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Abstract. In our earlier article “Well-posed state/signal systems in continuous
time”, we originally defined the notion of a trajectory of a state/signal system
by means of a generating subspace. However, it was left as an open problem
whether the generating subspace is uniquely determined by a given family of
all generalised trajectories of a well-posed state/signal system. In this article
we give a positive answer to this question and show how this insight simplifies
some formulations in the theory of well-posed state/signal systems.

The main contribution of this article is an explicit convolution scheme
for constructing classical trajectories approximating an arbitrary generalised
trajectory. We apply this scheme by studying relationships between classical
and generalised trajectories of continuous-time state/signal systems under
very weak assumptions. Among others, we show that there exists a space of
classical trajectories that is invariant under differentiation and dense in the
space of generalised trajectories.

Some of our results generalise known results for strongly continuous
semigroups and input/state/output systems, but we make no use of decom-
positions of the signal space into an input space and an output space, and in
particular, none of our results depend on well-posedness.
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1. Introduction

In our earlier article [4], “Well-posed state/signal systems in continuous time”,
we defined the notion of a trajectory of a state/signal system by means of a
generating subspace V. However, it was left as an open problem whether the
generating subspace is uniquely determined by a given family of all generalised
trajectories of a well-posed state/signal system. In this article we supplement [4]
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by proving that a generating subspace V is uniquely determined by its space of all
generalised trajectories. We indicate some important implications for the theory of
well-posed state/signal systems presented in [4]. In order to prove the uniqueness
of V, we introduce a universal convolution scheme for approximating generalised
trajectories by classical trajectories. This approximation scheme turns out to be
useful in many connections, and therefore it is of independent interest.

We now introduce the reader to this article by recalling the basic definitions
of state/signal systems from [4]. We throughout let X and W denote two Banach
spaces with the same scalar field, which we denote by F, and we call these spaces
the state space and signal space, respectively. Various standard spaces of X- and
W-valued functions defined on subintervals of R are needed in this article, and we
refer the reader to the appendix of [4] for the definitions of these spaces.

Another convention in this article is to denote all closed intervals by [a, b] and
all open intervals by (a,b), where we allow a = —o0 and b = oo, but not a = b,
which we write as —oo < a < b < co. By writing e.g. [a,b] we mean the interval
[a, 00) if b = oo.

Definition 1.1. Let [a, b] be a closed interval of positive and possibly infinite length:
—o0 < a <b< oo Let V be a closed subspace of the product space R := [é{ﬂ

which we equip with the product norm and call the node space.
(i) The space Yla, b] of classical trajectories generated by V on [a, b] consists of

. (1)
all pairs [§] € [ch(([[{‘l”:]]_’x)}, such that {x(t)} € V for all t € (a,b), where
” w(t)

T = %m. The most important classical trajectory space is U := [0, 00).
(ii) Let 1 < p < oco. The space WP[a,b] of generalised trajectories generated by

V' is the closure of Ula, b] in [L?([(Lfabl]xv)v) ]

By this we mean that that [ ] € 2P[a,b] if and only if there exists
a sequence [ ] € Yla,b] of classical trajectories, such that on all compact
subintervals of [a,b], , — z uniformly and w, — w in LP as n — co. We
abbreviate 207 := 2070, c0).
(iii) We say that V generates 20P as described above. More generally, we call
every closed V' C K, whose space U’ of classical trajectories is dense in 207,
a generating subspace for 20P.
(iv) The spaces Yopla, b] and 25 [a, b] of externally generated classical and gener-

alised trajectories, respectively, are given by

Vola, b := H v } € Wla, b ' [ i((‘;)) } :o} and
x(a)zO},

x(_m)} — a(t) }

w(—o0) | * limt_>_oo |:w(t)

W [a, 0] := {{ Z} } € WP[a, ] (1.1)

where we in the case a = —oo interpret [
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_ (1)
Assume that [2] € [C“[“vbl”‘)] and that | =() | € V for all ¢ € (a,b). Then
C([a,b];W) w(t)

it
[wgtg ] € V also for t = a and ¢t = b when we consider the appropriate one-sided
w(t

der(ixzatives. In the rest of the article we make the standing assumption that U
and 207 denote the spaces of classical and generalised trajectories corresponding
to some generating subspace V', where V may or may not be known a priori.

In order to obtain a meaningful theory, we need to assume that the generating
subspace has some additional structure. In this connection it is natural to impose
the following two conditions, and they turn out to be sufficient for most of our
considerations in this article.

Definition 1.2. Recall that X and W are Banach spaces, and let V' generate the
classical trajectories ¥ on R*. The triple (V; X, W) is a state/signal node (shortly
s/s node) if V has the following properties in addition to being closed:

(i) The space V has the property {é} eV =—2=0.

(ii) Every element of V' can be chosen as the starting data of some classical
trajectory of uniformly positive length:

20 . z(0) 20

T >0:V| zo EV:EI{ }E‘B[O,T]: z(0) | = | =0
w

wo w(0) wo

+.
Letting 20?7 be the closure of U in [Lg(]z{;ﬁ/)

loc

(WP; X, W) the state/signal system (s/s system) generated by (V; X, W).

} as above, we call the triple

Remark 1.3. In Definition[I.1] a generating subspace is only assumed to be closed.
In particular, it is not assumed to have properties (i) or (ii) of Definition

It was proved in Lemmas 2.2 and 2.4 of [4] that condition (ii) of Definition
holds if and only if for all [i%} € V there exists a [] € 9, such that

(0) 2
w(O)] = [g}g] A direct consequence of this condition and Definition (1) is
w(0) ©

that V is uniquely determined by U through

E(i) [:]ewb 12

In fact, (1.2 remains true if we replace U by Ula, b] for any —oo < a < b < c0.
We need to introduce the shift operator T, which is defined by

(r°z)(t) = x(t+¢), c€R, t+cedom(x).

