|x(s)|. Let s —
—oo to conclude that x(¢) = 0 for all r € R. O

Theorem 3.8.7 Let A be the generator of a Cy semigroup A with growth bound
wg. Let w > wg, and let 1 < p < o0. In all the cases (i)—(iii) listed below the
equation (3.8.7) has a unique strong solution x satisfying lim,_, _o, e “'x(t) =
0, namely the function

x(1) :/ A f(v)dv, (3.8.8)

and this solution has the additional properties listed below.

(i) felL? (R;X). Inthis case

w,loc

x € BCp o 10c(R; X) N LZ,]OC(R; X),
xelLll (R;X_)).

w,loc
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(i) f e Wh? (R;X_,). In this case

w,loc

X € BCO,w,loc(R; X) N Lp (R, X)»

w,loc
X € BCoutoc®; X)) N LY | (R; X_y),
ielLl (R X ).

(iii) f € WL (R; X_)). In this case

Jloc

x € BCou10c(R; X) N LY 1 (R; X),

w,loc

% € BCo,0,10c(R; X) N L] 1, (R; X),

w,loc

¥ € BCopioc®; X_)N LY | (R X_y),

w,loc

X e L) (R X ).

Proof (i) (This proof is very similar to the proof of Theorem 3.8.4.) Let X be
the L?-well-posed linear system on (X, X, X) described in Proposition 2.3.1
with B =1, C = 1, and D = 0. It follows from Theorems 2.5.7 and 3.8.2(iv)
and Example 2.5.10 that the function x defined by (3.8.8) is a strong solu-
tion (3.8.7) satisfying lim,_, o, e~*'x(¢) = 0, hence the strong solution satis-
fying this growth bound. Moreover, by Theorem 2.5.7 and Example 2.5.10,
x € BCopiocR;X)and x =y € LZJOC(R; X). Since x = Ajxx + f, this im-
plies that ¥ € L . (R; X_1).

w,loc
(ii)—(iii) The proofs of (ii)—(iii) are analogous to the proofs of parts (ii)—(iii)
of Theorem 3.8.4, and we leave them to the reader. O

Remark 3.8.8 Theorem 3.8.4 remains valid if we replace L, by Lg°, or Reg
throughout. Theorem 3.8.7 remains valid if we delete the subindex ‘loc’, or if
we replace L) . by L, .. or Regy ,, 1. throughout, or if we do both of these
operations at the same time. The proofs remain the same.

3.9 Symbolic calculus and fractional powers

In this section we shall develop a basic symbolic calculus for the generators of Cy
semigroups.” We shall here consider only two classes of mappings of generators.
The first class it the one where the generator A is mapped conformally into f(A)
where f is a complex-valued function which is analytic at the spectrum of A
(including the point at infinity if A is unbounded). The other class of mapping
is the one which gives us the fractional powers of y — A where y € CL‘. In

7 With some trivial modifications this functional calculus can be applied to any closed operator
with a nonempty resolvent set.
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Section 3.10 we shall use a similar calculus to construct the semigroup generated
by A in a special (analytic) case.

Let us begin with the simplest case where A is bounded. Let I" be a piece-
wise continuously differentiable Jordan curve which encircles o (A) counter-
clockwise, i.e., the index of o (A) with respect to I" is one. If f is analytic on I’
and inside I', then we define f(A) by

f(A) = L f =AW dx. (3.9.1)
2nj Jr

This integral converges in the operator norm topology, e.g., as a Riemann in-
tegral (but it can, of course, also be interpreted in the strong sense, where we
apply each side to a vector x € X). This definition of f(A) given is standard,
and it is found in most books on functional analysis (see, e.g., Rudin (1973,
p. 243)).

Let us check that the definition (3.9.1) of f(A) coincides with the standard
definition in the case where f(z) = Y _;_ axz" is a polynomial. In this case we
expect to have f(A) =) ;_, a; A*. By the linearity of the integral in (3.9.1),
to prove this it suffices to verify the special case where f(z) = z" for some
n=0,1,2,....In this case we get

1 1
—%,\"(A —A)7ldr = —%(x —A+ A=A ldxr
27j Jr 27j Jr

n 1
= (”)Ak—, 74(1 — Ay an
=0 k 27T] r

:An’

where the last step uses Lemma 3.9.2. Thus (3.9.1) is consistent with the stan-
dard definition of f(A) in terms of powers of A when f is a polynomial.

If A is unbounded, then (3.9.1) must be slightly modified. In the following
discussion, we denote the compactified complex plane C U {oo} by C, and
we let 5 (A) be the (extended) spectrum of A in C,ie.,(A) =0c(A)if A is
bounded, and 5(A) = o (A) U {oo} if A is unbounded.

Let A be the generator of a C semigroup 2 with growth bound wg. Then we
know from Theorem 3.2.9(ii) that 5 (A) C @;m U {oco} (where we can remove
the point at infinity of A is bounded). Let f be a complex-valued function which
is analytic on @;m U {oo} (f need not be analytic at infinity if A is bounded).
We denote the set of points A € C in which f is not analytic by o (f) (this
includes the point at infinity if f is not analytic there).

If A and f satisfies the conditions listed in the preceding paragraph, then
it is possible to choose a piecewise continuously differentiable Jordan curve
I' in the complex plane which separates o (A) from o (f), with 6(A) ‘to the
left’ of I' and o (f) ‘to the right’ of I". If A is bounded, then we can choose
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I" to be a curve encircling o (A) counter-clockwise with () on the outside,
and if f is analytic at infinity, then we can choose I' to be a curve encircling
o (f) clockwise with a(A) on the outside. If both of these conditions hold, then
both choices are possible. Unfortunately, they do not produce exactly the same
result, so before we try this approach we have to modify (3.9.1) slightly.

Before proceeding further, let us recall two different versions of the Cauchy
formula for the derivatives of a function.

Lemma 3.9.1 Let U be a Banach space, and let ' be a positively oriented
piecewise continuously differentiable Jordan curve in C (i.e., the index of the
inside is one).

@) If f is a U-valued function which is analytic on " and inside ", then, for
every Ag inside T,

L f) Jh — 0, n <0,
27 Jr =2t T 1/ F™ (), n > 0.

(i) Ifinstead f is analytic on T and outside T (including the point at
infinity), then for every A inside T,

n <0,

1
— P =2 L)AL =1"
2rj ?gr( A {1/(11!) & f(o+1/2)=0, n>0.

dz"

Proof (i) In the scalar case this is the standard Cauchy formula for the derivative
found in all textbooks (if n € Z_ then the integrand is analytic inside I, so the
result is zero). The operator-valued case can be reduced to the scalar-values
case: if f is B(X;Y)-valued, then we choose arbitrary x € X and y* € Y* and
apply the scalar case to y* fx.

(ii)) We make a change of integration variable from X to ¢ = 1/(A — Ag),
(A —Xo)'dr = —z7'dz. If T is the image of I under the mapping A >
1/(A — Xp), then ' is negatively oriented (the outside of I' is mapped onto the
inside of I'"), and it encircles the origin. Part (i) gives (if we take the negative
orientation of I'” into account)

1 S 1 FfOo+1/2)
—p —L = 2y
27‘[/ r ()\. — )»0)_"4'1 27TJ r Zn+l
_ 0, n <0,
/() &5 o+ 1/2=0, n=0.
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Lemma 3.9.2 Let A € B(X), and let T be a positively oriented piecewise con-
tinuously differentiable Jordan curve which encircles p(A). Then,

1 » 1, k=1,
— P —A)Fdr=
27 Jr 0, keZ, k#1.

Proof If k € Z_, then the integrand is analytic inside I", and the result is zero.
If k € Z,, then the integrand is analytic outside I, including the point at in-
finity, and the result follows from Lemma 3.9.1(ii) with n = 1 and f(A) =
(A — A7k, O

By Lemma 3.9.2, if A is bounded and if f is analytic at infinity, then (3.9.1)
is equivalent to

1
f(A) = f(o0) + o f()\ —AN(f) — f(00))dh. (3.9.2)
7] Jr

The function inside the integral has a second order zero at infinity, so if we
replace I by a curve encircling both ¢(A) and o(f), then it follows from
Lemma 3.9.1(ii) (with n = 1 and f(X) replaced by (A — A)‘l(f()\) — f(00))
that the resulting integral is zero. Thus, in (3.9.3) we may replace the positively
oriented curve I" which encircles o (A) with o (f) on the outside by a negatively
oriented curve which encircles o ( f) with o (A) on the outside. If we do so, then
551“ (A —A)"'dr =0, and (3.9.2) can alternatively be written in the form

1
f(A) = f(c0) + o ?g()» — A)‘lf(k)dk. (3.9.3)
7] Jr

Here it does not matter if A is bounded or unbounded, as long as I" and the inside
of I" belong to p(A), and f is analytic on I' and the outside of I", including the
point at infinity.

From (3.9.3) we immediately conclude the following:

Lemma 3.9.3 Let A be the generator of a Cy semigroup A with growth rate
wsy, let [ be analytic on C;m U {oo}, and define f(A) as explained above. Then
f(A) = f(o0) € B(X; Xy).

Proof This follows from (3.9.3): for an arbitrary « € p(A) we have
1
ﬂm—fm»=w—m”7<fw—ma—m”ﬂmw
) Jr

1
=w—m“—ffw—wa—m”—ﬂﬂmw,
2 JJr
where the integral defines an operator in B(X). O

As we already mentioned above, the definition of f(A) given in (3.9.1) in
the case where A is bounded is standard, but the definition of f(A) in (3.9.3)
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with unbounded A is less common. However, (3.9.3) can be reduced to (3.9.1)
by, e.g., a linear fractional transformation. For example, we can take some
S (C;[Ql N C™*, and define (L) = 1/(a — ). The inverse transformation is
z+> ¢ '(z) = @ — 1/z. Note that @ € p(A), that « is mapped into co, and that
oo is mapped into zero. Let IV be the image of I under this mapping. If T is
negatively oriented, then the orientation of I' is positive and it encircles the
origin (assuming that « lies inside I'). By changing the integration variable in
(3.9.3) we get (note that diA = z~*dzand that 1/(2j) §., 27" f(a — 1/2)dz =
f(00))

FOAY = f0) + —— ¢ (@ = 1/z— A2 fla - 1/2)dz
2rj Jr

=—@ [l+@z—1-z4)"z7" fl@a — 1/2)dz
2nj Jr

- %jﬁ,(a — A)(az — 1 —ZA)_]f(Ol —1/2)dz.

Let B, = (@ — A)~! (thus, formally B, = ¢(A)). Then B, € B(X), and a short
algebraic computation shows that

=By ' =(a—A)az—1—z4)"".

Substituting this into the expression for f(A) given above we get
1
fA)=— y{ (z—By) ' fla—1/2)dz, By=(a—A)"" (394
2nj Jr

Here I'" is a positively oriented piecewise continuously differentiable Jordan
curve which encircles o (B,,), and the function z — f(a — 1/z) is analytic on
I'" and inside I"V. Since we have obtained this from (3.9.3) (which does not
depend on «) through a change of integration variable, the right-hand side of
(3.9.4) does not depend on «, and it can be used as an alternative definition of
F(A).

If f is a rational function whose poles are located in C;  and which is
analytic at infinity, then there is still another way of defining f(A). Each such
function can be written as a constant plus a linear combination of terms of the
type (o; — A7k, where each «; € (ngm and k; > 0. It is then natural to define
f(A) to be the corresponding linear combination of (¢; — A)~% . Let us check
that this definition is consistent with the one given earlier. To do this it suffices
to show that, for all o € (C&[ andallk =1,2,3...,

(@ —A)F= ﬁ f(x — A Yo =1 Fdax, (3.9.5)
r

where I' is a negatively oriented piecewise continuously differentiable Jordan
curve which encircles « with o (A) on the outside. We begin with the case k = 1.
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Then Lemmas 3.2.8 and 3.9.1 give
1 —1 -1 -1
— PA—A) (¢—1)" dr—(x—A)
2rj Jr

:=Jffﬁx—Arhwa—Arma—m*dA
2nj Jr

_ 1
T 2mj

=(a—A)‘1i,7§(A—A)—1dx=o.
27T] r

yﬁ(x —A) Ya—A)dr
r

The case k > 2 follows from the case k = 1 if we differentiate the special case
k =10f (3.9.5) k — 1 times with respect to «.

We shall next look at the related problem of how to define fractional powers
of (y — A), where A is the generator of a C semigroup 2l and y > wg. This can
be done in several different ways, see Pazy [1983]. Usually one starts with the
negative fractional powers of (y — A), and then inverts these to get the positive
fractional powers. One method, explained, e.g. in Pazy [1983], is to imitate
(3.9.1) with f(A) = (y —A)™%, and to let I" be a path from coe™/¢ to coe’¢,
where 0 < € < /2, passing between o (A) and the interval [y, 00).8 Here we
shall used a different approach and instead extend the formula for (y — A)™"
given in Theorem 3.2.9(i) to fractional values of n.

Definition 3.9.4 Let A be the generator of a Cy semigroup 2 with growth
bound wg. For each y € (CIQ[ and o > 0 we define (y — A)™ by

(r—-4)=1
1 o0
(y —A)%x = —/ e Uxdt, >0 xe€X.
(@) Jo
Lemma 3.9.5 The operators (y — A)™® introduced in Definition 3.9.4 are
bounded linear operators on X, and o — (y — A)™% is a semigroup, i.e.,
=P =@ -a"-a7"F
forall o, B > 0. Moreover, (y — A)™“ is injective for all « > 0.

Proof By assumption, the growth bound of 2 is less than y, hence the integral
used in the definition of (y — A)™® converges absolutely, and it defines an
operator in B(X).

