
Probabilistic characterization of the Sisters�Paradox.
In the problem formulation it was stated that You learned about the exis-

tence of a girl in a family with two children in total, and You were asked about
the probability of the event that there is one more girl in the family. Most maths
sources present this problem as an example of the di¢ culties mathematically
untrained people have concerning understanding conditional probabilities. In
roughly 99 out of 100 sources, the solution given to the problem equals 1/3,
and these sources typically claim that people who claim the answer to equal
1/2, are blatantly wrong. One such example is the Finnish maths "newspaper"
Solmu, which is directed towards high school students, and where the problem
was presented about two years ago with the solution 1/3. In fact, I�m aware of
only two sources (one is Dr. Math at the web) which analyze the problem in
more depth, and show that both 1/3 and 1/2 are correct answers, and moreover,
that 1/2 can be a more reasonable answer.
The ambiguity arises from the fact that the problem formulation doesn�t

state exactly in probabilistic terms how You gained the information about the
existence of the girl in this particular family. To really solve the problem in a
more realistic way, one needs to assume a probabilistic model which generates
Your observation. One feasible model is the following. To simplify the problem,
assume that boys (B) and girls (G) have equal birth and survival rates in the
population where you made the observation, i.e. we expect that the families
with two children are represented with the following proportions of con�gura-
tions: P (BB) = 1=4; P (GG) = 1=4; P (BG) = 1=2. Assume now You gather
the information through the following mechanism. You sample randomly one
apartment in a randomly chosen city in the population. Then You go to the
door and ring the doorbell. The door is opened by a girl and you ask whether
she has exactly one sibling, and she answers, Yes. Now You wish to calculate
the conditional probability that the sibling is also a girl. The solution is derived
by the celebrated Bayes�theorem. Denote by A your observed event (the one
girl). The conditional probability is de�ned as

P (GGjA) = P (AjGG)P (GG)
P (AjGG)P (GG) + P (AjBG)P (BG) + P (AjBB)P (BB) ; (1)

where P (Aj�) is typically called the likelihood of the observed event, given the
unobserved event in the condition, and P (BB); P (GG); P (BG) are the prior
probabilities for the unobserved event. Let�s take a closer look at the likelihoods.
Obviously, P (AjBB) = 0, because the observation is impossible given this event,
and similarly, P (AjGG) = 1; as the observation is certain given this event.
P (AjBG) is a more tricky one, however, it is a reasonable model to assume that
a randomly chosen child in the family comes and opens the door. Then, the
conditional probability equals
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We can also easily reach the solution 1/3 through this line of reasoning, namely,
assume that the families with a boy and a girl have made an agreement upon
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themselves, such that the girl will always open the door when somebody rings
the doorbell. Then, the likelihood P (AjBG) = 1, and consequently, P (GGjA) =
1=3.
The moral of this story is that mathematical training leads us easily to think

about probabilities from the theoretical perspective, i.e. as given quantities to
which we apply the laws of probability without much re�ecting upon the fact
how the information given in a particular problem arose.
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