(If ¢ > 0 then 7¢ is a left shift.) Moreover, by p we denote the operator which
restricts the domains of functions:

(Plapr)(t) =2(t) for t€[a,b], where [a,b] Cdom (z),
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and we abbreviate py := pjg o). Finally, the concatenation operator at c € R is

denoted by X.:
z'(t), t€ (—o0,c)Ndom (z'),
2*(t), t € [c,00) Ndom (z%).

(@' me2®)(t) = {

The following useful consequences of Definition were given in [4, pp. 324—
326 and Cor. 3.2].

Lemma 1.4. The following claims all hold for —oo < a < b < oco:
(i) A pair [§] lies in Bla,b] if and only Zf{ } € C([a,b; V).
(ii) For all ¢ € R we have the time-invariance property 7°%[a, b] = Vla—c,b—c|.
iil) For all [a’,b'] C [a,b] we have pyg ynVla,b] C BVla',b'], with equality if a’ = a.
[a’,t]
(iv) Let c € (a,b), [;11] € Yla, ] and [ii} € Ylc,b]. Then
z! z?
[ 1 } X [ w? ] € Yla, b)

w

if and only if *(c) = i?(c), x'(c) = z%(c ), and w'(c) = w?(c
If V has property (i) in Definition |1.4 then x'(c) = 2?(

w?(c) imply that 2'(c) = 2%(c).
Claims (ii) and (iii) hold also for generalised trajectories if we replace U by 20P.

).
¢) and w'(c) =

We now recall the concept of LP-well-posedness of a s/s node from [4] in order
to add context to the discussion in this article. We will not base any of our results
on well-posedness.

Definition 1.5. Two closed subspaces U and Y of a Banach space W form a direct-
sum decomposition if U and ) are closed subspaces of W and W = U + Y, i.e.,
every vector in W can be written as the sum of unique elements v € Y and y € ).

The corresponding (bounded) projection onto U along Y is denoted ’Pg and
the complementary projection is 735. By this we mean that if w = u + y, where
u €U and y € Y, then PYw = u and Pllw = (1-PHw=y.

We apply the projection 778{} to a function w pointwisely (almost) everywhere,
ie. (PYw)(t) :== PYw(t) for (almost) all ¢ € dom (w).
Definition 1.6. The s/s node (V; X, W) is LP-well-posed, where 1 < p < oo, if there
exists a T > 0 and a direct sum decomposition W = U + Y, such that U[0,T]
satisfies the following conditions:
(i) The space {x(0) | [&] € D[0,T]} is dense in X.
(ii) The space {Pyw | [&] € Bo[0,T]} is dense in LP([0, T];U).
(iii) There exists a K1 > 0 such that all [ ] € [0, T satisfy
lz(@®)llx + low.wlceo.nwy < Kz ([20)llx + llpp,a P wlceone) — (1:3)
for all t € [0,T].
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In this case we call (U,Y) an LP-admissible input/output space pair (admissible
i/0 pair) of the s/s node (V; X, W). Here we regard U as an input space and ) as
an output space.

A s/s system (P; X, W) is LP-well-posed with admissible i/o pair (U, ) if
(U,Y) is LP-admissible for at least one s/s node that generates 207.

In order to prove that a s/s system is well-posed directly using Definition
one needs to find a generating s/s node together with an LP-admissible i/o pair,
which may not be a straightforward task. In [4, Sect. 6], we proved that every LP-
well-posed s/s system (07; X', W) has one unique mazimal s/s node (Vipax; X', W),
which is given by

Vinax = %(%5) ' [ : ] €W N [ gl(gfy/\f)) ] . (1.4)

This simplifies the use of Definition because we only need to test i/o pairs
for admissibility on Vipax. (In [4] we also developed other tools for showing well-
posedness, such as Prop. 3.11 and Thm 6.6.)

In Section [3]of the present article, we prove that 207 determines its generating
subspace V uniquely as V' = Vjay if V' has property (ii) in Deﬁnition which is
a much weaker assumption than LP-well-posedness. This insight leads to a better
understanding of continuous-time s/s systems theory and simplifications of some of
the formulations in [4], and we point out the most important of these simplifications
out as well. The main tool used in the uniqueness proof, and throughout this whole
article, is the approximation scheme developed in Section

In Section [d] we present a brief treatment of the technical assumption that
V[0, 7] is dense in WH[0,T] for some T > 0. We often used this assumption
in [4], but we never explained it properly there. We apply the results of Section
in Section [p| by studying when derivatives and primitives of trajectories are
trajectories themselves.

The results in this article are true input/output-free state/signal results in
the sense that neither the statements of the results nor the proofs utilise any
decomposition W = U + ) of the signal space into an input space U and an output
space V.

2. Approximation of generalised trajectories

Our first objective is to construct a sequence of classical approximations of an
arbitrary generalised trajectory [ ]. This is done in Theorem which is the
main result of this article.

Definition 2.1. For our usual Banach state space X we define the following function
spaces:
(i) The space BUC(R; X) consists of bounded and uniformly continuous func-
tions R — X and we equip it with the supremum norm.
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(ii) The space BUC'(R; X) consists of those continuously differentiable functions
in BUC(R; X') whose derivatives also lie in BUC(R; X).

(iii) By L'(R) we mean L!(R;F), where F is the scalar field of X.

(iv) By BV(R) we denote the space of functions of bounded variation defined on
R with values in F; see [2] p. 92] for the definition of total variation.