To simplify the notation in our verification of the semigroup property we
take y = 0 (i.e., we denote (A — y) by A and e 7'’ by A"). We take x € X

8 This method is quite general, and it can be used even in some cases where A is not a generator
of a Cy semigroup.
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and make two changes of integration variable as follows:

(—A) ¥ (=A)Px = _ /00 /‘oos“_ltﬂ_lﬁsﬂx dsdt
F@re Jo Jo
1 > * a—1 B—1ov
Wr‘(ﬂ)/o /(; s v =) Axdvds
71”(05)1I‘(ﬁ) /Ow(/ovs“_'(v — 5)f-! ds)Ql”x dv

1 1 00
= ) )F(ﬁ)/ s“71a —s)ﬂflds/ vl x do
(04 0 0
= (—A)y @y,

here the last equality follows from Definition 3.9.4 and the fact that the Beta
function satisfies (for all o, 8 > 0)

1
B(a, B) = / sl —s)Plds = M.
0 F()T'(B)

To show that (y — A)™® is injective we can use the semigroup property in
the following way. We choose 8 so that « + 8 = n is an integer. The operator
(y — A" =(y — A)"P(y — A)~% in injective since y € p(A) (recall that we
take y > yq(), hence (y — A)™* in injective. O

The semigroupa — (y — A)~“isactually a Cy semigroup (i.e., itis strongly
continuous). See Pazy [1983, Corollary 6.5, p. 72].
Since (y — A)™¢ is injective, it has an inverse defined on its range:

Definition 3.9.6 Let A be the generator of a Cp semigroup 2 with growth bound
wsg. For each y € (C&l and o« > 0 we define (y — A)“ to be the inverse of the
operator (y — A)~* defined in Definition 3.9.4, with domain D ((y — A)*) =

R((y — A)™).

Lemma 3.9.7 With the notation of Definitions 3.9.4 and 3.9.6, let y € (C:jm and
8 e sz. Then the fractional powers of (y — A) and (6 — A) have the following
properties:

G (y —A*eBX)ifa <0,and (y — A)* is closed if a > 0;
(i) 0 — A (y — A =(y —APE— A ifa <0and g <0;
(iii) D((y — A CD((y — AF) ifa > B;
(iv) D({(y — A)*) is dense in X for all « > 0 (and equal to X for all @ < 0);
M) Dy —A) =D —A))and (6 — A)*(y — A)™™ € B(X) ifa = 0;

Proof (i) The case @ < 0 is contained in Lemma 3.9.5, and the inverse of a
bounded (hence closed) operator is closed.
(i1) Use Fubini’s theorem in Definition 3.9.4.
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(iii) This is trivial if 8 < 0 or ¢ = B. Otherwise, by Lemma 3.9.5,
(v =) = -y —a?,

hence R (()/ - A)"") CR ((y - A)’ﬂ), or equivalently, D ((y — A)*) C
D ((y — A)ﬁ).

(iv) This follows from (iii), since D ((y — A)*) contains D ((y — A)") for
some positive integer n, and by Theorem 3.2.1(vi), D ((y — A)") = D (A") is
dense in X.

(v) The boundedness of the operator (6 — A)*(y — A)~® follows from
the closed graph theorem as soon as we have shown that D ((y — A)*) =
D((8 — A)™), or equivalently, that R ((y — A)™) = R ((6 — A)™). This is
true for integer values of «, so by Theorem 3.9.5, it suffices to consider the case
where 0 < a < 1. Moreover, by (iii), it suffices to show that

R((y—A)™*—@—A)%) CX,.

By Definition 3.9.4, for all x € X,
] o0
(y —A) ™ “x—(8—A) % = o / 71 — e eI x dt.
0

Therefore, for x € X; wehave [(y — A)™ — (6 — A)™*]x € X, and (integrate
by parts)

oo

[(y =A™ =@ —-A) " lx= L()/ — A" f h(r)e "' A x dt,
[(a) 0

where h(t) = —t*"![1 — e~@®=¥)"]. Without loss of generality, suppose that

8§ >y. Then h e L'([0, 1]) N L*°([1, 00) and ¢ > e~ 7" ||A"|| € L®°([0, 1]) N

L'([1, 00), so the integral converges absolutely for all x € X. This implies that

R((y —A)™—(8—A)™) C Xy, as claimed. O

With the fractional powers of (y — A) to our disposal, we can construct a
continuous scale of Banach spaces X,, « € R, in the same way as we con-
structed the spaces X, with integral indices n in Section 3.6. For o > 0 we let
X, be the range of (y — A)~ (i.e., the image of X under (y — A)™%), with
norm

xle = |x]x, = |(¥ — A)x],.
For o < 0 we let X,, be the completion of X with the weaker norm

IX|—e = (¥ — A)“x a > 0.

X’
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All the earlier conclusions listed in Section 3.6 remain valid. In particular, for
ally e Ct,alla, 8,8 € R,and all > 0,

(y — A)fzxﬁﬂ is an isometry of X4 onto X,
vy — A = — A,y — Ay,
(V - A)(lxxa" qub = qué‘—u(y - A)(\XXS‘

Different choices of y give identical spaces with equivalent norms, and (y —
A)* commutes with (§ — A)? for all «, BeR,andall y,§ € C&u

The spaces X, can be interpreted as interpolation spaces between the spaces
X, with integral indices; see Lunardi [1995, Chapters 1,2]. The following

lemma is related to this fact:

Lemma 3.9.8 Define the fractional space X, as above. Then, there is a constant
C > O such that forall0 <o < 1,allx € X1 =D (A), and all p > 0,

Ixlx, < C(p"Ixlx + p“ 'Ixlx,).

o (3.9.6)
Ixlx, < 2C|x[y " lx[, .

The proof of this lemma is based on the the following representation of
(y —A)“,validfor0 < o < 1:

Lemma 3.9.9 For 0 < o < 1 the operator (y — A)™® defined in Definition
3.9.4 has the representation

o Sinma
(y —A)™" =

*© -1
- /0 s (s+y—A) ds,

where the integral converges absolutely in operator norm.

Proof The absolute convergence in operator norm follows from the Hille—
Yosida Theorem 3.4.1 and the assumption that y € C;_ . By using Theorem
3.2.9(i), Fubini’s theorem, a change of integration variable s = v/¢, and the
fact that the Gamma-function

[a) = / ” e~ dt (3.9.7)
0

sinro
T b

satisfies (for 0 < o < 1) the reflection formula I'(&)I'(1 — ) = we get
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forall x € X,

sinTo

*© 1
/ s(s+y—A) xds
T 0

1 00 )
= 7/ Sia/ ei(Xer)tQUX dtds
Pl —a) Jo 0
1 00 00
7/ </ Siaein dS)eithltX dt
F)I' (1 —a) Jo \o
1 00 00
- - —aav g totfl 7)/[Q[t dt
M@ (1 —a)</0 voe v>/0 c

1 * —1 _ —ytoqt
= — eV A x dt
L) Jo

=(y — A) .

O

Proof of Lemma 3.9.8. Leto € (0,1), p > 0, x € X, and recall that |x|x, =
[(y — A)*x|x and that |x|x, is (equivalent to) |(y — A)x|x. Since 0 <« <
1, we have 0 < 1 — o < 1, hence by Lemma 3.9.9, Theorem 3.4.1, and the
assumption that y € C$m (observe that sin (1 — o) = sinwa and sinwro <
o)

Ixlx, = [(y — A" (y — A)x|x

sinTo

P
< f s“*1||(s+y—A)*l(y—A)|||x|xds
T 0

. 1_ 0 -
+ OGPt 54y = 4) el as
T P
p
S|x|x0‘/ s = s(s +y = 4) 7 ds
0 - »
+|x|x,(1—a)/ s (s 4y —a) " ds
o

P [e9)
< (1+C)|x|Xa/ s*tds 4+ Clx|x,(1 —a)/ 92 ds
0 P

= (14 O)lx|xp® + Clx|x,p*"".

This proves the first inequality (with C + 1 instead of C) in (3.9.6). To get
the second inequality in (3.9.6) for nonzero x we simply take p = |x|x,/
lx]x. U
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3.10 Analytic semigroups and sectorial operators

Semigroups obtained from the Cauchy problem for partial differential equa-
tions of parabolic type have some extra smoothness properties. They are of the
following type.

Definition 3.10.1 Let X be a Banach space, let0 < § < w/2, and let A be the
open sector As = {r € C |t #0, |argt| < 8} (see Figure 3.1). The family of
operators A" € B(X),t € Ag,is an analytic semigroup (with uniformly bounded
growth bound w) in A if the following conditions holds:

(1) t — A" is analytic in As;
(i) A° =1 and 2°A" = A5+ forall s, 1 € Ay;
(iii) There exist constants M > 1 and w € R such that

[0 < Me®, 1€ As.

(iv) Forall x € X, lim;—o A'x = x.

teAs
A semigroup 2l is analytic if it is analytic in some sector A of the type described
above.

We warn the reader that the sector As in Definition 3.10.1 need not be
maximal: If 2 is analytic on some sector Ag, then it can often be extended to
an analytic semigroup on a larger sector Ay with §' > §. If we take the union
of all the sectors As where 2’ is analytic (with a uniformly bounded growth
bound), then the constants M and w in (iii) typically deteriorate as we approach
the sector boundary.

5t

Figure 3.1 The sector A
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FA

RA

. 0)

Figure 3.2 The sector Xy,

As we shall see in a moment, the generators of the analytic semigroups in
Definition 3.10.1 are sectorial operators, which are defined as follows.

Definition 3.10.2 For each y € R and n/2 < 6 < 7, let Xy, be the open
sector (see Figure 3.2)

Yoy ={reClrs#y, lag —y)l <6}

A (closed) densely defined linear operator X O D (A) — X is sectorial on % ,,
(with a uniform bound) if the resolvent set of A contains X ,,, and if

[ — A <

, A€ gy, (3.10.1)
A=yl !
for some C > 1. The operator A is sectorial if it is sectorial on some sector
Yy, (With7/2 < 0 < ).

Again we warn the reader that the constant 6 in Definition 3.10.2 is not
maximal: it can always be replaced by a larger constant 6’

Lemma 3.10.3 If A is sectorial on some sector Lg , withw /2 < 6 < 7 then it
is also sectorial on some bigger sector Xy, with 6' > 6. More precisely, this
is true for every 0’ satisfying 6 < 0’ < 7 and sin(0’ — 0) < 1/C, where C is
the constant in (3.10.1).

Proof Without loss of generality we can take y = 0 (i.e., we replace A — yI
by A).

By Lemma 3.2.8(ii), the rays {A # 0 | arg A = £6} bounding the sector Xg ¢
belong to the resolvent set of A, and (by continuity) (3.10.1) holds for these A,
too.Let0 < k < 1.By (3.10.1) and Lemma 3.2.8(ii), if we take A close enough
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toa € Xgpsothat |A —a| < ]%, then A € p(A) and

1 C
& =7 = 75
(I = K)ler|
Choose 6’ to satisfy < 6’ < 7 and sin(@’ — 0) = k/C. By letting o vary over
therays {A # 0 | argX = £60} and taking A — « orthogonal to A (and RA < Ne)
we reach all A in ¥y o\ Xy 9. Moreover, with this choice of A and o, we have
|A] < ||, hence

C
-1

Thus, A is sectorial on Xy o with C in (3.10.1) replaced by C/(1 — k). O

Lemma 3.10.3 (and its proof) implies that the constant C in (3.10.1) must
satisfy C > 1, because if C < 1, then the proof of Lemma 3.10.3 shows that
(A — A)~! is a bounded entire function vanishing at infinity, hence identically
zero. The optimal constant for A = y is C = 1. A similar argument shows that
(3.10.1) holds with # = r if and only if A = y.

It is sometimes possible to increase the sector Xg ,, in which A is sectorial
in a different way: we keep 6 fixed, but replace y by Y’ < y. This is possible
under the following assumptions:

Lemma 3.10.4 Let A be a closed linear operator on X, and let y € R and
/2 < 0 < m. Then the following conditions are equivalent:

(i) A is sectorial on Xy, and y € p(A);
(ii) A is sectorial on some sector Lo, withy' < y.

Proof (1) = (ii): It follows from Lemma 3.10.3 and the assumption y € p(A)
that the distance from o (A) to the boundary of the sector Xy, y is strictly
positive, hence p(A) D Xy, for some ¥’ < y. The norm of the resolvent (A —
A)~!is uniformly bounded for all A € %y, satisfying A — y| < |y — ¥/, and
for [, — y| > |y — ¥'| we can estimate

C C A — 9y 2C
= < .
A=yl A=yIIx=yl A=y
(ii) = (i): This proof is similar to the one above (but slightly simpler). O

I0-— A" <

Our next result is a preliminary version of Theorem 3.10.6, and we refer the
reader to that theorem for a more powerful result.

Theorem 3.10.5 Let A: X — X be a (densely defined) sectorial operator on
the sector Zg,,,. Then A is the generator of a Cy semigroup U satisfying ||| <
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MeY" for some M > 1 which is continuous in the uniform operator norm on
(0, 00). This semigroup has the representation

t 1 At —1
AW =—[ e L —A)" dxr, (3.10.2)
27'[_] r
where T is a smooth curve in Xy, running from ooe /7 to ocoel?, where
/2 < ¥ < 6. For each t > 0 the integral converges in the uniform operator

topology.

Proof Throughout this proof we take, without loss of generality, y = 0. (If
y # 0, then we replace A — y by A and e 7'’ by 2'; see Examples 2.3.5 and
3.2.6.)

