
ANALYSIS II, Homework 3

Due Wednesday 2.10.2013. Please hand in written answers for credit.

1. Let

A = {( 1
n
,
1

n
) : n ∈ N} ⊂ R2.

Find the closure A of A.

2. For f ∈ C1([0, 1],R), let

||f ||1 = |f(0)|+ ||f ′||∞,

||f ||2 = max{|
∫ 1

0

f(t) dt|, ||f ′||∞},

||f ||3 = (

∫ 1

0

|f(t)|2 dt+
∫ 1

0

|f ′(t)|2 dt)
1
2 .

Determine whether every || · ||i, i = 1, 2, 3, is a norm.

3. The di�erential operator D : C1([0, 1],K) → C([0, 1],K) is de�ned by
Df = f ′. Show that D is linear. Is D bounded? Use the sup-norm both in
C1([0, 1],K) and C([0, 1],K).

4. Suppose that d is a metric that is induced by a norm in a vector space
E according to d(x, y) = ||x− y||. Show that this type of metric has the two
additional properties (x,y,z ∈ E, λ ∈ C) :

(a) d(λx, λy) = |λ| d(x, y),

(b) d(x+ z, y + z) = d(x, y).

Conversely, suppose that a metric d(·, ·) has the two properties listed above.
Show that we can de�ne a norm on E by ||x|| := d(x, 0).

5. Consider the set of all n-tuples a = (a1, a2, ..., an) of real numbers with
distance

ρp(a, b) = (
n∑

k=1

|ak − bk|p)
1
p ,

where p is a �xed number ≥ 1. Show that ρp is a metric in Rn.
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