We make the following construction: we let [, ] € 2P[a, b] for —co < a < b <

oo and p € [1,00), and extend [ ;] to a function pair [Z] € [Lg(]?g%)} by setting
loc ?

z(t), tE€la,b]
Z(t) =4 z(a), t<a and  @(t) == {w(t)’ te b a.e. (2.1)
0, t¢]la,b
z(b), t>b

(If @ or b is infinite, then there is no need to extend [ ] in that direction.) If both

a and b are finite, then obviously [§] € [i%ﬁgiﬁv);)] and [Z] € [BLUP?HS%;;) } In

this article we denote Z* := {1,2,3,...}, and moreover, we interpret e.g. [a, 00 —
] = [a,00) for all finite c.
For every [1%] € [ch(ﬁgv)v)] and r,, € L'(R) with support contained in the

loc

finite interval [—S_/n, Sy /n], where n € Z™T, the convolution

({ g } *rn> (t) := /5://'; [ g((i:i)) } ra(s)ds, teR, (2.2)

of [Z] and ry, is well-defined. In the sequel we often denote [57 ] := [Z] % 7,.

Theorem 2.2. Let —oo < a < b < oo, let [§] € {L?([(a[g;ﬁ)()}, and let [Z] be the

extension of [%] defined in (2.1). Let » € LY*(R) be supported in [—S_,S], for
some finite S, S_ >0, and assume that ffg, r(s)ds =1.

Then the following claims are wvalid for the sequence [4"] = [g] * 71, of
functions, where r,,(t) := nr(nt) fort € R andn € Z*:

(i) The sequence pjap [ar] converges to [%] in [Lgi[(?ab]b]xvi,)} as n — oo.

n

(ii) If r € BV(R) then [ ] € [gl(%{vf))] foralln € Z+.
(iil) Assume that r € BV(R) and that [ 5] is a generalised trajectory generated by
the closed subspace V' of & on [a,b]: [] € 2P][a, b].
Then, for all n > (S— + S4)/(b — a), the restriction of [4"] to [a +
St /n,b— S_/n] is a classical trajectory generated by V:

Ty,
Prasssmi-s_po) | | €Blat Si/nb=S_ful 23)

Proof. The proofs of (i)—(iii) are slightly simpler in the case where the interval
[a,b] is finite, because the convolution results that we need for this case are well-
known and readily found in the literature. Therefore we first treat this case and
return to the case where a = —oco and/or b = 400 at the end of the proof. The
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relevant results are often stated and proved only for the case where the functions
Z and w take their values in a finite-dimensional space, but they can in fact be
established for functions with values in a Banach space with trivial modifications
of the proofs for the finite-dimensional case.

BUC(R;X)

(i) In the case where the interval [a, b] is finite, [Z] € [ L7 (R

o BUC(R;X)
[wn] € |: LP(R;W)

Thm 2.2.2(i)]. Moreover, [ ] — [Z] in [

} , and therefore

} according to (the Banach-space-valued version of) [2]

BUC(R;X -
Lp(]RS;W)):| by [2, Lem. 2.7.4(i,ii)],

with € := 1/n, and thus pp [08] = plas [Z] =[5].

(ii) We can redefine r on a set of measure zero in order to make it left-continuous;
see [l Cor. 2 on p. 121]. Then each of the functions r, are of bounded
variation, equal to n times the total variation of r, they are left-continuous,
and supported in [-S_/n, S; /n] with ffgf?n rn(s)ds = 1.

We denote the Borel measure induced by the distribution derivative of
T, by pin, (cf. [0} Ex. 13d on p. 157]):

tn([a, b)) :=1p(b) —rp(a), —o0<a<b< oo, (2.4)

w

so that g, ((—00,t)) := 7,(t) for all t € R, by the finite support of r,. It is
easy to see that r, and p, have the same (finite) total variation; see [2] p.
92].

Since the interval [a,b] is finite, we have ¥ € BUC(R;X) and w €
LP(R;W). By [2, Thm 3.7.1(ii)], @, = T * r,, and w, = @ * r,, are locally
absolutely continuous, and for almost all ¢t € R:

(20T ([2]em) 0= [[ 229 T @

The definition of convolution with a measure is from [2 Def. 3.2.1]. By

[2, Thm 3.6.1(iii)] and the fact that £ € BUC(R; X), also &, = T * pu, €

BUC(R; X). Thus z,, € C}(R; X) and w,, € C(R; W), as claimed.
(iii) Recall that [a,b] is finite and assume that [ ] € 20P[a, b]. By Definition
CH ([ b)) | of
C([a,b;W)
classical trajectories generated by V on [a, b] converging to [ | in [BLZ(C[SE?%;) } .
Since b — a < oo, all z* € BUC([a,b]; X) and w* € BUC([a,b]; W). We ex-
BUC! (R;X)
BUC(R;W)

[a, b] is dense in WP[a, b], and we can find a sequence [3’; } € [

tend these to functions in { } , still denoting the extended functions

by [iﬂ, in such a way that [;i} — [%] in {BL[{,?RF%V/?} as k — oo.
k
Define [m’;} = [ii} * Ty, 80 that &8 = @Fxr, in Ll (R; X), according

C.L‘k
to 2 Thm 3.7.1(1)]. Moreover, H ] € BUC (R; [ V% D implies that [

&k
zF | *
w

wk

r, € BUC (R; L%]), by [2, Thm 2.2.2(i)]. Therefore it holds for all t € R
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that
10 #* s [ #*(t—s)
ity | = zF x| (¢ :/ zF(t —s) | rp(s)ds. (2.6)
wk(t) wt s | wh(t—s)