The absolute convergence in operator norm of the integral in (3.10.2) is a
consequence of (3.10.1) and the fact that |e¢”""| = e"¢"'7 = "< forall r € R
(observe that cosf < 0 for /2 < |0| < ). The continuity in the uniform
operator topology on (0, co) follows from a straightforward estimate (and the
Lebesgue dominated convergence theorem). Since the integrand is analytic, we
can deform the path of integration without changing the value of the integral to
I', =Ty U, UT; (see Figure 3.3), where

I ={re?? |oo>r>1/1},
={t"'e | -9 <0 <9},

I'; = {re-’” | 1/t <r < o0},

I
kD
2]
\ RA
I,
I

Figure 3.3 The path in the proof of Theorem 3.10.5
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Then, by (3.10.1)

1 1
H—f G- A di| = —/ | — Ay~ dx
27T] I 27 I
00
< £ ertcosﬁr—l dr
2 1/t
— £ Ooescosﬁsflds
2 1

= M,.
The same estimate is valid for the integral over I';. On ', we estimate

I [ o wra] = 5 [ e aran

9

A

ecos 6 do

IA

2n |y
=M,.

Together these estimates prove that |2’ < M with M = 2M| + M,.
Next we claim that for all @ > 0,

(@ — A =/ e A dr. (3.10.3)
0

To prove this we choose the curve I' as we did above, but replace I'; by
[ ={ee /| <6 <P}, where 0 < € < « is fixed, and adjust I'; and I'3
accordingly. We repeat the calculations presented above for this choice of I,
and find that

1 At —1 €t
— [ le”" (A — A)" | dr < M(|logt| +e)
2 r

for some finite M (the logarithm comes from I'; and I';, and the exponent from
I',). Thus, with this choice of ', if we multiply (3.10.2) by e~ and integrates
over (0, 00), then the resulting double integral also converges absolutely. By
Fubini’s theorem, we may change the order of integration to get

o0 1
/ e YU dt = — /(a — 07— AN,
0 2rj Jr

By (3.10.1), this integral is the limit as n — oo of the integral over I~“n, where
F,, is the closed curve that we get by restricting the variable r in the definition
of I'} and I'; to the interval € < r < n, and joining the points ne" and ne”
with the arc Ty = {ne™/? | 9 > § > —©}. However, by the residue theorem,
this integral is equal to (& — A)~'. This proves (3.10.3).

Equation (3.10.3) together with the bound ||2['|| < M enables us to repeat
the argument that we used in the proof of Theorem 3.2.9(i)—(ii) (starting with
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formula (3.2.5)) to show that
@ — &)™ < Ma™

foralln =1,2,3,... and o > 0. According to Theorem 3.4.1, this implies
that A generates a Cy semigroup 2. Thus, to complete the proof it suffices to
show that 2} = 2’ for all r > 0. However, by (3.10.3) and Theorem 3.2.9(i),
forevery x* € X*, x € X,and @ > 0,

/ e Y x*(A'x —Ajx)dt = 0.
0

Thus, since the Laplace transform of a (scalar continuous) function determines
the function uniquely (see Section 3.12), we must have x*'x = 2| x for all
x* e X*, x € X, and t > 0. Thus, 2| =" for all r > 0. In particular, 2 is
strongly continuous. O

As the following theorem shows, the class of semigroups generated by sec-
torial operators can be characterized in several different ways.

Theorem 3.10.6 Let A be a closed operator on the Banach space X, and let
y € R. Then the following conditions are equivalent:

(1) A is the generator of an analytic semigroup A" with uniformly bounded
growth bound y on a sector As = {t € C | |argt| < 8} (with § > 0; see
Definition 3.10.1);

(i) Every A € (C;,L belongs to the resolvent set of A, and there is a constant C
such that

x— A" < R > y;

A=yl

(iii) A is sectorial on some sector g, (With /2 < 0 < 7; see Definition
3.10.2);

(iv) A is the generator of a semigroup 2 which is differentiable on (0, 00),
and there exist finite constants My and M, such that

Me’!
120 < Moe", MA—wWHS—%a t>0.

Proof Throughout this proof we take, without loss of generality, y = 0. (If
y # 0, then we replace A — y by A and e 7'’ by 2; see Examples 2.3.5 and
3.2.6.)

(i) = (ii): Let 0 < ¢ < . Let A, be the generator of the semigroup ¢ +—
A Then, by Theorem 3.2.9(i), every (real) « > 0 belongs to the resolvent
set of Ay, and

0 .
(@— Ay 'x = / e A x ds.
0
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By the estimate that we have on 2 in (i), we can make a change of integration
variable from s to t = e/%s, s = e /¥t to get

oo .
(@ — Ay 'x = e‘”’/ e % U x ds
0

=e ¥ (ae — A)!

=(@—-eA),

where the second equality follows from Theorem 3.2.9(i). Thus, A, = e/?A.
The estimate in (ii) then follows from (i) and Theorem 3.2.9(ii).

(i) = (iii): See Lemma 3.10.3.

(iii) = (iv): We know from Theorem 3.10.5 that A generates a Cy semigroup
2A, which has the integral representation (3.10.2). Thus, for all &z > 0,

l(zzv —1)= L e — De' (v — A~ da.

h 2rj Jr
The same type of estimates that we developed in the proof of Theorem 3.10.5
(where we split I" into I'; U T, U TI'3) together with Lemma 3.2.10 and the
Lebesgue dominated convergence theorem show that this has a limit as z |, 0.
Thus, 21" is differentiable (in operator norm), and

d 1
AU = —(A) = — / reM(r— A Hda. (3.10.4)
dt 27'[] r
As in the proof of Theorem 3.10.5 we again split I" into I') UT', UT'3 and
estimate. We leave it to the reader to check that the final estimate that we get in
this way is of the type

AU < M/t

with the same constant M = 2M, + M, that we get in the proof of Theorem
3.10.5.

(iv) = (i): We first claim that, for each # > 0, A" maps X into (-, D (A"),
and prove this as follows. By the differentiability assumption on 21, for each
x € X, the function x(z) = 2'x is differentiable for # > 0. By the semigroup

property,
&(1) = lim l(m”h — 2A"x, = lim l(m” — DA'x
hi0 h "7 R0 h ’

hence x(t) = A'x € D (A), and %(2{’ ) = AQl". The same argument shows that
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A" maps D (A") into D (Ak“) for all n=0,1,2,... (because A*A'x =
A’ Ak x forall x € D (Ak); see Theorem 3.2.1(iii)). By the semigroup property,
A" = (A/™)", and this together with our earlier observation that /" maps
D (Ak) into D (Ak“) implies that 21’ maps X into D (A") for each ¢ > 0 and
n=1,2,3,.... Thus, A" maps X into ﬂ:il D (A™). This together with Theo-
rem 3.2.1(vi) implies that x(¢) = 2’ x is infinitely many times differentiable on
(0, 00), and that

x®@) = @AHW = A" x, t>0.

Since A commutes with 2" on (7, D (A"), and since 2’ = (A"/")", this im-
plies that

@H"™ = AU = (AU, t>0. (3.10.5)

Observe that the operators A"2l" are closed with D (A”Ql’ ) = X, hence, by the
closed graph theorem, they are bounded.

So far we have only used the differentiability of 2’ and not the norm estimate
in (iv). This norm estimate, combined with (3.10.5) and the fact thate” > n"/n!
(this is one of the terms in the power series expansion of e") gives

) - |

n! n!

Mle n
5(7) t>0, n=1,273,.... (3.106)

For each t > 0 we can define a formal power series

(Q[t )(n)

A = Z (z—1). (3.10.7)
n=0

The estimate (3.10.6) shows that this power series converges in operator norm

for |z —t| < t/(M,e). Being the limit of a power series, the function A is

analytic in the circle |z — t| < t/(M;e).

We claim 90° = 217 for real z satisfying —t/(1 + Me) <z —1t < t/(Me).
This is obvious for z = ¢. To see that it is true for other values of z we fix x € X
and use a Taylor expansion of order N — 1 with Lagrangian remainder term for
A, ie.,

N
(n) ; ( S)( )

N—
A5 ) NMx N
=L e

)

where z <& <t or t <& < z, depending on whether z <t or z > t. By
(3.10.6), the remainder term can be estimated by (M;e)" |z — ¢|V (min{¢, z})~V,
which tends to zero in the given interval. Thus, A¢ = A for real z satisfy-
ing —t/(1 + Mje) <z —1t < t/(Me). Letting ¢ > 0 vary we conclude that A
is an analytic extension of 2’ to the sector As, where 0 < § < /2 satisfies
sind = 1/(M,e) (we choose z perpendicular to z — ¢, and assume, without loss
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of generality, that M;e > 1). The analyticity of A implies that 2 inherits the
semigroup property A+ = AU from A (two analytic functions which co-
incide on the real axis coincide everywhere). In each smaller subsector A,
with ¢ < § we can choose z and ¢ (with z still perpendicular to z — ¢) so that
(]z —t|Me)/t <k < 1 (uniformly in z and 7), and this implies that

o0

5 lA)™)| ]

I < 12+ Y = lz —1[" < Mo+ k/(1 = k).
n=1 .

Thus, the extended semigroup is uniformly bounded in each proper subsector
X, of ;. If we rename ¢ to 8, then we have shown that 5[ satisfies conditions
(1)—(iii) in Definition 3.10.1.

The only thing that remains to be proved is the strong continuity, i.e., con-
dition (iv) in Definition 3.10.1. Because of the density of D (A) in X and the
uniform bound that we have on ||§lz | for all z € Ay, it suffices to show that, for
all x € D (A),

lim 2A'x = x. (3.10.8)
ieA)

By using (3.10.6) and (3.10.7) we can estimate, for all x € D (A),
Iex — x| < [A'x — x|+ |Asx — Alx|

2 |AL!
§|Qltx_x|+2| 'x|

n

|z — 1]
=
< A — x|+ |z — 1] 2%'1 e
< |A'x — x|+ |z — 1]|Ax| Z‘(%)*
< |Ax — x|+ W’

where the last inequality is true provided we choose z and ¢ to satisfy (|z —
t|Mye)/t <k < 1. As before, we take z perpendicular to z — ¢. Let ¢ = arg z.
Then || < 6, |z —t|/t = |sing| < sind < 1, and

tcosd <tcosp =|z| <t.

Thus, with this choice of z and ¢, the condition z — 0, z € As, is equivalent to
t J 0,and
~ t|Ax|

Wx —x| < |A'x — .
[Ax — x| < |™A'x xl—i—l_k
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Because of the strong continuity of 2/, this tends to zero as ¢ |, 0. Thus, (3.10.8)
holds, and the proof is complete. O

Let us record the following facts, which were established as a part of the
proof of Theorem 3.10.6:

Corollary 3.10.7 If the equivalent conditions listed in Theorem 3.10.6 hold,
then, for each ¢ € (0, 8), the generator of the semigroup A", t > 0, is e/? A,
where A is the generator of 2.

This was established as a part of the proof that (i) = (ii).

Corollary 3.10.8 Condition (iv) in Theorem 3.10.6 implies that

(A —py)y A < , >0, n=1,2,3,....

(nM,)'e""
This follows from (3.10.5) (with A replaced by A — y and 2 replaced by
e V).
In our applications to well-posed linear systems we are especially interested
in the following extension of the estimates in Definition 3.10.2 and Corollary
3.10.8 to fractional powers of (y — A):

Lemma 3.10.9 Let A be sectorial on some sector Zg 1, let y > y’, and let A
be the analytic semigroup generated by A. Then there exist constants M and C
such that, forall) < a <1,

Iy — AA | < M +17%e”", >0,
Iy — A*Gh—A N <Cla—y " A+ A =y), LeZy,.

Proof For o = 0 and @ = 1 these estimates follow from Definition 3.10.2 and
Theorem 3.10.6(iv). For intermediate values of o we interpolate between these
two extreme values by using Lemma 3.9.8 as follows. By that lemma and
Theorem 3.10.6(iv), we have for all x € X and ¢ > O (recall that 'x € D (A)
forr > 0)

Iy — AU x| < 2C1A x5 Iy — AA'x 4+ (y — y)Ax|%
<2CMy~*(Mi/t + |y — v/ |Mo)e " |x|x
< (1 +17")e" " |x|x.
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To get the second inequality we argue essentially in the same way but replace
Theorem 3.10.6(iv) by Definition 3.10.2:

Iy — A0 — A) x|
<2C|( — A) x|}y — A — A) x|}
<CiIA =y (1 + A=yl = y1) IxIx
<SG =y 17 (1 + A —y'1%)x]x.
O

Lemma 3.10.9 enables us to add the following conclusion to Theorem 3.8.2
in the case of an analytic semigroup:

Theorem 3.10.10 Let 2 be an analytic semigroup on X, and define the
spaces X,, o € R as above. Let s eR, x;€ X, l <p<o0o, and f €
L (Is, 00); X_g), with

a<1-—1/p.
Then the function x given by (3.8.2) is a strong solution of (3.8.1) in X.
Proof This follows from (3.8.2), Lemma 3.10.9, and Holder’s inequality. O

Let us end this section with a perturbation result. The feedback transform
studied in Chapter 7 leads to a perturbation of the original semigroup of the
system, so that the generator A of this semigroup is replaced by A + T for
some operator 7. In the analytic case we are able to allow a fairly large class of
perturbations 7' without destroying the analyticity of the perturbed semigroup.

Theorem 3.10.11 Let A be the generator of an analytic semigroup on the
Banach space X, and define the fractional spaces X, o € R, as in Section 3.9.
IfT € B(Xy; Xp) for some o, B € R witha — B < 1, then the operator (A +
T)x, generates an analytic semigroup Ql\Txo,,, onXy_y. Fory el — 1,8+ 1],
the spaces X, are invariant under Q‘ITXM’ and the restriction Qlll;(y of 91‘7;(%] to
X, is an analytic semigroup on X, . The generator of Q[‘TXV is (A+T)x,,, if
y €la—1,8) anditisthepartof A+ T in X, ify € (B, 8+ 11.° Moreover,
if0 € [a —1, 8+ 1] (so that Ql‘TX is an analytic semigroup on X) and if we let
XTI, o € R, be the analogues of the spaces X, with A replaced by A + T, then
X! =X, forally € [a — 1,8+ 1].

