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Abstract

Let Z be a maximal nonnegative subspace of a Krein space X', and let X'/Z be the quotient of X
modulo Z. Define

H(Z) = {h eX/Z } sup{—[x,x]/y |x eh} < oo}

It is proved that sup{—[x, x]x | x € h} > 0 for h € H(Z), and that H(Z) is a Hilbert space with norm

Ihllgg 2y = (sup{—Lx, x1x | x € })"/%,

which is continuously contained in X'/ Z, and the properties of this space are studied. Given any funda-
mental decomposition X = —) [+]U of X, the subspace Z can be written as the graph of a contraction
A :U — Y. There is a natural isomorphism between X' /Z and ), and under this isomorphism the space
‘H(Z) is mapped isometrically onto the complementary space H(A) of the range space of A studied by
de Branges and Rovnyak. The space H(Z) is used as state space in a construction of a canonical pas-
sive state/signal shift realization of a linear observable and backward conservative discrete time invariant
state/signal system with a given passive future behavior, equal to a given maximal nonnegative right-shift
invariant subspace Z of the Krein space X = k%_(W) of all Zz-sequences on Zt with values in the Krein
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signal space V. This state/signal realization is related to the de Branges—Rovnyak model of a linear ob-
servable and backward conservative scattering input/state/output system whose scattering matrix is a given
Schur class function in the same way as H(Z) is related to H(A).

© 2008 Elsevier Inc. All rights reserved.

Keywords: Krein space; Hilbert space; Quotient space; Maximal nonnegative subspace; Contractive operator; Passive
system; State space; Signal space; Behavior

1. Introduction

The main result of this article concerns the geometry of Krein spaces, and it describes the
relationship between the orthogonal companion Z-) of a maximal nonnegative subspace Z of
a Krein space X and a certain Hilbert space H(Z) that is continuously (but not necessarily
densely) contained in the quotient space X'/ Z. This result was discovered as a byproduct of our
continuing research on passive linear discrete time invariant s/s (state/signal) systems, which so
far has resulted in the publications [2—-5]. The subspace H(Z) can be interpreted as a coordinate
free version of the de Branges complement of the range space of a contractive operator A between
two Hilbert spaces I/ and ), as will be explained in more detail in Section 3.

Let Z be a maximal nonnegative subspace of a Krein space X, and let X'/ Z be the quotient
of X modulo Z. Define

H(Z)={heX/Z|sup{—[x,x]x | x €h} <oo]. (1.1)

As we shall prove in Theorem 2.3, sup{—[x,x]x | x € h} > 0 for h € H(Z), and H(Z2) is a
Hilbert space with norm

hllzcz) = (sup{—Lx, x1x |x €h})'?, heH(Z), (1.2)

which is continuously contained in X' /Z. In Lemma 2.4 we prove that the following “Schwarz
type” inequality

|[X,Z]X|2<[Z7Z]X([X’X]X+||h||%—[(g))’ hEH(Z)7 Xeh, ZEZ, (13)

holds, and that it collapses to an equality if and only if either [z,z]x = 0 or [z, z]x # 0 and
x = ([x, z]lx/[z, z]x)z + 2" for some z7 € ZIH where ZIH is the orthogonal companion of Z
in X, ie.,

ZH = {x e X |[x,zlx =0forall z € Z}. (1.4)

In Lemma 2.4 and Theorem 2.5 we prove a number of additional results about the space H(Z2),
such as the following. Define the subspace H%(Z) of X'/ Z by

H(2) ="+ 2| ezlH], (1.5)
where z' + Z stands for the equivalence class in X'/ Z which contains z'. Then H°(2) c H(Z2),

and the supremum in (1.1) is achieved if and only if / € HO(Z). The space HO(Z) has a natural
positive inner product induced by X', namely
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@+ 2.4+ 2oz =—[2]. Al 7], 2] €2, (1.6)

and this inner product coincides with the inner product inherited from H(Z). Moreover, H(Z)
is dense in (Z). This means that the Hilbert space H(Z) is the completion of H°(Z). Fur-
thermore, if we define Zp = Z N ZIL then Z [J-]/ Zy can be identified in a natural way with
H(2Z) with the positive inner product inherited from —X’, so that we may also regard H(Z) as
the completion of ZI1/Z, with respect to this inner product.

Since Z!1! can be interpreted as a maximal nonnegative subspace of the anti-space —X" of
the Krein space X, it follows that there is a dual version of the space H(Z) that we denote by
H(ZM1). Connections between the spaces H(Z) and H(Z") are studied in Theorem 2.12.

All our results on the Hilbert spaces H(Z) and H(Z (L], including those mentioned above,
are formulated and proved in Section 2. As we show in Section 3, there is a close connection
between the Hilbert space H(Z) and the de Branges complementary space H(A) induced by
the contraction A that appear in the graph representation of Z with respect to some fundamental
decomposition of the Krein space X'. All the proofs that we give in Section 2 are “coordinate
free” in the sense that they make no use of such a graph representation. They are also self-
contained in the sense that they require no a priori knowledge whatsoever of the de Branges
complementary space H(A). The connection between H(Z) and the space H(A) is described
in detail in Section 3. In this section we have also included some alternative proofs, which are
based on the above graph representation, of some of the results in Section 2. The main reason
for including these proofs is that they illustrate the connection between the space H(Z) and the
space H(A). Our coordinate free proofs in Section 2 are written in the spirit of the original proof
by de Branges and Rovnyak of Theorem 7 in [10], given on pp. 24-26 of that book, whereas the
alternative proofs in Section 3 are written in the spirit of more recent proofs of the same result.