Since piq,p) [Z)H is a classical trajectory generated by V on [a,b], it satisfies

E* (1) i*(t—s) ]
)| € V for all t € (a,b). Therefore also | z*(t—s) | r(s) € V for all
w”(t) wk(t—s)_

s€[-S_/n,S+/n]and all t € (a+S4+/n,b—S_/n). Recall that V is assumed
to be closed in & and that r takes scalar values. Therefore (2.6) belongs to
Vforallt € (a+ Sy/n,b—S_/n).

i, (1)
We have now established that lz’;(t)

wy, (t)

eVioralte (a+ Sy/nb—

T (t)

S_/n) and the final step of the proof is to show that also [xn(t) ] € V for all
wy, (t)

t in this same interval by proving that

.k .
) T,
ot = | a, in BUC(R;V) as k— oo. (2.7)
wk Wy,

BUC(R;X)

By construction [il;} — [Z] in { L (ReW) } when k£ — oo, and it

follows from [2], Theorem 2.2.2(i)] that [jﬁ] = [iﬂ k= [Z]wrn =[00]

in {BLZ?RF%;;)} when & — o0o. As in the proof of claim (i), we find that

ok = 2% % r, and wk = wk % r,, are locally absolutely continuous and

- { iﬁ’“((?) } - ({ iz ] *#n) (t) ae., teR. (2.8)

n

-k — .
By (2.5) and [2, Theorem 3.6.1(i)], {fjﬁ] = {Z’)ﬂ * plyy = [Z] % g = [;”Jz]
in [BLZ%%V);)} as k — o0o. Since w¥ and w,, are locally absolutely continuous
and both w¥ — w, and W% — 1w, in LP(R;W) as k — oo, it follows from
a Sobolev embedding theorem [I, Thm 5.4C on p. 97, with m = n =1 and
j = 0] that w* — w,, in BUC(R;W). This proves (2.7)), and it completes the
proof of Theorem [2.2]in the case where the interval [a, b] is finite.
The cases where a = —oo and/or b = oo still remain to be treated. The
proofs of these cases are in principle the same as above. The difference is that we

no longer necessarily have [g] € {BLI{)?HS?}V);)} but only [g} € [Lg(&xv{,)} We

therefore need to replace the results cited from [2] by analogous results that are

valid under the weaker assumption that [;’%] € [ Lf%@{,) } . These extended results
loc ’

can indeed be proved to be valid, and they depend crucially on the fact that the
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support of r is bounded. More precisely, they can be derived from the results cited
in [2] above as follows.

By the restriction of [ ] = [Z] * r, to an arbitrary finite subinterval
[a/,b'] of [a,b] is independent of the values of [Z] outside of the interval [a' —
Si,a’ + S_]. Therefore it is possible to redefine [g} outside of the latter interval,
for example by using the same type of formula as , so that the redefined
BUC(R;X)
L?(R;W)
in order to get the desired conclusion with the original interval [a, b] replaced by
[a',V']. As [a’,b'] was an arbitrary closed finite subinterval of [a, b], this gives the
conclusions (i)—(iii) in the form stated in Theorem We provide an example
of this type of argument in the proof of Proposition below, but we leave the
remaing details of the proof of Theorem to the reader. O

functions satisfy [Z] € { } Then we apply the argument given above

We can add the following conclusion to Theorem [2:2}
Proposition 2.3. Let r € BV(R) have finite support and define ry,(t) := nr(nt)
fort e R and n € Z", and let pu, be the bounded measure defined in ([2.4)). Let
—00 < a~< b < oo, let [5] € [Lgc([(([labla]xviz)}’ define T and w by (2.1)), and set
[2] = [%] * Ty

We have % [on]=[2]*pn € {LES?]RXVL)} . If 7 is locally absolutely continuous
with distribution derivative i € L*(R), then & [in]=[2] xr, € [Llpc(ﬁg(v)v)] .

Proof. Let [a’,b] be an arbitrary finite subinterval of R, and let the support of
r be contained in the finite interval [-S_,S.]. Define [Z] by the right-hand
sides of with [ ] replaced by [Z] and [a,b] replaced by [a’ — Sy, b + S_].
Then [g] € [BL[{D?DS%V);)], which implies that [g] * hy € [BL[{D?R%VA;)} by [2, Thm
3.6.1(i,ii)].

The supports of r,, and p,, are easily seen to be contained in [—S_/n, S1 /n],
and therefore

Pla’ b’ T = Pla’.b ‘EUV *Tn | = Pla’. b :,I-:\ *Tp | -
@1 | o || o e (| o

By (2.5) we then have

Tn T
Pa’,b") l: W, :| = P(a’,b") (|: T :| *Hn) = P(a’,b") <|:

We have proved that

fn F BUC([d,V]; X)
Pla’ b'] by, = Pla’,b'] @ | FHn € LP([d, b]; W)
for an arbitrary finite [a/,b'] C R, and this establishes [;"] = [Z] % u, €
|: C(R;X) i|

LT, (R;W)

loc

) 8)
| I
*
=

3
N———
N
L
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In order to prove the second claim, we assume that 7 € L!'(R), which im-
plies that 7, € L*(R). Then (2.9) holds with u,, replaced by 7, according to [2}

Cor. 3.7.2(ii)], and the same argument as above shows that [i:] = [Z]«7, €
C(R;x) ’ 0
[ )

In Theorem it is common to choose a = 0 and

1, te[-1,0],
M =110 ot e R\ [-1,0]

and in this case Theorem simplifies to the following corollary:

Corollary 2.4. The following claims are valid:

(i) Let [L] € 2P be a generalised trajectory generated by V on RT. For each
n € Z* and t € RT define

) = [ [e]

Tn

Then [w"] € Y, i.e., it is a classical trajectory generated by V', and [ 4" ] —
[2] in CRTX) 1 s 0o
w LY (RT;W) ’

(i1) Let [5] € 20P[0,T] for some finite T > 0, and define [ ] by for
n>1/T and t € [0,T —1/n]. Then [y] € V[0, T — 1/n] and ppo,r—q [w) ]
tends to ppo.r—q) [ ] 0 {LC;(([[%”?:‘Z]];;);@)} for every e € (0,T) as n — co.