Proof We begin by studying the special case where « = 1 and 0 < 8 < 1. By
Theorem 3.10.6, every A in some half-plane (C; belongs to the resolvent set of

9 See Definition 3.14.12 and Theorem 3.14.14.
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A, and for all A € C,

I =A<

. (3.10.9)
A — pul
We claim that A + 7 has the same property on some other half-plane C;. For
all 2 € C} we may write A — A — T in the form

A—A—T=0—-A)1—-0x—-A)"'T).

Here A — A maps X one-to-one onto X, so to show that . — A — T isinvertible
it suffices to show that 1 — (A — A)~!T is invertible in B(X,). Fix some § €
p(A). Then (6 — A)PT e B(X,), and

I — A Tlsx,y = 166 — AP — AT'E — AP Tlx,)
<16 — AP — A sy lld — AP Tl

By Lemma 3.10.9 (with X replaced by X;), we can make the right-hand
side less than % by choosing |A| large enough, and then it follows from the
contraction mapping principle, 1 — (A — A)~'T is invertible in B(X;) and
(1 = — A)~'T)7I5x,) < 2. This proves that, for some sufficiently large
W1 =, every (C;JL C p(A+ T),and thatforall A € C;w A—A — T maps X

one-to-one onto X and

I — A =T) sexy < 2000 — A seex,)-

Fix some v € (C:l. Then both v — A and v — A — T are boundedly invertible
maps of X; onto X, so the above inequality implies the existence of some C > 0
such that, for all A € C*

ni?
[(v=A—-T)A—A—T) "5 < Clv— A — A" [I50)-
Equivalently,
(v =1, —A=T)" 4+ 1z < Cll(v — D — A7 + 150,

hence, by the triangle inequality,

- - C+1

A —A—=T)" llgx) = CllA — A" llsex) + [T (3.10.10)

This, together with (3.10.9) and Theorem 3.10.6 implies that A + T generates
an analytic semigroup.

Still assuming that = 1 and 0 < 8 < 1, let us show that X)f = X, forall

y € (0, 1) (we already know that this is true for y = 0 and y = 1). This is

equivalent to the claim that (W' — A — T')~" has the same range as (V' — A)77,

where, for example, V' > v, and v is the same constant as in the proof above.
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A short algebraic computation shows that, for s > 0,
s+vV—-ADT'A+Ts+VvV -A-T)H=@6-A"",
and therefore, by Lemma 3.9.9,
W—-A-T)7"—-0 -A)7"
o _ _ (3.10.11)
:c/ s_”(s—i—v/—A) ]T(s+v/—A—T) 1ds,
0

where ¢ = Si“ﬂ”“. Since T' € B(X;; Xp), we get by a computation similar to the
one leading to (3.10.10) that there exist constants Cy, C, > 0 such that for all

s > 0 (see also (3.10.9)),
|7+ — A= T7)"

1||B(X;X,s) < Cifss +v' = A7+ 1||B(X) <G

If y < B, then we can estimate
(s +v —a)™" lsexyix,) < Call(s + v/ = A ls0x,y = Cats +v/ =),
and if y > f then we get from Lemma 3.10.9 (witha = y — B),

H (s tv-— A)71 ”B(xﬂ;xy) <C(s+v =) (s + v —vyFh.

In either case we find that the operator-norm in B(X; X, ) of the integrand
in (3.10.11) is bounded by a constant times s~ ((s +vV =)+ —
U)V’ﬁ’l), and this implies that the integral converges in B(X; X, ). Since
also (v — A)™" € B(X; X, ), this implies that R ((v’ —A— T)’V) C X,,or
in other words, X ; C X, . To prove the opposite inclusion it suffices to show
apply the same argument with A replaced by A + T and T replaced by —T
(i.e., we interchange the roles of A and A + T.

Let us recall what we have proved so far: If « =1 and 0 < 8 < 1, then
A + T generates an analytic semigroup on X, and X ; = X, forall y € [0, 1].
The restriction 8 < 1 is irrelevant, because if 8 > 1, then T € B(X;), and we
can repeat the same argument with 8 replaced by one. Thus, the conclusion that
we have established so far is valid for all 8 > 0 when o = 1.

Next we look at another special case, namely the one where § = 0 and
0 < o < 1. The proof is very similar to the one above, so let us only indicate
the differences, and leave the details to the reader. The estimate (3.10.9) is still
valid. This time we write A — A — T in the form

A—A—T=0-T0—A)"H(x - A),

where A — A still maps X one-to-one onto X. To prove that A — A — T maps
X, one-to-one onto X it suffices to show that 1 — T(A — A)~! is invertible
in B(X) for sufficiently large |A|, and this is done by using the same type of
estimates as we saw above. In particular, we find that |[T(A — A)~!||5x) < %
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and that (3.10.10) holds for | 1| large enough. Thus, A 4+ T generates an analytic
semigroup on X.

Ifo <Oand B =0, then T € B(X), and we may simply replace a by zero
in the preceding argument. Thus, A + T generates an analytic semigroup on X
whenever ¢ < 1 and 8 = 0.

Let us finally return to the general case where o, € R witha — B < 1. To
deal with this case we replace X by the new state space X' = Xg_., where € isan
arbitrary number satisfying 0 < € < 8 — « + 1. With respect to this new state
space the index « is replaced by o' = a — B+ € < 1, B is replaced by B’ =
€>0,and T € B(X,,; XI’S,). This implies that T € B(X/; X,/s’) (since o/ < 1),
so we can apply the first special case where we had o« = 1 and 8 > 0 (replacing
X by X"). We conclude that (A + T)x; generates an analytic semigroup Ql‘TX
on X' = Xy and that X/,” = X/, for all y" € [0, 1], where X/, are the
fractional spaces constructed by means of the semigroup Ql&, as described in
Section 3.9. Moreover, by restricting Ql‘TX to X J’/,T =X ; we get an analytic
semigroup QllTX on X ;, forall y’ € [0, 1]. The above € could be any number in
(0, B — a + 1]. In particular, taking € = 8 — a + 1 we get a semigroup Ql&a_l
generated by (A + T)x, on Xy—_1.

One drawback with the above construction is that the fractional spaces X ;,T
that we get depend on X', hence on the choice of the parameter €. However,
as we saw in Section 3.9, we get the same spaces if we replace X’ by any of
the spaces X;,T, and adjust the index accordingly. Since X;,T = X, for all
y’ € [0, 1], this means that we may fix one particular value of the parameter €
(for example, € = 8 — o + 1 which gives X’ = X,,_), and base the definition
of the fractional spaces induced by A + T on this fixed value of €. After that, by
letting € vary in (0, 8 — o + 1] we find that for all y € [a¢ — 1, B), the operator
(A +T)ix,,, generates the analytic semigroup 2/ on X, where 2y is the
restriction of Ql&d_l to X,. Moreover, for y € [, B + 1), the restriction Ql‘TXy
of QllTXH to X, is an analytic semigroup on X,. By Theorem 3.14.14, the
generator of this semigroup is the partof A 4+ T in X,,. If 0 € [0 — 1, B 4 1),
then we may base our definition of the fractional spaces induced by A 4+ T on
the original state space X.

We have now proved most of Theorem 3.10.11. The only open question is
whether we can also take y = 8 (instead of y < B). To deal with this case we
replace the state space X by X’ = Xg. Then « is replacedby o’ = — 8 < 1
and B is replaced by 8’ = 0. By the second of the two special cases that we
studied above, (A + T)x; generates an analytic semigroup Q[‘Txﬁ on X' = Xg
and X7 = X} = Xg41. Thus, (A + T)x,,, generates an analytic semigroup
on Xz and Xg +1 = Xp41. Furthermore, the restriction of Ql&ﬁ to Xpg41 is an
analytic semigroup on this space. O
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3.11 Spectrum determined growth

One of the most important properties of a semigroup 2l is its growth bound wsy.
We defined wg in Definition 2.5.6 in terms of the behavior of ||| as t — oc.
In practice it is often more convenient to use characterizations of wg which
refer to the generator A of 2( and not directly to 2.

There is one obvious condition that the generator A of 2( must satisfy: by
Theorem 3.4.1 the half-plane (CIQl belongs to the resolvent set of A. Thus, it is
always true that

wa > sup{Mr | A € o (A)}. (3.11.1)

If the converse inequality also holds, then we say that 2( has the spectrum
determined growth property:

Definition 3.11.1 The C( semigroup 2 has the spectrum determined growth
property if

wy = sup{Mr | A € o(A)). (3.11.2)

Example 3.11.2 Suppose that the semigroup 2 on X has the spectrum de-
termined growth property. Then so do the following semigroups derived from

A:

(i) the exponentially shifted semigroup t — e*'A" for every a € C (see
Example 2.3.5);
(ii) the time compressed semigroup t — UM for every ) > 0 (see Example
2.3.6;
(iii) the similarity transformed semigroup t — E~'U'E for every invertible
E € B(Xy; X) (see Example 2.3.7).

The easy proof is left to the reader.
Some other classes of semigroups which have the spectrum determined
growth property are the following:

Example 3.11.3 The following semigroups have the spectrum determined
growth property:

(1) the left shift semigroups T, T4, T_, Tjo,1), and T, in Examples 2.3.2 and
2.5.3;
(1) diagonal semigroups (see Example 3.3.3 and Definition 3.3.4);
(iii) analytic semigroups (see Definition 3.10.1).

Proof (i) See Examples 2.5.3 and 3.3.1.
(ii) See Examples 3.3.3 and 3.3.5.
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(ii1) We know that (3.11.1) holds for all semigroups, so it suffices to prove
the opposite inequality. Choose w € R so that RA < @ — € for some € > 0
and all w € o(A). The fact that A is sectorial on some sector Xy ., for some
/2 <6 < and some @' € R then implies that condition (ii) in Theorem
3.10.6 holds. By the same theorem, the growth bound of 2 is at most w. Since
€ > 01is arbitrary we get wg < sup{fi | A € 6 (A)}. O

Example 3.11.3(iii) is a special case of the following theorem:

Theorem 3.11.4 A semigroup ' on a Banach space which is continuous in the
operator norm on an interval [ty, 00), where ty > 0, has the spectral determined
growth property.

Proof Let ws = sup{MAr | A € 6(A)}. By Theorem 2.5.4(i), it suffices to show
that, for some ¢ > 0, the spectral radius of (" is equal to e“4’. However, this
follows from the operator norm continuity of 21 which implies that e’®4) ¢
o) C {0} Ue@; see Davies (1980, Theorems 2.16 and 2.19). O

Corollary 3.11.5 The semigroup ' on the Banach space X has the spectrum
determined growth property (at least) in the following cases:

(1) 1 — A'x is differentiable on [ty, 00) for some ty > 0 and all x € X, or
equivalently, R (Ql’“) C D(A) for some ty > 0.

(i) A" is compact for all t > ty, where ty > 0, or equivalently, A" is compact
for some ty > 0.

Proof This follows from Theorem 3.11.4 and the fact that in both cases, 1 — A’
is continuous in the operator norm on [fy, 00). See, for example, Pazy (1983,
Theorem 3.2 and Lemma 4.2). O

One way of looking at the spectrum determined growth property is to inter-
pret it as a condition that the generator A must not have a spectrum ‘at infinity’
in the right half-plane (C&[. This idea can be made more precise. Theorem 3.4.1
not only implies that the half-plane (C$gl belongs to the resolvent set of A, but
in fact,

sup |(A — A7 < o0, € > 0.
RA>weg+e
As the following theorem shows, this condition can be used to determine wg
whenever the state space is a Hilbert space.

Theorem 3.11.6 Let A be the generator of a Coy semigroup 2 on a Hilbert
space X. Then

sup [[(A — A < o0

wmzmqweR }
RA>w
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The proof of this theorem will be given in Section 10.3 (there this theorem
is reformulated as Theorem 10.3.7).
This theorem has the following interesting consequence:

Lemma 3.11.7 Let A be the generator of a Cy semigroup U on a Hilbert space
X, and suppose that, for some w € R, some M > 0, and some 0 < € < 1, the
half-plane C;| belongs to the resolvent set of A, and

(A — A7 < ML — o), NA > . (3.11.3)
Then the growth bound ws of U satisfies
wy < w—4,
where § > 0 is given by
5 — 1/M, e=1,
e(l—e)l/eIpm=Ve 0<e< 1.

In particular, we conclude that (3.11.3) cannot possibly hold with @ = wy
(because that would imply wg < wg(). (It cannot hold for € > 1, either.)

Proof The proof is based on Lemma 3.2.8(ii) and Theorem 3.11.6. The case
€ = 1 follows directly from these two results (the line RA = w must belong to
the resolvent set in this case, and, by continuity, (3.11.3) holds for Rt = w,
t0o).