Note that a finite right end-point T' gives rise to technical complications if
S_ > 0. We could have used r = 1| 1) instead and moved the problems to the finite
left end-point 0. Therefore r = 1jg 1j is a common choice of convolution kernel for
left-infinite intervals.

The following corollary provides a test for determining if a given function pair
is a generalised trajectory. The interval RT can be replaced by [a,00), (—o0,b] or
R with trivial modifications of the statement and the proof.

Corollary 2.5. Let [5] € [Lf(ﬁzfv)v)} and define [ ] by (2.10) for allt > 0 and

loc

Ty (1)
n €Z%. Then [§] € 2P if and only if [xn(t)} €V forallt >0 andn € Z+.

wy, (t)
Proof. Tt follows from Theorem [2.2[that the sequence [ " | lies in {21(]55+;:)) } , that

+.
the sequence converges to [ 7] in [Lg(ﬁ%;f%)} as n — oo, and that [4" ] € U for

loc
all n e Z*+ if 2] € .
Conversely, if [zn(t)] € V for all t > 0, i.e., if the sequence [ | lies in U,
wn(t)

for all n € ZT, then its limit [ %] lies in 207 by Definition d

We end this section with a lemma establishing that a pair of functions, which
is a generalised trajectory locally, in fact is a generalised trajectory globally.
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Lemma 2.6. The following claims are valid:

(i) A pair [5] € [L?([gaozg))%)], where —oco < a < o0, lies in WPa,c0) if and

only if prap L] € WPa,b] for all (finite) b € (a,c0).
(ii) A pair[§] € [Lg(g(_fozoblﬂxv)v)}; where —oo < b < o0, lies in WP (—o0, b] if and
only if prap ] € WPa,b] for all a € (—o0,b).

Proof. (i) It follows directly from Lemmal|L.4{iii) for generalised trajectories that
[&] € 2WP[a, 00) implies piqp) [ ] € WP[a, b] for all b € (a,00).

For the converse, assume that [ ] € [LS‘(E‘[’;Q)XV)V)} satisfies ppq.p (4] €
loc ? ?

WP[a, b] for all b € (a,0). Define [y ] by (2.10) for n € Z* and t € [a, c0),

Tn C*([a,00);X) z) s C([a,00);X)
so that [ ] € [C([am);W)] tends to [ ] in {Lﬁc([a,oo);W)} as m — 00

by Theorem [2.2(i,ii). Moreover, claim (iii) of that theorem also yields that
i (1)
|:xn(t):| € V for all t > a, since pg 41 [1] € WP[a,t + 1] by assumption.
Wy, (t)
Definition (1.1 yields that [4" ] € Dla, 00) and that [ ] € WP[a, o).
(ii) This claim is proved in the same way as claim (i), using the convolution kernel
1jp,1) instead of 1[_; g}
U

Before shifting the focus from trajectories to the generating subspace, we
remark that Lemma holds for classical trajectories if we replace 207 by 0. The
proof is trivial.

3. Uniqueness of the generating subspace

We now prove that the generating subspace of a s/s system (207; X', W) is uniquely
determined by 207 through V' = V.« given in ((1.4).

Theorem 3.1. Let 2P[a, b] be the space of generalised trajectories generated by the
closed subspace V-.C R on [a,b], where —oo < a < b < oo. Then the following
claims are true:

(1) If [&] € WP[a,b] and for some t € [a,b) both

) 1 ) 1 t+h
24 = hli)IglJr E(a:(t +h) —z(t)) and w,:= hl;r& E/t w(s)ds (3.1)

exist, then [zz(;)} ev.

w

(ii) We always haltie Vinax C V', where Vinax is given in (L4). If V has property
(ii) of Deﬁm’tion then we have Vg = V.

Proof. (i) Fixt € [a,b) and let [ | be the family of classical trajectory approx-
T (1)
imations of [ ] defined for ¢ € [a,b—1/n] by (2.10)), so that [zn(t)} eV for

wy, (1)
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n > 1/(b —t) by Theorem [2.2(iii). Then

t+1/n ¢
Tn(t) =n % </ xz(s)ds — [ x(s) ds) =n(z(t+1/n) —z(t), (3.2)

which implies that

in(t) z(t+1/n) — a(t)
Vo |z,(t)| =n :H/n xz(s)ds | . (3.3)
wy () ;H/n w(s)ds

If the limits in (3.1) exist, then the right-hand side of (3.3)) tends to [mz(;)}

as n — 0o, and since V' is closed, it then follows that [mz(:t)] eV.

(ii) If z € C([a,b]; X) then the limit 2, in (3.1} equals #(¢) by the definition
of (one-sided) derivative. If w € C([a,b]; W) then the limit w, exists and
equals w(t). Therefore the inclusion Viyax C V holds. The converse inclusion

is implied by (1.4) and Definition ii), because for all E}%] eV

o[ ]emewnl GE53)- [ 8]

O

In [, Sect. 6] we proved that every well-posed s/s system has a unique mazi-
mal generating subspace. In Theorem [3.1] of the present article we have established
that every s/s system is generated by a unique s/s node. Thus the notion of a maz-
imal generating subspace of a s/s system is no longer relevant.

We have the following one-to-one correspondence between a generating sub-
space V' and the generalised trajectories is generates.

Corollary 3.2. If V is closed with property (ii) in Deﬁnition then it holds for
every [a, b], where —oco < a < b < oo, that:

Wla, b] = WP[a, b] N { gl(%“b’]’]yif)) } . (3.4)

Proof. Choose an arbitrary [;,] € 207[a, b] N [gl(%abgj]v“\f))] Then it follows imme-

(t)

diately from Theorem that |:x(t):| € V for all t € (a,b). We have now proved
w(t)

that [ ] € DU[a, b] and the converse inclusion follows immediately from Definition

1 O

A disadvantage with defining a s/s system using the generalised trajectories,
as we did in [4], and therefore also Definition[1.2] is that the spaces 207 depend on
p € [1,00). Using 0P to represent a s/s system leads to unnecessarily complicated
formulations. A clearer way is to simply use the generating subspace V', since 0P
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and V are in 1-1 correspondence for every given p € [1,00). This corresponds to
talking about s/s nodes instead of s/s systems, cf. Definition

Using the results obtained above we are able to simplify and clarify the theory
of well-posed s/s systems presented in [4]. Some minor simplifications of [3] are
also possible, but we leave these untreated. Theorem leads to the following
significant simplification of [4, Def. 3.3], and Definition in the present article
also simplifies similarly.

Definition 3.3. Let the s/s node (V; X, W) be LP-well-posed with trajectories 257.
The triple ¥, /5 = (207; X, W) is called the LP-well-posed state/signal system
(well-posed s/s system) on (X, W) generated by (V; X, W).
An i/o pair (U,Y) is admissible for the system X if it is admissible for
(V3 X, W).

Items (ii) and (iii) of [4, Cor. 3.12] collapse into one and the same statement
that (U, Y) is admissible for the s/s node which generates ¥, given uniqueness of
the s/s node, and this node is automatically well-posed. Moreover, this claim is
by the new Definition equivalent to admissibility of (i/,Y) for X. Thus the
simplified version of [4, Cor. 3.12] reads as follows:

Corollary 3.4. Let —co < a < b < o0, let Xy/5 = (WP; X', W) be an LP-well-posed
s/s system, and let W =U + ).

Then the i/o pair (U,Y) is admissible for the s/s system X if and only if the
operator [ 0 P | maps 2W4[a,b] one-to-one onto LP([a,b];U).

In the setup of item (ii) in [4, Thm 3.15], we now know that A automatically
is the generator a Cj semigroup, and thus there is no need to extend A; see [4]
Def. 3.13] for definitions. A simplified but equivalent version of that theorem is
thus the following:

Theorem 3.5. Let X be a Banach space and let V C [X] be closed. Then V is the
graph

V= { i ] dom (A) (3.5)
of the generator A of a Cy semigroup A on X if and only if (V;X,{0}) is an

LP-well-posed s/s node for some, or equivalently, for all 1 < p < co. In this case
the LP-well-posed s/s system is (207; X,{0}), where

WP = {z e C(RT;X) | x(t)=Axy, t >0, g € X}.
Finally, claim (iv) in [4, Prop. 3.7] has an obvious simplification due to (3.4).

4. Denseness of externally generated classical trajectories

In [4] we often used the assumption that the space of externally generated classical
trajectories is dense in the space of externally generated generalised trajectories on
some interval [a, b], i.e., that Dyla, b] = 2 [a, b]. However, we did not need to pay
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much attention to the actual meaning of the assumption, since it is always satisfied
by well-posed s/s systems. We now provide more insight into this assumption.

It follows from Corollary that for all intervals [a,b], —co < a < b < o0,
the space of externally generated classical trajectories on [a, b] is given by:

ages={[ 2 Jewnan 25591 [26] o)

where we in the case ¢ = —oo interpret {Z]((:ZZ))} = limy o {i((?)} In this

section we thus investigate what it means for Up[a, b] to be dense in the space

@) =0}

We first introduce the notation 7 for the operator which extends its argument
function by zero outside of a given subinterval of its domain:

WP [a, b] :{{ fj} ] € WP[a, b]

x(t), t € a,bl,
(Ma,pz)(t) = 0, t¢lab] where [a,b] C dom (),

and abbreviate 71 1= T o0)-

We can now give a necessary and sufficient condition for Do[a, b] = ¥ a, ]
in terms of extendability of generalised trajectories. Indeed, condition (4.1)) below
means that we can extend every externally generated generalised trajectory by zero

to minus infinity. (The corresponding claim for classical trajectories generated by
a s/s node always holds due to Lemma[1.4])

Proposition 4.1. Let Ugla,b] and Whla,b] be the spaces of externally generated
classical and generalised trajectories generated by a s/s node (V; X, W) on [a,b],
where —oco < a < b < oco.