If 0 < € < 1, then we take @ in Lemma 3.2.8(ii) to lie on the line

Nae =w+ (1 —e)/ MV
(this is the choice that will maximize the constant §), and take A tohave A < Ro
and JA = J«. Then, by Lemma 3.2.8(ii), A will belong to the resolvent set of
Aif
Ra -V =a—r<1/|@=A7"
which by (3.11.3) is true whenever R(e — A) < 1/k, where
kK =M"'a —w) =1 -—e)l/ MV
This can equivalently be rewritten as
Noe—1/k=w—8 <M <w+ (1 —e)/ MVe,

Moreover, by the same lemma, ||(A — A)~'|| is bounded by
_ I — A"
I =AM < -
L= l(x = A)7 (e — A)
K 1
< = .
T 1l—k(x—1) RA—(w-—9)
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The conclusion now follows from Theorem 3.11.6. O

There is a related result which connects the growth bound of a semigroup to
some L7-estimates in the time domain:

Theorem 3.11.8 Let A be a Cy semigroup on the Banach space X and let
w € R. Then the following conditions are equivalent:

() wy < w;

(i) e ||| = Oast — oo;

(iii) |4 < e for some t > 0O;

(iv) For all xo € X, the function x(t) = U'xo, t > 0, belongs to LL(R™; X)
forall p € [1, co];

(v) For some p € [1, 00) and all xy € X, the function x(t) = A'xy, t > 0,
belongs to LL(R*; X);

(vi) Forall g € [1, o], there is a finite constant M, such that, for all
u € C(R7; X),

0
/ A u(s)ds| < Myllullog-.x)-

o0 X

(vii) For some q € (1, oo], some finite constant M, and all u € Ccl(R_; X1),

0
/ A uls)ds| < MyllullLow-.x)-

o0 X

(viii) Forall p € [1, 00), there is a finite constant M, such that, for all
u € Cc(R; X),

t
to—>/ A u(s)ds < Mpllull 2 w.x)-
—00

L(R;X)

(ix) For some p € [1, oo], some finite constant M ,, and all u € CC1 R*T; X),

t
‘ti—)/ A Su(s)ds
0

= Mpllullpp@+.x)-
LOR*;X)
In particular, if w = 0O, then all the preceding conditions are equivalent to the
exponential stability of 2.

Proof Withoutloss of generality, we take @ = 0 (see Examples 2.3.5 and 3.2.6).

(i) = (ii) and (i) = (iv): This follows from Theorem 2.5.4(i).

(i) = (vi): Use Theorem 2.5.4(i) and Holder’s inequality.

(i) = (viii): Apply Theorem 2.5.4(ii) to the system in Proposition 2.3.1 with
B=C=1and D =0.

(1) = (iii), (iv) = (v), (vi) = (vii), and (viii) = (ix): These implications
are obvious.
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(iii) = (i): Clearly, the spectral radius of 2 is less than one, and Theorem
2.5.4(i) implies that wg < 0.

(v) = (ii): The operator xo — x is continuous X — C (E+; X), hence it
is closed X — LP(R*; X). By the closed graph theorem, there is a constant
M, > 0 such that

- 1/p
(/0 |va0|§’(ds) < Mylxoly.  xo € X. (3.11.4)

By Theorem 2.5.4(i), there are constants & > 0 and M > 0 such that ||| <
Me®" . Therefore, for all xo € X and ¢t > 0,

| — e—pat t ] d N
————|A'xol§ = / e P ds|Axolly = / e P AA x| ds
pa 0 0
t t
< [l ds < e [l ds
0 0

< MPM?|x, .
This implies that there is a finite constant M, such that |2/ || < M, for ¢ > 0.
We can now repeat the same computation with « = 0 to get
t t
A%l = f A xol} ds < / 12517120 o]y dis
0 t 0
< Mé’c'/o A xol g ds < MEMP|xo|7,

which implies that
I < (M, Moo)t™ "7

(vii)) = (ii): Let r > 0. If ¢ < oo then we can use the density of
C'([—t,0); X;) in LI([—t,0); X), and if ¢ = oo then we can use a simple
approximation argument and the Lebesgue dominated convergence theorem to
show that, for all t > 0 and all u € C([0, t); X),

t 0
/ Au(s)ds f A u(—s)ds

0 t

X

< MyllullLaqo.0:x)-
X

In particular, taking u(s) = e**2A"~*xq, where « > 0 and xo € X we get

e —1

o

X

t
/ Ae™ A S xods
0

t
|2[[X()|X = ‘/ e‘”%{’xo ds
0

X
= CquKq|X()|X,

where K, is the (finite) L?-norm over R of the function s > e™**|A°||. This
implies that ||2("|] < M, for some finite M; and all ¢+ > 0. We then repeat the
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same computation with @ = 0 to get

t
/ WAxgds| =
0 X X

1
= M{/ ||(S = ||Q[S||)”Lq([0’,))|x0|x =< Mqut /q|x0|X7

t
1A xolx = / A S xg ds
0

ie., | < M,M, Va1,

(ix) = (i): First we consider the case p = co. In (ix) we can replace
C!R*;X) by CI(R;X) if we at the same time replace L®(RT;X) by
L®(R; X) and [y A ~u(s)ds by [*_ A'u(s)ds since the convolution op-
erator t — fioo A" u(s)ds is time-invariant (shift u € C r] (R; X) to the right
until it is supported on R*, apply the convolution operator, and then shift the
result back). The integral f ioo A" *u(s) ds is continuous in ¢, and by evaluating
this integral at zero we conclude that (vii) holds with g = co. As we saw above,
this implies (i).

Inthe case p < oo we argue as follows. As CLl. (R*; X)isdensein L?(R*; X),
we can weaken the condition u € C}(R*; X) to u € LP(R™; X), and the same
estimate still holds. Let xo € X, and define

A'xg, 0<t<l,
u(t) =
0, t>1,

and y(t) = [y A ~*u(s)ds. Then
A'xg, 0<t<l,
y() =
Alxg, t>1,

and by (ix), y € LP(R*; X). In particular, 7 — A'xy € LP(R*; X) for every
xo € X. Thus (v) is satisfied, hence so is (i). O

3.12 The Laplace transform and the frequency domain

Some of the shift semigroups in Examples 2.3.2 and 2.5.3 and their generators
and resolvents described in Examples 3.3.1 and 3.3.2 have simple frequency
domain descriptions, which will be presented next. When we say ‘frequency
domain description” we mean a description given in terms of Laplace transforms
of the original functions.

Definition 3.12.1 The (right-sided) Laplace transform of a function u €
Ll (R*;U)is given by

i(z) = / e “u(t)dt
0
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for all z € C for which the integral converges (absolutely). The left-sided

Laplace transform of a function u € L} (R™;U) is given by

0
i(z) = / e “u(t)dt

o0

forall z € Cfor which the integral converges (absolutely). The bilateral Laplace

transform of a function u € L} (R;U) is given by

i(z) = /00 e “u(t)dt

o0

for all z € C for which the integral converges (absolutely). The finite Laplace
transform over the interval [0, T'] of a function u € LY([0, T, U) is given by

T
i(z) = f e “u(t)dt
0
for all z € C.

The finite Laplace transform is always an entire function. It is easy to see
that the domains of definition of the other Laplace transforms, if nonempty,
are vertical strips {z € C | )iz € J}, where J is an interval in R (open, closed,
or semi-closed, bounded or unbounded). The one-sided, left-sided, and finite
Laplace transforms can be interpreted as special cases of the bilateral Laplace
transform, namely, the case where u vanishes on the complements of RT, R™,
or [0, T']. For the one-sided Laplace transform, either J is empty or the right
end-point of J is +o00, and for the left-sided Laplace transform, either J is
empty or the left end-point of J is —oo. In the case of the bilateral Laplace
transform J may be bounded or unbounded, and it may consist of one point
only. In the interior of their domains all the different Laplace transforms are
analytic. For example, if u € Li(R; U), then the bilateral Laplace transform of
u is entire (as in the case of the finite Laplace transform).

All the Laplace transforms listed above determine the original function u
uniquely (on its given domain), whenever the domain of the Laplace transform is
nonempty. To prove this it suffices to consider the case of the bilateral transform
(since the others can be reduced to this one). If ii(z) is defined for some z € C,
then u € L;((C; U) where o = 9iz. Under some further conditions we can get
the following explicit formula for « in terms of #.

Proposition 3.12.2 Letu € LL(R; U), where U is a Banach space, and suppose
that the bilateral Laplace transform @i of u satisfies it € L' (o0 + jR; U). Define

1 [ .
v(t) = — / e (o + jw)dw, t eR.
27 J_o

Then u = v almost everywhere, v € BCy o(R; U), and it € BCy(a + jR; U).
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Proof In the scalar case with « = O this is shown in Rudin [1987, Theorem
9.12, p. 185]. We can introduce a general « € R by applying the same result
with u(t) replaced by e~* u(t). The proof of the vector-valued case is identical
to the proof of the scalar case given in Rudin (1987). O

It follows from Proposition 3.12.2 that the Laplace transform is injective:
If two functions # and v have the same Laplace transform, defined on the
same vertical line 91z = «, then they must be equal almost everywhere (apply
Proposition 3.12.2 to the difference u — v).

In the case of the left-sided or right-sided Laplace transform, the most restric-
tive condition in Proposition 3.12.2 is the requirement that # € L'(a + jR; U).
If u is continuous with u(0) # 0, then Proposition 3.12.2 cannot be applied to
the one-sided transforms, due to the fact that 7« and/or w_u will have a jump
discontinuity at zero. The following proposition has been designed to take care
of this problem.

Proposition 3.12.3 Let U be a Banach space.

(i) Suppose that u € L(L (R*; U) and that there exists some uy € C such that
the function o — (e + jw) — (1 + jw) 'ug belongs to L'(R; U),
where ii is the (right-sided) Laplace transform of u. Let B € C_, and
define for all t € RY,

U
() = elug + > / "M o + jo) — (@ + jo — B up| do.
T J-c0

Then v is independent of B, v € BCyo(RT; U), v(0+) = ugp, andu = v
almost everywhere on R,

(i1) Suppose that u € L; (R™; U) and that there exists some uy € C such that
the function o — (e + jo) — (1 + jw) 'ug belongs to L'(R; U),
where i is the left-sided Laplace transform of u. Let B € C}, and define
forallt € R™,

1 [ .
() = —ePuy + 7 / e("““‘”)’[ﬁ(a 4+ jo)— (¢ + jo — ﬁ)_luo] dw.
T J-oo

Then v is independent of B, v € BCy o(R™;U), v(0—) = —ugp, andu = v
almost everywhere on R,

Proof The proof is essentially the same in both cases. First we observe that the
function @ > fi(a + jw) + (@ + jo — B)~'ug belongs to LL(R; U) since the
difference
1 1 l—a+p
at+jo—p 1+jo  (¢+jo—p)l+ jo)
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belongs to L'(IR). We get the conclusion of (i) by applying Proposition 3.12.2
to the function # — u(t) — ef'uy (whose right-sided Laplace transform is
a) — (A — B)"'ug for RA > «), and we get the conclusion of (ii) by applying
Proposition 3.12.2 to the function t — u(t) + e uy (whose left-sided Laplace
transform is (L) — (A — B)"'ug for KA < @). O

In the proof of Proposition 3.12.3 given above we observe that, although
the Laplace transform is injective in the sense that we explained earlier, it is
possible to have two functions, one supported on Rt and another supported
on R™, which have ‘the same’ one-sided Laplace transforms in the sense that
the two Laplace transforms are analytic continuations of each other. As our
following theorem shows, this situation is not at all unusual.

Theorem 3.12.4 Let U be a Banach space, and let f be a U-valued function
which is analytic at infinity with f(c0) = 0. Let T" be a positively oriented
piecewise continuously differentiable Jordan curve such that f is analytic on
I" and outside of T, and define

u(t) = L 7{ e f(A) d.
2nj Jr

Then u is entire, u(0) = lim;_ oo Af(X), u(t) = O’ as t — oo and u(t) =
O(e ) ast — —oo, where = sup{Rr | A € T'} and o = inf{RA | L € T}
Moreover, the restriction of f to C} is the (right-sided) Laplace transform of
miu, and the restriction of f to C; is the (left-sided) Laplace transform of

—TT_U.

Proof That u is entire and satisfies the two growth bounds follows immediately
from the integral representation. The expression for #(0) follows from Lemma
3.9.1(ii). Thus, it only remains to prove that f, suitably restricted, is the right-
sided Laplace transform of 7 u and the left-sided Laplace transform of —m_u.

We begin with the case where f(A) = (A — ¥)'ug, where y is encircled by
I' (in particular, « < Ry < B). Then a direct inspection shows that the theorem
is true with u(¢t) = e"’uy. Since f is analytic at infinity with f(oc0) = 0, it has
an expansion of the type f(1) = ug/A + O(L72) as A — oo. After subtracting
(A — ¥)"'ug from f, the new function f satisfies f(A) = O(L"2)as A — oo.
Thus, we may, without loss of generality, assume that f(A) = O(A72) as A —
00. Then u(0) = 0. (By subtracting off further terms it is even possible to assume
that f(A) = O(A%yas 1 — oo for any finite k.)
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Choose some 8’ > B and &’ < «, and define, for all r € R,

1 [ .
v(t) = E/ PN f(B' + jw)dw,

o0

1 .
w(t) = —f e@ T fo 4+ jw)dw.
21 J_oo

We claim that v(¢) = Oforr < 0,thatw(t) = Oforr > 0,and thatv(z) — w(t) =
u(t) forallt € R. Suppose that this is true. Then v = w u, w = —mw_u, v is the
inverse right-sided Laplace transform of the restriction of f to the line RA = 8/,
and w is the inverse left-sided Laplace transform of the restriction of f to the
line M1 = o'. Since the inverse Laplace transform is injective (the proof of
this is identical to the proof of the fact that the bilateral Laplace transform is
injective), the right-sided Laplace transform of 7« must coincide with u on
(C;, and the left-sided Laplace transform of —z_u must coincide withu on C,.
Thus, it only remains to verify the claim that v(¢) = 0 for # < 0, that w(z) =0
forr > 0, and that v(¢) — w(t) = u(¢) for all t € R.

We begin with the claim that v(t) = 0 for all + < 0. For each R > 0, by
Cauchy’s theorem, we have

B QY _
- P e f(A)dr =0,
27j Jr,

where Ty is the closed path running from 8’ — jR to 8’ + j R along the line
A = B/, and then back to 8/ — j R along a semi-circle in @; centered at 8'. If
t <0, then e* is bounded on C;}r, and we can use the fact that (1) = O(A7?)
as A — oo to let R — oo (the length of the semi-circle is 7 R, hence this part
of the integral tends to zero), and get

| 1
v(t) = — f BTN f(8 + jw)dw = lim — f M f(M)dr=0.
2 —00 R—o00 27TJ I'r

This proves that v(#) = 0 for r < 0. An analogous proof shows that w(t) = 0
fort > 0.

Finally, let us show that v(#) — w(¢) = u(¢) for all ¢+ € R. By analyticity, for
sufficiently large values of R, we can deform the original path I' given in the
theorem to a rectangular path I'g, running from 8’ — jRto 8’ + jRtoa’ + jR
toa’ — jR, and back to 8/ — jR, and get for all t € R,

u(t) = % 4 e f(A)dx.
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Letting again R — oo we get

u(t) = lim L jﬁ e f(\)dx
27j Jr,

R—o0 ]

1 L
= e T F (B + jw)dw
21 J_o

1 *
S — @O f(o + jw)dw
27 J_wo

=v(t) — w(t).

Corollary 3.12.5 Let U be a Banach space.

(i) Suppose that u € LL(R"; U) and that @i is analytic at infinity. For all
t € R, define

1
v(t) = — 7{ ML) da,
2nj Jr

where T is a positively oriented piecewise continuously differentiable
Jordan curve which encircles o (it). Then v is the restriction to R™ of an
entire function, and u = v almost everywhere on R*.

(ii) Suppose thatu € LL(R™;U) and that it is analytic at infinity. For all
t € R7, define

LI QTS
v(t) = - eMa(l)dx,
27'[] r

where T is a negatively oriented piecewise continuously differentiable
Jordan curve which encircles o (it). Then v is the restriction to R~ of an
entire function, and u = v almost everywhere on R™.

Proof This follows from Theorem 3.12.4. O

By combining the symbolic calculus developed in Section 3.9 with Corollary
3.12.5 we get the following result.

Theorem 3.12.6 Let A be the generator of a Cy semigroup A on X with growth
bound wy. Letu € LL(R™; C) for some > wy, and suppose that the left-sided
Laplace transform o of u is analytic at infinity. Then ii(A) € B(X; X) and

0
a(A)x =/ u(H)A 'x dt, x € X.
—0o0

Proof The assumptions imply that i is analytic on C, U oo with Zi(co) = 0. In
particular, by Lemma 3.9.3, 1(A) € B(X; X).
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Let I" be a negatively oriented piecewise continuously differentiable Jordan
curve which encircles o (it) with a(A) on the outside. Then Theorem 3.2.9,
Corollary 3.12.5, Fubini’s theorem, and (3.9.3) give, for all x € X,

0 1 0
/ u()A 'x dt = —/ %e)"ﬁ(k) dr A ' x dt

1
u(x)/ eMA T x dt d)
271]
1
u(k) / e MU x dt d)
271]

= f a)( — A 'x da
2nj Jr
= i(A)x.
O

Corollary 3.12.7 Let A be the generator of a Co semigroup 2 on X with growth
bound ws. Letu € L' LR C) for some w > wy, and suppose that the right-
sided Laplace transform i of u is analytic at infinity. Then ii(—A) € B(X; X)
and

a(—A)x :/ u®)A'x dt, x e X. (3.12.1)
0

Proof This follows from Theorem 3.12.6 through a change of integration vari-
ables (i.e., we apply Theorem 3.12.6 to the function ¢ — u(—t)). O

It is possible to use (3.12.1) as a definition of {i(—A), and in this way it is
possible to extend the functional calculus presented in the first half of Section
3.9to alarger class of functions of A, namely those that correspond to functions
u € L}, (R") satisfying

/OOIM(I)IIIQVII dt <00 (3.12.2)
0

(thus, u should be integrable with respect to the weight function [|2(||). One
such example was the definition of the fractional powers of y — A given in the
second half of Section 3.9.

Theorem 3.12.8 Let A be the generator of a Cy semigroup A on X with growth
bound wy. Let u, v € L (R™;C) for some > wy, and suppose that the left-
sided Laplace transforms of u and v are analytic at infinity. Define w(t) =
flo u(t — s)v(s)ds for all those t € R™ for which the integral converges. Then
w e L}U(R’; C) (in particular, w is defined for almost all t), W(\) = (A)D(X)
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forx € C, and
w(A) = ia(A)D(A).

Proof The function (s, t) — u(t — s)v(s) is measurable (see, e.g., Hewitt and
Stromberg [1965, pp. 396-397]). By Fubini’s theorem and a change of integra-
tion variable,

0 0 0
f e“”|w(t)|dt§/ f|e‘“(’_5)u(t—s)||e“’5v(s)|dsdt
—00 Jt

—0Q

0 K
= / / 1€ u(r — s)| dt e v(s)| ds
—0Q —00

0 0
:/ |e“”u(t)|dt/ e v(s)| ds < oo.

—0Q0 —0oQ0
This proves that w € L1 (R™; C). Using Fubini’s theorem once more we get for
allx e C,
0
o) = / e Mw(t)dt

o0
0 0

:/ / e M=yt — s)e M u(s)ds dt
—00 Jt

0 s
= f / e Myt — s)dt e u(s) ds
—00 J —o0
0 0

f e’“u(t)dtf e M u(s)ds
= 20D,

In particular, W is analytic at infinity. To show that u(A) = @(A)D(A) it suffices
to repeat the computation above with e replaced by 21~ (and use Theorem
3.12.8). O

Theorem 3.12.9 Let A be the generator of a Cy semigroup A on X with growth
bound wy. Letu € L(IH(R’; C)andv € L;(R’; X) for some w > wy, and sup-
pose that the left-sided Laplace transforms of u and v are analytic at infinity.
Define w(t) = fto u(t — s)v(s)ds for all those t € R~ for which the integral
converges. Then w € LL(R™; X) (in particular, w is defined for almost all t),
w(h) = a(X)d(A) for x € C,, and

0 0
/ A w(t)dt = ﬁ(A)/ A"v(r) dt.

Proof The proof of this theorem is the same as the proof of Theorem 3.12.8.
O
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Lemma 3.12.10 Let B € R and « > 0, and define

ﬂtvtl +
f()—r() ) teR™.

Then the (right-sided) Laplace transform of f is given by
Jo)y=0.=p  reCf.

We leave the proof to the reader (one possibility is to make a (complex)
change of variable from 7 to u = ¢ /(A — ) in (3.9.7)).

If U is a Hilbert space and p = 2, then it is possible to say much more about
the behavior of the various Laplace transforms. Some results of this type are
described in Section 10.3.

3.13 Shift semigroups in the frequency domain

The following proposition describes how the shift semigroups introduced in
Examples 2.3.2 and 2.5.3 behave in the terms of Laplace transforms.

Proposition 3.13.1 Let U be a Banach space, let 1 < p < o0, let w € R, and
let T > 0.

(1) Let t' be the bilateral shift (t'u)(s) = u(s +t) forall s, t € R and all
u e LIIOC(R U). Then, for allt e Randallu € LIOC(R; U), the bilateral
Laplace transforms t'u and it of T'u, respectively u, have the same

domain (possibly empty), and for all z in this common domain,
Tu(z) = eii(z).

(i1) Let t+ =m. 1" forallt > 0, where t' is the bilateral shift defined in (i).
Then, for allt > 0 and allu € LIOC(R+; U), the (one-sided) Laplace
transforms T u and i of T\ u, respectively u, have the same domain
(possibly empty), and for all 7 in this common domain,

- [o¢]
thu(z) = e / e “u(s)ds.
t

In particular, ifu € LLR*; U), then Tiu and ii are defined at least for
all z € C}, and the above formula holds.

(iii) Let t° =< t'mw_ for allt > 0, where t' is the bilateral shift defined in
(i). Then, for allt > 0 and all u € LIOC(R_; U), the left-sided Laplace
transforms " u and i of ' u, respectively u, have the same domain
(possibly empty), and for all 7 in this common domain,

tLu(z) = ¥ (2).
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In particular, ifu € LR~ U), then ﬁ and ii are defined at least for
all z € C, and the above formula holds.

(iv) Let r[tO’T), t > 0, be the finite left shift introduced in Example 2.3.2(iv).
Then, for all u € L'([0, T1; U), the finite Laplace transform of T[to,T)”
over [0, T is given by (for all z € C))

— e Te_”u(s) ds, 0<r<T,
Tio, 1y u(2) = { J

, otherwise.

(v) Let t{TT, t € R, be the circular left shift introduced in Example 2.3.2(v).
Then, for allu € L'(T; U), the finite Laplace transform of ‘L’{rru over
[0, T] is given by (for all z € C))

_ +T
o u(z) = e / e “u(s)ds.
t
In particular, this Laplace transform is a T -periodic function of t.

Proof The proof is the same in all cases: it suffices to make a change of variable
v = s + ¢ in the integral defining the Laplace transform of the shifted u (and
adjust the bounds of integration appropriately):

/e_“u(s +1)ds =e¥ / e u)dv.
O

From Proposition 3.13.1 we observe that especially the bilateral shift t*
and the outgoing shift T/ have simple Laplace transform descriptions, whereas
the descriptions of the other shifts are less transparent. Fortunately, all the
generators and the resolvents of the various shifts have simple descriptions.

Proposition 3.13.2 The generators of the (semi)groups t', T, ', 7, 1), and
r{rr in Examples 2.3.2 and 2.5.3 (see Example 3.2.3), have the following de-
scriptions in terms of Laplace transforms:

(i) For all u in the domain of the generator % of the bilateral left shift group
' on LL(R; U), the bilateral Laplace transforms of u and i1 = %u are

d
defined (at least) on the vertical line Rz = w, and
W) =z0z),  Nz=o.

(i1) For all u in the domain of the generator d% . of the incoming left shift
semigroup T\_on LYY, U) or on BUC,(R; U), the Laplace transforms

ofuandu = % Luare defined (at least) on the half-plane C}}, and

w(z) = zii(z) — u(0), Nz > w.
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(iii) For all u in the domain of the generator %7 of the outgoing left shift
semigroup t* on LE(R™;U) or on {u € BUC,(R ;U) | u(0) = 0}, the
left-sided Laplace transforms of u and it = 4

35 4 U are defined (at least) on
the half-plane C_,, and

u(z) = zii(2), Rz < .

(iv) For all u in the domain of the generator %[o ro) of the finite left shift
semigroup T[lo,r) on LP([0, T)y;U)oron{u € C([0, T;U) | u(T) =0},

the finite Laplace transforms over [0, T] of u and it = u are

d
ds[0,7)
related as follows:

w(z) = za(z) — u(0), zeC.

(v) For all u in the domain of the generator %TT of the circular left shift
group r{rr on LP(Tr;U) or on C(Tr; U), the finite Laplace transforms

over [0, T] of u and i = f—m

w(z) = za(z) + €7 — Du(0), zeC.

uare related as follows:

Proof All the proofs are identical: it suffices to integrate by parts in the integral
defining the particular Laplace transform, and to take into account possible
nonzero boundary terms (i.e., the terms —u(0) and (e=*7 — 1)u(0) in (ii), (iv)
and (v)). O

d 4 d and
ds 4’ ds—> ds[0,T)
%Tr in Examples 3.2.3 and 2.5.3 (see Example 3.3.2), have the following de-

scriptions in terms of Laplace transforms:

Proposition 3.13.3 The resolvents of the generators %,

(i) Forall f € L}U(R; U) and all A with R\ # o, the bilateral Laplace
transforms of f and u = (A — %)_] f are defined (at least) on the

vertical line Nz = w, and
1()=0-2"f), NR=o.

(ii) Forall f € LUMRT;U) or f € BUC,(RT;U) and all 1. € C}, the
Laplace transforms of f and u = (A — % +)71 f are defined (at least) on
the half-plane C?, and

w

1z)=* -2 ' (F@) — ), Nz > w.

(iii) Forall f € LE(R™;U) or f € BUC,(R™;U) with f(0) = 0 and all A
with RA > w, the left-sided Laplace transforms of f and
u= (A - %_)71 f are defined (at least) on the half-plane C_, and

1z2) = — 27" f@), Nz < .
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(iv) Forall f € LE([0, T1;U) or f € C,([0, T1; U) with f(T) = 0 and all
A € C, the finite Laplace transforms over [0, T] of f and

u= (A — f—x[oj))ilf are related as follows:

1) =0 -2 "(F@—FO),  z#A

) Forall f € LP(T7;U)or f € C(Tr;U) and all
Aé¢ 2njm/T |m=0,=xl1,x2,...}, the finite Laplace transforms over

[0,T]of f andu = (A — %Tr)ilf are related as follows:

1) =0 -2 " (J@) -0 —e= DA —e™ )T FR),  z#A

Proof Throughout this proof the convergence of the indicated Laplace trans-
forms are obvious, so let us only concentrate on the formulas relating #(z) to
F@. A

(1) This follows from Proposition 3.13.2(i), which given f(z) = Afi(z) —
u(z) = (A — 2a(2).

(ii) By Proposition 3.13.2(ii), f(z) = Al(z) — it(z) = (= — 2)ii(z) + u(0).
Taking z = A we get u(0) = j‘()»), and so

(= 2iz) = f(z) — FO).

(iii)—(@iv) These proofs are identical to the proofs of (i) and (ii), respectively.
(v) By Proposition 3.13.2(v),

F@) = riz) —i(z) = (A — 2)iz) + (1 — e Hu(0).
Taking z = A we get u(0) = (1 —e*")~' ¥(1), and so
=2 = f@) — 1 —e)A —e ) F).

3.14 Invariant subspaces and spectral projections
We begin by introducing some terminology.

Definition 3.14.1 We say that the Banach space X is the direct sum of Y and
Z and write either X =Y + Zor X = [g] if Y and Z are closed subspaces of
X and every x € X has a unique representation of the form x = y + z where
y €Y and z € Z. A subspace Y of X is complemented if X is the direct sum
of Y and some other subspace Z.