(i) The space Vola,b] is dense in Wh|a,b] if and only if
x x
[ w :| S Qﬂg[a,b] = P(—00,b]Ta,b] |: w :| € Qﬂp(—oo,b]. (4.1)

(i) If b = oo then ([4.1) is equivalent to the condition that 0% := WH[0,00) is
right-shift invariant:

{Z}eﬂﬁg — VTEO:erTTmr{Z)}EQBg. (4.2)

Proof. (i) Assume that Ugla,b] = Wh(a,b], fix [§] € Wh|a,b] arbitrarily, and

let [ZZ]; be a sequence in Yy[a, b] which tends to [ ] in [L?([(([labl,]xvi/) } . From
Lemma we have that p(_ oo 4)7[a,y) [f}i ] all lie in U (—o0, b]. Moreover, this

sequence obviously tends to p(— oo T[a,5] [ ] N [ch(g(f_ﬁbgf(v)v)] as k — oo,
loc ? )

and the limit thus lies in 20P(—o0, b].
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Now conversely assume that holds and fix [] € Wha,b] arbi-
trarily. Then [g] '= P(=00,b]Tlab] [w] 18 an extension of [;;] to an externally
generated generalised trajectory on (—oo, b] by assumption. Theoremthen
yields that every element in the sequence of functions defined for ¢ € (—co, b]

by
{ i((g ] = /:1 i { gi?) } ds, neZ, (4.3)

which corresponds to the convolution kernel r = 1jg 1, is a classical trajectory
on (—o0,b], and that the sequence tends to [ Z] in 207(—oo, b]. Moreover, it
is clear that 2(t) = 0 and w(t) = 0 for all ¢ < a, and therefore pjq 4 [wr, | lies
in Yp[a, b]. This sequence tends to [ ] in WP[a,b] as n — oo, and we have
proved that Uo[a,b] is dense in 2 a, b].

(ii) Assume that b = co and that holds, and fix [ ] € 2} [a, co) arbitrarily.
We need to prove that 7, o) (4] € WP(R). By Lemma ii), we have

79[ 2] € W and therefore, by assumption, for all 7' > 0 that
—-T a x
P4T T TLT [ w ] eWP =
a x T P Pl
Pl=T,00)T T[a,00) |: w :| €T WP =W [ T, OO)

By Lemmii) andii), we have that 7, ) [] € 77*WP(R) = WP(R)
and thus (4.1)) holds.
We still need to prove that implies when b = co. Let therefore
[&] € W, so that 74 [&] € WP(R) by (4I). By Lemma [L.4]ii) it is then
clear that =77, [2] € 2P(R) for all T > 0, and therefore also that [Z] :=
pi7 Ty [E] € 2P. We obviously have 7(0) = 0 for all T > 0, and the proof
is complete.
O

Proposition should be compared to Lemma 3.6 in [4], where we proved
that denseness of V[0, 7] in 2050, 7] implies that 207[0, T is right-shift invariant.

Proposition 4.2. If Uyla,b] generated by a s/s node is dense in Whla,b] for all
finite b > a then Vyla, 00) is dense in Wh|a, 00).

Proof. We can cover the general case by proving only the case a = 0 and then
applying Lemma ii). Assume thus that 2[0,b] is dense in 205[0,b] for all
b > 0 and fix [J] € 205[0,00) arbitrarily. Then we can for all £k € Z* find a

[g” € Uy[0, k] such that

L] e 2]

2

[BUC([O,k];X) < k
LP([0,k];W)
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By Definition (ii), every {Ek} has some extension to a trajectory {Z)’;} in

{Ek

[0, 00), and by construction [ii} — [&]in WP as k — oo. O

Note that the proof of Proposition .2] depends on property (ii) of a s/s node
in Definition Without additional assumptions we can not conclude from this
proof that Yo (—o0, b] is dense in W (—oo, b] even if Vy[a, b] = Wh|a, b] for all finite
a <b.

Remark 4.3. It is still an open problem if the converse of Proposition 4.2| is
true. Another open problem is to give necessary and sufficient conditions for

the existence of some T > 0, such that Uy[0,7] = 225[0,77], to imply that

0|0, T) = W50, T] for all T > 0.

5. Derivatives and primitives of trajectories

We proved in Corollary that every generalised trajectory of a s/s system that
possesses sufficient smoothness is a classical trajectory. Thus it seems reasonable
that the primitive of a generalised trajectory is a classical trajectory, and that
the derivative of a classical trajectory is a generalised trajectory, at least in some
cases. These questions are the topic of this section.

Let A be the generator of a Cy semigroup 2 on the Banach space X'. Then the
intersection N, ¢z+dom (A™) is dense in X, and for every zo in this intersection,
the function ¢ — Alzg lies in C*°(R™; X); see [7, Thm 3.2.1(vi)]. We now give an
analogous statement for the classical trajectories of s/s nodes.

Proposition 5.1. Let —oo < a < b < 0o, where a = —o0 and/or b = oo.

The space B>[a,b] := Va,b] N C* ([a,b];[%]) of infinitely many times dif-
ferentiable classical trajectories is dense in the space 20P[a,b] of generalised tra-
jectories. If a is finite then

{x(a)| { f] } esUOO[a,oo)} is dense in {x(a)| { f] } ewp[a,oo)}. (5.1)

If a is finite and (WP; X, W) is an LP-well-posed s/s system, as described in Def-
inition [1.6, then the second space in (5.1) equals X .

Proof. If b = co then we choose a r in C*°(R) supported on [—1,0]. Then %krn €

BV (R) for all k € Z* by [5, Ex. 6.23(b)] and it is easy to see that %krn € LY(R).
If a = —oo but b is finite then we choose a r € C*°(R) supported on [0, 1] and
use the same proof as in the case b = co. In the rest of the proof we assume that
b = oo and let r be supported on [—1,0].