Instead of writing x = y + z (corresponding to the notation X = Y + Z) as
we did above we shall also use the alternative notation x = [ 7 ] (corresponding
to the notation X = [g]), and we identify y € ¥ with [5] € X. Note that
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every closed subspace Y of a Hilbert space X is complemented: we may take
the complement of ¥ C X tobe Z = Y.

Lemma 3.14.2 Let X be a Banach space.

(i) If 7 is an arbitrary projection on X (i.e., w € B(X) and w = n?), then
X = N () + R (7). (In particular, the range of a projection operator is
closed.)

(i1) Conversely, to each splitting of X into a direct sum X =Y + Z there is a
unique projection 7w such that Y = N () and Z = R (). We call & the
projection of X onto Z along Y.

Proof (i)Clearly, every x € X canbesplitintox = wx + (1 — )x wherex €
R () and (1 — m)x € N () (since w(1 — m)x = mx — 2x = 0). Obviously,
if x e N (1 — ), then x = 7x, so x € R(r), and conversely, if x € R (),
then x =y for some y € X, so nx =n2y =ny =x, ie, x e N (1 — 7).
This means that R (w) = N (1 — 7), hence R (7) is closed.

(ii) For each x € X, split x (uniquely) into x = y 4+ z where y € Y and
z€ Z.Definenrx =y. Thenwx =xiffx € Yandmx =0iff x € Z. Itis easy
to see that the operator = defined in this way is linear and closed, and that it
satisfies 7 = 2. By the closed graph theorem, w € B(X). O

Definition 3.14.3 Let X be a Banach space, andlet A: X D D(A) - X bea
linear operator.

(i) A subspace Y of X is an invariant subspace of A if Ax € Y for every

xeDANY.

(i1) A pair of subspaces Y and Z of X are reducing subspaces of A if
X =Y + Z,every x € D(A) is of the form x = y + z where
yeD(A)NY and z € D(A)N Z, and both Y and Z are invariant
subspaces of A,

(iii) By an invariant subspace of a Cy semigroup 2l on X we mean a subspace
Y which is an invariant subspace of I for every r > 0.

(iv) By a pair of reducing subspaces of a Cy semigroup 2 on X we mean a
pair of subspaces which are reducing subspaces of 2" for every ¢t > 0.

Theorem 3.14.4 Let A be a Cy semigroup on a Banach space X with gener-
ator A and growth bound wg, and let Y be a closed subspace of X. Denote
the component of p(A) which contains an interval [w, 00) by pso(A) (by Theo-
rem 3.2.9(i) such an interval always exists). Then the following conditions are
equivalent.
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(1) Y is an invariant subspace of .

(ii) Y is an invariant subspace of (. — A)~! for some A € po(A).
(iil) Y is an invariant subspace of (, — A)~! for all A € pso(A).
(iv) Y is an invariant subspace of A and p(Apayny) N Poo(A) # 0.

If these equivalent conditions hold, then it is also true that
(v) Ay is a Cy semigroup on Y whose generator is Apany-

Here it is important that Y is closed. For example, D (A) is an invariant
subspace of 2 but not of A.

Proof (i) = (ii): If (i) holds, then by Theorem 3.2.9(i), for all A € wg and all
x €Y,

o0
r—A)'x =f e MUYx €Y.
0

(ii) = (iii): Take an arbitrary x* € Y+, where
Yt ={x*eX*| (x,x*)xxy=O0forallx € Y}.

Fix x €Y, and take some Ag € poo(A) such that Y is invariant un-
der (\g— A)™'. Then (Ag —A)™x e VY for all n=1,2,3,..., hence
(Mo —A)""x, x*)x,x =0 for all n=1,2,3,.... Define f(A)= (A —
A)"x,x*)x x». Then f is analytic in ps(A), and all its derivatives van-
ish at the point A¢ (see (3.2.6)). Therefore f(A) = (A — A)7"x, x*)x,x) =0
for all A € poo(A). Taking the intersection over all x* € Y* we find that
A—A)"xeY.

(iii) = (i): If (iii) holds, then by Theorem 3.7.5, forallt > Oand allx € Y,

l‘ —n
A'x = lim (1——A> xeV.
n

n—00

(1) = (1\/). F()r all X € D (A) Y,
Ax = lllll ( l)x Y.

That p(A|payny) N Poc(A) # @ follows from (v) and Theorem 3.2.9(i).

(i) = (v): Trivially, 2y is a Cy semigroup on Y (since Y is invariant, and
we use the same norm in Y as in X). Let us denote its generator by A. We
have just seen that x € D (Z) whenever x € D(A)N Y, and that Ax = Ax for
allx e D(A)N Y. Conversely, if x € D (Z), then x € Y and %(th — Dx hasa
limitinY ash | 0,sox e D(A)NY.
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(iv) = (ii): Assume (iv). Let A € p(A;payny) N pPoo(A). Then L — A maps
D (A)NY one-to-one onto Y (since A € p(Aipayny) and (A — Ajpany)y =
(A — A)y for every y € D(A)NY). This implies that (A — A)~! maps Y one-
to-one onto D (A) N Y. In particular, Y is invariant under (A — AL O

Invariance is preserved under the symbolic calculus described at the begin-
ning of Section 3.9.

Lemma 3.14.5 Let A € B(X), let T be a piecewise continuously differentiable
Jordan curve which encircles o (A) counter-clockwise, and let f be analytic on
I" and inside T. Define f(A) by (3.9.1). Then the following claims are true.

(1) IfY is a closed invariant subspace of A, then Y is also invariant under
F(A),

(i) If Y and Z are a pair of reducing subspaces of A, then they are also
reducing for f(A).

Proof This follows from (3.9.1), the fact that Y and Z are closed, and Theorem
3.14.4. O

In the decomposition of systems into smaller parts we shall encounter closed
invariant subspaces contained in the domain of the generator.

Theorem 3.14.6 Let A: X D D(A) — X be a closed linear operator, and
let Y be an invariant subspace of A which is contained in D (A) and closed
in X. Then Y C N2 D(A"), Ay € B(Y), and (A")y = (Ay)" for all n =
1,2,3,.... If A is the generator of a Cy semigroup 2 on X, then Y is invariant
under 2 and Uy is a uniformly continuous semigroup on Y whose generator
is A|y.

Proof The operator Ay is closed since A is closed. Its domain is all of ¥, and
therefore, by the closed graph theorem, Ay € B(Y).

Let x € Y. Then x € D(A) (since Y C D(A)), and Ax € Y (since Y is
invariant). Repeating the same argument with x replaced by Ax we find
that Ax € D(A), ie, x € D (Az), and that (Az)‘y = (A‘y)z. Continuing in
the same way we find that ¥ C N2, D (A") and that (A"))y = (A}y)" for all
n=1,2,3,....

That Y is invariant under 2 follows from Theorem 3.14.4 (every A with |A| >
|Ay|l belongs to the resolvent set of Ajy). That 2}y is uniformly continuous
follows from the fact that its generator Ay is bounded. a

We now turn our attention to subspaces which are reducing and not just
invariant.
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Lemma 3.14.7 Let X =Y + Z, let w be the projection of X onto Y along Z,
and let A: X D D(A) — X be a linear operator. Then Y and Z is a pair of
reducing subspaces of A if and only if m maps D (A) into D (A) and t Ax =
Amx forall x € D (A).

Proof Assume that m maps D (A) into itself and that m Ax = Aswx for all
x € D(A). Then every x € D (A) can be split into x = wx + (1 — 7)x where
ax € D(A)NY and (1 — m)x € D(A)N Z. Moreover, forally €e D(A)NY,
mAy = Amry = Ay, hence Ay € Y,andforallz e D(A)NZ, mAz = Anz =
0, hence Az € Z. Thus both Y and Z are invariant subspaces of A, and Y and
Z is a pair of reducing subspaces of A.

Conversely, suppose that Y and Z is a pair of reducing subspaces of A.
Then 7 maps D (A) into D (A) (since every x € X has a unique representation
x=y+zwithyeD(A)NY and z € D(A)N Z, and wx = y). Moreover,
for all x € D(A), tA(1 —m)x =0 and (1 — 7)Amwr =0 (since 1 — 7 is the
complementary projection of X onto Z along Y'), and

TA=mwmAnr = Am.
O

Theorem 3.14.8 Let X = Y + Z, let T be the projection of X onto Y along Z,
and let A: X D D(A) — X be a linear operator with a nonempty resolvent
set. Then the following conditions are equivalent:

(1) Y and Z are reducing subspaces of A,
(1) Y and Z are reducing subspaces of (. — A)~! for some A € p(A).
(iii) Y and Z are reducing subspaces of (A — A)~! forall . € p(A).

If, in addition, A is the generator of a Cy semigroup 2, then (i)—(iii) are equiv-
alent to

(iv) Y and Z are reducing subspaces of .

Proof Let  denote the projection of X onto Y along Z.

(1) = (iii): Assume (i). By Lemma 3.14.7, (A — A)rx = 7 (A — A)x for all
A € Cand all x € D(A). In particular, if we take A € p(A), then we can apply
- Z)’l to both sides of this identity and replace x by (A — A)~'x to get for
all x € X,

a(h—A) 'y =0 —A) lnx.

By Lemma 3.14.7, this implies (iii).
(iii) = (ii): This is trivial.



3.14 Invariant subspaces and spectral projections 185

(i) = (1): Assume (ii). Then, for all x € D (A),
ax =G —A) " '7(h — A)x.

This implies that 7 maps D (A) into itself. Applying (A — A) to both sides of
this identity we get (A — A)rx = w(A — A)x, or equivalently, T Ax = Amx.
By Lemma 3.14.7, this implies (i).
(iv) = (ii): This follows from the fact that (i) implies (ii) in Theorem 3.14.4.
(iii) = (iv): If (iii) holds, then by Theorem 3.7.5, forall > Oand all x € X,
A'rx = lim (1 — %A) "7x =7 lim (1 - %A) X = k.

By Lemma 3.14.7, this implies (iv). O
Corollary 3.14.9 If the equivalent conditions (i)—(iii) in Theorem 3.14.8 hold,
then p(A) = p(Ay) N p(A,z), and for all A € p(A),

A=A =G—-A)y. 0-AD ' =0-A),

» y . (3.14.1)
A=A =G —-Ay) t+A—-Az -,

where 1 is the projection of X onto Y along Z.

Proof Let . € C. Then A € p(A) if and only if the equation (. — A)x = w has
a unique solution x for every w € X, and x depends continuously on w. By
projecting this equation onto Y and Z (i.e., we multiply the equation by 7 and
1 — r, where 7 is the projection onto Y along Z, and recall that ¥ commutes
with A) we get the two independent equations

A—Apy)y=rw, A—=Ay)z=(1—-mw,

where y =mx € Y and z = x — y € Z. The original equation is solvable if
and only if both of these equations are solvable, and this implies that p(A) =
p(A4) N p(A-). Furthermore,

x=(—-A)lw=y+z
=A—Ap 'rw+ A -Ay) A -mw,
which gives us (3.14.1). d

One common way to construct invariant subspaces of a semigroup is to use
a spectral projection. This is possible whenever the spectrum of the generator
is not connected.

Theorem 3.14.10 Let A: X D D (A) — X be a densely defined linear opera-
tor with a nonempty resolvent set p(A). Let I" be a positively oriented piecewise
continuously differentiable Jordan curve contained in p(A) which separates
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o (A) into two nontrivial parts o(A) = 0,(A) U o_(A), where o,.(A) lies in-
side I" and o_(A) lies outside T" (in particular, co ¢ o (A)). Then the operator
7 € B(X) defined by

?{()\ A da. (3.14.2)
271]

is a projection which maps X into D (A). Denote X, = R () and X_ = N (),
Ay = Ax, and A_ = Ax_. Then the following claims are true.

(1) X =X, + X_, and X, and X_ are reducing subspaces of A and of

(A — A forall x € p(A).

(i) Xy C N2, D(A"), Ay € B(X4), and foralln =1,2,3, ...,
(Ap)" = Ay, and (A_)" = Ajpnnx -

(i) o(Ay) =0 (A)and o(A_) = o_(A).

(iv) If A is the generator of a Cy semigroup A, then A is the generator of the
norm-continuous semigroup A, = U x, and A_ is the generator of the
Co semigroup A_ = Ajx .

The projection 7 constructed above is often referred to as the Riesz projection

corresponding to the part o (A) of o (A).

Proof As in Section 3.6, let us denote D (A) by X;. Then the function A —
(A — A)~!'isbounded and (uniformly) continuous on I with values in B(X; X ),
sow € B(X; Xy).

Let u € p(A). Then (u — A)~' is analytic on T, so

(= A) 7 = (1= A f(x — A da
2nj Jr
= i. f(u —A = Adr = - A",
27T] r

since (u — A)~'and (A — A)~! commute. Thus, 7 commutes with (. — A)~'.
Furthermore, by the resolvent identity (3.2.1),

A B A |
(1t — A)! n_i (1 A) (?» A) Ji

2J
- _ A1
) ?g(k ! L A4) di
27[] A—pu

(n— A) - 27” i A A> dx, if p lies inside T,

i G if 1 lies outside T
271] r i—p H .

(3.14.3)

We next show that 7 is a projection. If we perturb the path I' in such a way

that the new path I'; lies outside I', and so that both I'; and I" together with the
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area in between lie in p(A), then, by the analyticity of the resolvent (A — A)~!
in this area,

1
= (u A tdp.
mj

Therefore, by (3.14.2), (3.14.3) (note that the index of A with respect to I'; is
one)

2 1 ~1
°=——@ (u—A) mwdu

27Tj T,
1 1 r—A)"!
:___7§ Qdkd
2rj Jr, 271]
1
=——7%a— ———ﬂ
27T] 1‘*1

1
MJ%@ A dy =7

Thus 72 = 7, and we have proved that 7 is a projection. By Lemma 3.14.2,
X = X, + X_. (In particular, X, and X_ are closed.)

We now proceed to verify properties (i)—(iv).

(i) We know from the argument above that 7 commutes with (A — A)~! for
all A € p(A), and we get (i) from Lemma 3.14.7 (applied to (A — A)~!) and
Theorem 3.14.8.

(i1) This follows from Theorem 3.14.6.

(iii) By Corollary 3.14.9, p(A) = p(A+) N p(A-). Thus, to prove (iii) it
suffices to show that A ; has no spectrum outside I" and that A _ has no spectrum
inside I".

Let u € p(A) lie outside I'. Then u € p(A), and by (3.14.3) and Corollary
3.14.9, forallx € X,

1 r—A)!

mW—A)) 'x=——-@ —"— xdhr.
" 2rj Jr A—p

Thus, in particular,

1
J6e= 47| = 5 1= ut o= 7 1

We know that neither A nor A, has any spectrum in a neighborhood of T’
(since I € p(A)), and away from I the right-hand side of the above inequality
is bounded, uniformly in @. This implies that A, cannot have any spectrum

a point in o (A4 ). In the same way it can be shown that A_ cannot have any
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spectrum inside I': note that by (3.14.3),

L1 A
m—A) x=s—=¢ —x
2njJr A—p

di

forall x € X_ and all u € p(A) which lie inside I".
(iv) See Theorems 3.14.6 and 3.14.8. O

In the case of a normal semigroup it is possible to use a different type of
spectral projection, which does not require the spectrum of the generator to be
disconnected.

Theorem 3.14.11 Let A be a closed and densely defined normal operator on
a Hilbert space X (i.e., A*A = AA*), and let E be the corresponding spectral
resolution of A, so that

<M4n=f ME(dDx,y), xeD(A), yeX.
o(A)
Let F be a bounded Borel set in C, and let 1 = E(F), i.e.,
(rrx,y)X:/ (E(dMx,y), xeX, yeX.
c(ANF

Then 1 is an orthogonal projection which maps X into D (A). Denote X =
R(m)and X_ = N (7), Ay = Ajx, and A_ = A|x_. Then the claims (i), (ii),
and (iv) in Theorem 3.14.10 hold, and the claim (iii) is replaced by

(iii") 6(Ay) =0 (A)NF,andoc(A_) = o (A)\ F.

We leave the proof of this theorem to the reader. (That 7 is a self-adjoint
projection follows from the definition of a spectral resolution, and the rest
follows either directly from the properties of a spectral resolution or from an
argument similar to the one used in the proof of Theorem 3.14.10. Note, in
particular, that R () C D (A) since F is bounded.)

So far we have primarily looked at closed invariant subspaces. There is also
another class of subspaces that play an important role in the theory, namely
invariant Banach spaces which are continuously embedded in the state space.
An example of this are the spaces X, with @ > 0 introduced in Sections 3.6
and 3.9. These spaces are typically invariant under the semigroup 2, but not
under its generator A.

Definition 3.14.12 Let A: X D D (A) — A be a linear operator, and let ¥ be
a subspace of X (not necessarily dense). By the part of A in Y we mean the
operator A which is the restriction of A to

D(A)={x e D(A)NY | Ax € Y).
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Definition 3.14.13 Let 2 be a Cy semigroup on the Banach space X with gen-
erator A, and let let Y be another Banach space embedded in X (not necessarily
densely). We call Y A-admissible if Y is invariant under 2 and the restriction
of 2 to Y is strongly continuous in the norm of Y (i.e, Uy is a Cy semigroup
onY).

Theorem 3.14.14 Let A be a Cy semigroup on the Banach space X with gener-
ator A and growth bound wy, and let Y be another Banach space embedded in
X (not necessarily densely). Then Y is A-admissible if and only if the following
two conditions hold:

(i) Y is an invariant subspace of (, — A)™! for all real ) > wy,
(1) The part of A in Y is the generator of a Cy semigroup on Y.

When these conditions hold, then the generator of Uy is the part of Ain'Y.

Proof Assume that Y is A-admissible. Then Theorem 3.2.9(i) (applied to 2l,y)
implies (i) (and it is even true that Y is an invariant subspace of (A — A)~! for
all real A e C} ) Denote the generator of 2|y by Aj, and denote the part of A
inY by A. Smce the norm in Y is stronger than the norm in X, it follows easﬂy
that D(A;) C D(A)NY, and that forx € D(A;), Ax = A;x € Y. Thus, Alis
an extension of A;. On the other hand, if x € D (Z), then Ax € Y, and each
term in the identity

t
QJ.lx—x:/ A Ax ds, t >0,
0

belongs to Y. Dividing by ¢ and letting ¢ | O we find that x € D (A;). Thus,
Ay = A, and A is the generator of the Cy semigroup 2y on Y.

Conversely, suppose that (1) and (ii) hold. Denote the Cy semigroup generated
by A by 2. Forall x € D(A) and all L > wg we have (since A € p(A))

(r—A)"! (/\—A)x = —A)7"'— Ax =x,
and for all y € Y we have (because of (ii))
h—A)h—A) 'y =0 —A)K—A)'x =x.

Thus, (A — Z) maps D (7\) one-to-one onto Y, and (A — Z)_l is the restriction
of (A — A)~!to Y. Fix t > 0, and choose n so large that n/t > wq. Then, for
allA > wg and all y € Y,

(1 — 5A)_"y - (1 — 52)_"y.

Let n — oo. By Theorem 3.7.5, the left-hand side tends to A’y in X and the
right-hand side tends to A y in Y, hence in X. Thus, A= Ajy. This implies
both that Y is invariant under 2, and that 2y is strongly continuous. O
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Let us end this section by provmg the followmg extension of Theorem 3.14.8
(to get that theorem we take X = X,E=m, A= A, and A = ).

Theorem 3.14.15 Let A be the generator ofa Cy semigroup A on X, let A
be the generator of a Cy semigroup A on X and let E € B(X; X) Then the
following conditions are equivalent.

() EA = A'E forallt > 0.
(i) Eb—A) =0 - A) 'E for some A € p(A) N ,O(A)
(i) Eh—A) =0 — A) 'E forall \ € p(A) N p(A)
(iv) E maps D (A) into D(A) and EAx = AExfor all x € D(A).

If. in addition, A and A" are groups, then these conditions are further equivalent
to

(v) EQV = A'E forallt € R.

Proof (1) = (ii): If (i) holds, then by Theorem 3.2.9(i), for all A > max{wq, wg}
and all x € X,

E(h—A) 'x = / e MEAx = / e MW Ex = (A — A)Ex.
0 0

(i) = (iv): By (ii), for all x € D (A),
Ex =0 —A)'E( — A)x.

This implies that £ maps 7 D (A) into D (A) Applying (A — A) to both sides of
this identity we get (A — A)Ex = E(A — A)x, or equivalently, EAx = AEx.

(iv) = (iii): If (iv) holds, then (A — A)Ex = E(A — A)x for all A € C and
all x € D(A). In particular, if we take A € p(A) N p(A), then we can apply
(A — A)~! to both sides of this identity and replace x by (A — A)~!x to get for
allx € X,

Eh—A) 'x = —A)'Ex.
(iii) = (1): If (iii) holds, then by Theorem 3.7.5, forallt > O and all x € X,

t —n t~\"" ~
WEr=lim (1--A) Ex=F lim (1-~4) x = E¥x.
n— 00 n n—0oo n
(v) We get EQI™" = A~'E for all ¢ > 0 by multiplying the identity in (i) by
A~ to the left and by 21~ to the right.
O
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3.15 Comments

By now, most of the results in this chapter are classic. We refer the reader to
Davies [1980], Dunford and Schwartz [1958, 1963, 1971], Goldstein [1985],
Lunardi [1995], Nagel [1986], Hille and Phillips [1957], Pazy [1983], and
Yosida [1974] for the history and theory of Cy semigroups beyond what we
have presented here.

Sections 3.2-3.3 The generators of the shift semigroups and their resolvents
have been studied in, e.g., Hille and Phillips [1957, Sections 19.2-19.4]. Diag-
onal semigroups appear frequently in the theory of parabolic and hyperbolic
partial differential equations. Sometimes the basis of eigenvectors of the gen-
erator is not orthonormal, but instead a Riesz basis in the sense of Curtain
and Zwart (1995, Definition 2.3.1). However, a Riesz basis can be transformed
into an orthonormal basis by means of a similarity transformation of the type
described in Example 2.3.7. This makes it easy to extend the theory for diag-
onal semigroups presented in Examples 3.3.3 and 3.3.5 to semigroups whose
generator has a set of eigenvectors which are a Riesz basis for the state space.
These types of semigroups are studied in some detail by Curtain and Zwart
[1995].

Sections 3.4, 3.7, and 3.8 See, for example, Pazy [1983], for the history of
the Hille—Yosida and Lumer—Phillips theorems, the different approximation
theorems, and the Cauchy problem.

Section 3.5 Our presentation of the dual semigroup follows roughly Hille and
Phillips (1957, Chapter 14), except for the fact that we use the conjugate-linear
dual instead of the linear dual.

Section 3.6 Rigged spaces of the type discussed in Section 3.6 are part of the tra-
ditional semigroup formulation of partial differential equations of parabolic and
hyperbolic type. See, for example, Lions [1971], Lunardi [1995], and Lasiecka
and Triggiani [2000a, b]. In the reflexive case the space X_, is usually defined
to be the dual of the domain of the adjoint operator (see Remark 3.6.1). The
spaces X| and X_; have been an important part of the theory of well-posed lin-
ear systems since Helton [1976]. Spaces X,, of fractional order are introduced
in Section 3.9.

Section 3.9 This section is based in part on Dunford and Schwartz (1958,
Section VII.9), Rudin (1973, Chapter 10), and Pazy (1983, Section 2.6).

Section 3.10 The results of this section are fairly standard. Analytic semi-
groups most frequently arise from the solution of parabolic or heavily damped
hyperbolic partial differential equations. Theorem 3.10.11 has been modeled
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after Lunardi (1995, Proposition 2.4.1) and Mikkola (2002, Lemma 9.4.3). For
further results about analytic semigroups we refer the reader to standard text
books, such as Goldstein (1985, Sections 1.5, 2.4 and 2.5), Hille and Phillips
(1957, Chapter 17), Lunardi [1995], Lasiecka and Triggiani [2000a, b], and
Pazy (1983, Sections 2.5, 7.2 and 7.3).

Section 3.11 The proof of Theorem 3.11.4 is based on Davies (1980, Theorem
2.19), which goes back to Hille and Phillips (1957, Theorem 16.4.1, p. 460).
This theorem is also found in Nagel (1986, p. 87). The reduction of the spectrum
determined growth property to the corresponding spectral inclusion that we use
in the proof of Theorem 3.11.4 is classic; see, e.g., Slemrod (1976, pp. 783-784),
Triggiani (1975, p. 387), Zabczyk (1975), or Nagel (1986, p. 83). Corollary
3.11.5(1) is due to Triggiani [1975, pp. 387-388] and Corollary 3.11.5(i) is
due to Zabczyk [1975]. Theorem 3.11.6 was proved independently by Herbst
[1983], Huang [1985], and Priiss [1984]. Lemma 3.11.7 has been modeled
after Weiss (1988b, Theorem 3.4). The implication (v) = (i) in Theorem
3.11.8 is often called Datko’s theorem after Datko (1970, p. 615) who proves
this implication in the Hilbert space case with p = 2. The general version of
the same implication was proved by Pazy (1972) (see Pazy (1983, Theorem
4.1 and p. 259)). Our proof follows the one given by Pritchard and Zabczyk
[1981, Theorem 3.4]. In the reflexive case the implication (vii) = (i) can be
reduced to the implication (v) = (i) through duality, but we prefer to give a
direct proof, which is valid even in the non reflexive case (the non reflexive part
of the implication (vii) = (i) may be new). Our proof of the implication (ix) =
(i) in Theorem 3.11.8 has been modeled after Weiss (1988b, Theorem 4.2) (we
have not been able to find this explicit implication in the existing literature).
Examples of semigroups which do not have the spectrum determined growth
property are given in Curtain and Zwart (1995, Example 5.1.4 and Exercise
5.6), Greiner et al. (1981, Example 4.2), Davies (1980, Theorem 2.17), Hille
and Phillips (1957, p. 665), and Zabczyk [1975]. For additional results about the
spectral determined growth property, and more generally, the spectral mapping
property, we refer the reader to van Neerven [1996], which is devoted to this
very question.

Section 3.12 The frequency domain plays a very important role in many texts,
including this one. Most mathematical texts use the Fourier transform instead of
the Laplace transform, and they replace the right half-plane by the upper half-
plane. However, we prefer to stick to the engineering tradition at this point. It
is possible to develop a symbolic calculus for generators of semigroups based
on the representation of #i(A) in Theorem 3.12.6 (this is done in Dunford and
Schwartz (1958, Section VIII.2) in the case where A generates a group rather
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than a semigroup), and our definition of (y — A)™* given in Section 3.9 is based
on a special case of that calculus.

Section 3.13 Most books on operator theory define the shift semigroups using
the characterization given in Propositions 3.13.1 and 3.13.2 (and they com-
pletely ignore the time-domain versions of these semigroups). This is especially
true in the Hilbert space L2-well-posed case. In our context the time-domain
versions are more natural to work with.

Section 3.14 The results in this section are classic (but not always that easy
to find in the literature). Our presentation follows loosely Curtain and Zwart
[1995] and Pazy [1983].