Fix [] € 2Pa, 00) arbitrarily and define [ 2] by @2.I). Then [§7] := [ Z |*r,
tends to [Z] in WP(R) and pg,e0) [ur:] € DVla,00) for all n € Z* by Theorem

2.2(i,iii). Moreover, by Proposition for all &k € Z" we have %k [in]=[2Z] =
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(%krn) in [L?(ﬁ;%)}, and therefore pp, ) [0 ] € C*([a,00);[55]). The first
claim is proved.o ’

For the rest of the proof, assume that a is finite. Since [ ] — [ Z] in 207(R),
we in particular have that x,, — 2 uniformly on the compact interval [a, a+1], and
consequently z,(a) — Z(a) = z(a), which proves (5.1)). If (207; X, W) is LP-well
posed, then the second space in equals X’ by [4, Prop. 3.7(iii)]. O

If we consider a finite interval [a, b] in Proposition then we can approxi-
mate an arbitrary generalised trajectory on [a, b] by a sequence of infinitely differ-
entiable functions, which are classical trajectories on either [a,b — €] or [a + €, ],
where ¢ € (0,b — a) can be taken arbitrarily small, depending on whether we
choose r to be supported on [—1,0] or [0, 1], respectively. (Compare this to Theo-
rem iii).) Unfortunately, this approach cannot be used to find an approximating
classical trajectory on all of [a,b] in the case where both a and b are finite, unless
we have additional tools at our disposal.

We now complement Proposition [5.1] by proving that

{ v } €V>®[a,b] = [ v } € U*[a, b] (5.2)
w w
when a = —oo and/or b = co. The following proposition establishes that the

derivative of a classical trajectory on an infinite interval is a generalised trajectory

whenever w is smooth enough to be part of a trajectory, i.e., whenever w € LY .

Proposition 5.2. Let [ ] € Vla,b], —0o0 < a < b < 0o where a = —o0 and/or b =
00, and assume that w is locally absolutely continuous with w,w € LY ([a,b); W).
Then [%] € 2Pa, b].

Proof. We again prove only the case b = oo, since the case a = oo is a trivial mod-
ification of the first case. Fix [§] € Ula, o0) with w € LV ([a,00); W) arbitrarily

and define [ ] by (2.10) for ¢ > a. Then [4" ] € Y[a, o) and similarly to ([3.2))
we obtain

Zn(t) ETn(t+1/n) Zn(t)
Tn(t) | =n| x(t+1/n) | —n| x,(t) | €V
Wy (t) wy(t+1/n) wy (t)

for t > a, where obviously [i’;] € [g(%flag);\fﬂ, so that [iz] € Vla, 00). More-

over, {;:((?)} = nftt-s—l/n [Z;((Z))} ds, and consequently [;”j:] = [Z]in WP|a, o) as
n — oo by Theorem [2.2(i). O

Thus U>|a, b] is invariant under differentiation, i.e., (5.2)) holds, when a =
—o0 and/or b = co. In this case we have the following analogue of Lemma [T.4](i):
. T
W%[a, b] = [ ’ ] ecw([a,b];[gfv])‘ | € C™(a,b);V)
w
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It is also natural to ask if the primitive of a generalised trajectory is always a
classical trajectory. The answer is no, as the following example based on Theorem

shows.

Example 5.3. Let A generate a Cy semigroup ¢ — A%, ¢t > 0, on X and define V by
(B:5). According to Theorem (V;x,{0}) is an LP-well-posed s/s node for all
p € [1,00), and for every zo € X, the function x(t) := Alzg, t > 0, is a generalised
trajectory generated by V. However,

¢ ¢
z(t) :== / x(s)ds = / Wxods, t>0,
0 0

is not a classical trajectory generated by V if zg # 0. Indeed, by [, Thm 3.2.1(ii)],
Z(t) € dom (A) for all t > 0 and

AZ(t) = Alay — Azg = ((iiﬁ) (t) — o # (ia) (t).

The example raises the question if the primitive of an externally generated
trajectory is a trajectory. The answer to this question is positive under the addi-

tional assumption (4.1)).
Proposition 5.4. Let V be a s/s node, let —oco < a < b < oo, and assume that
LBola,b] is dense in 2k |a, b].

If [5] € Wha,b] then [Z] € Vola, b], where

[ g((?) } / { x((ss)) } t € fa,b]. (5.3)
Proof. 1t is clear that [2] € [ %[a ?]Vif))} and that Z(a) = 0, @(a) = 0. By (3.4),

we thus only need to prove that [f%] € WP|a, b]. Define [wﬁy and note that
P(=00,b] [%] € Wi (—oo, b] by assumption and Proposition (1)

Define [, ] by for t € (—o0,b], so that [ ] € B(—o0,b] by Theorem
iii), and set [Z:((?)} = ft [Z:((s)} ds for t € [a, b]. Noting that x,(a) = 0, we
obtain that

(i&}n> (t) = xn(t) = zp(t) — zp(a) = /at ip(s)ds,

and hence [f}" ] € Yla, b):

(£, (1) ¢ | Zn(s)
Zn(t) = / zn(s) | dse€V, te(a,b).
Wy (t) ¢ | wn(s)
Finally, we note that [g } — [Z] in 207[a, b], because
¢

R E )

I B | RSN
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where x,, — x uniformly and w,, — w in LP on compact subintervals of [a, b].
Indeed, it is easy to show that (5.4)) implies that we for all finite b’ € (a, b] have

01,6 (Zn — D)l c(lappx) < (0 = a)llplap)(@n — @)l c(ap)x)  and
[|p1a,br7 (W — ﬁ7)||117;p([a,b/];;\f) <@ - a)l|pla,pr) (Wn — w)”iy([a,b/];;\a)-
O

Note that we assumed a to be finite in Proposition [5.4] but there was no
need to assume that b = oo. The assumption that Ugla, b] is dense in Wh|a, b] was
used at the utilisation of in the first paragraph of the proof. It follows from
Proposition that Yo |a, b] and W [a,b] are invariant under integration, but in
general neither of Yla, b] and WP [a, b] is invariant.
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