More precisely, to each space H(Z) there corresponds not only one space H(A), but a whole
family of spaces H(A). As is well known, if X = —) [+] U is a fundamental decomposition
of the Krein space X, then each maximal nonnegative subspace Z of X is the graph of a linear
contraction A : U — ), and conversely, the graph of every linear contraction A : i/ — ) between
the Hilbert spaces I/ and Y is a maximal nonnegative subspace of the Krein space X = — Y [+]U.
However, the correspondence between Z and the contraction A is far from one-to-one, since A
obviously does not depend only on Z but also on the choice of the fundamental decomposition
X ==Y [+]U. Tt is easy to see that X is the direct sum of Z and —Y, and this implies that
there is a natural isomorphism 7 : X/Z — ). It turns out that the restriction of 7' to H(Z2) is
a unitary map of H(Z) onto the de Branges complement H(A) of the range space M(A) of
the operator A. As we mentioned above, this makes it is possible to prove some of the results in
Section 2 by appealing to known results about H(A) and M (A) due to de Branges and Rovnyak.
However, it is also possible to proceed in the opposite direction, and to prove results about the
spaces H(A) by appealing to the results about the Hilbert space H(Z) given in Section 2.

As we mentioned at the beginning, the present article is an outgrowth of our research on pas-
sive linear discrete time invariant s/s (state/signal) systems. In Section 4 we describe how the
space H(Z) is used in passive s/s systems theory. There we take X = ki (W), the set of all £2-
sequences on Z1 with values in the Krein signal space WV, with the indefinite inner product in
k_%_ (W) induced by the inner product in WW. The subspace Z is a maximal nonnegative right-shift
invariant subspace of X, or in the state/system terminology, Z is a passive future behavior. The
space H(Z) is used as the state space of the canonical shift realization of a linear observable and
backward conservative discrete time invariant s/s system with the given passive future behavior Z
that we construct in Section 4. This s/s realization is related to the de Branges—Rovnyak model of
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alinear observable and backward conservative scattering input/state/output system whose scatter-
ing matrix is a given Schur class function in the same way as H(Z2) is related to H(A). The latter
model has been studied in [9,10], and the more recently in [1], with a different terminology: there
the given Schur class function is realized as the “characteristic function” of a “coisometric and
closely outer connected colligation.” The idea of using a quotient of two vector valued sequence
spaces as the state space of a (not necessarily passive) finite-dimensional input/state/output real-
ization of a given rational transfer function with finite-dimensional state, input, and output spaces
goes back to Kalman; see, e.g., the last part of [11].

Notations and conventions. The space of bounded linear operators from one Krein space X
to another Krein space ) is denoted by B(X;)). The domain, range, and kernel of a linear
operator A are denoted by D(A), R(A), and N'(A), respectively. The restriction of A to some
subspace Z C D(A) is denoted by A|z. The identity operator on X is denoted by 1. The
projection onto a closed subspace ) of a space X along some complementary subspace U is
denoted by PY or by Py if ) and U are orthogonal with respect to a Hilbert or Krein space
inner product in X.

We denote the ordered product of the two locally convex topological vector spaces ) and U

by [21] ], and sometimes write ) + U for [ 2{} ] (interpreting ) + U as an ordered sum), identifying

vectors [ ;] and [3] with y and u for y € Y and u € .

The inner product in a Hilbert space X" is denoted by (-,-) x, and by [-,-]x in the case of a
Krein space &X'. The orthogonal sum of two Hilbert spaces ) and U is denoted by J @ U/, and the
orthogonal sum of two Krein spaces ) and U/ is denoted by ) [+] . We identify &/ and Y with
the appropriate subspaces of these sums.

A Hilbert space Y is continuously contained in a topological vector space X if ) is a subspace
of X, and the inclusion map of ) < X’ is continuous.

If X is a Krein space with inner product [-,-] x, then the Krein space —X is the same vector
space with the inner product —[-,-] . We call —X the anti-space of X.

2. The Hilbert space H(Z)
2.1. Preliminaries on Krein spaces

We assume the reader to be familiar with basic notions and results in Krein space theory.
A short introduction to this theory can be found in, e.g. [1], and more detailed treatments in [6]
or [7]. Nevertheless, we include here a short summary of Krein space theory in order to establish
the notations.

Let X be a Krein space. This means that X’ is a vector space with an indefinite inner prod-
uct [-,-]x, and that X has a fundamental decomposition X = —Y [+] U, where ) and U
are Hilbert spaces. The topology of & is the one induced by the Hilbert space norm Ix)? =
—[y, ylx + [u, u]x, where x =u + y with y € ) and u € U (different fundamental decomposi-
tions give different but equivalent norms). Such a norm is called an admissible norm.

A subspace Z of X is nonnegative if [x, x]x > 0 for every x € Z. It is maximal nonnegative
if it is not properly contained in any other nonnegative subspace of X'. Nonpositive and maximal
nonpositive subspaces are defined analogously. The orthogonal companion Z11 of a subspace Z
is defined by (1.4). It is well known that (ZIH1)[H] = Z if and only if Z is closed. The subspace
Z is neutral if [z, z]x = O for all z € Z, or equivalently, if Z ¢ ZI4! Tt is called Lagrangian if
zZW =z
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A nonnegative subspace Z is uniformly positive if it is a Hilbert space with respect to the
inner product inherited from X, and it is uniformly negative if it is a Hilbert space with respect
to the inner product norm inherited from —X. If Z is both uniformly positive and maximal
nonnegative, and only in this case, Z induces a fundamental decomposition

x=zWhz, @1
and Z* uniformly negative and maximal nonpositive. In general the intersection
Zy:=2ZnzZH (2.2)

can be different from {0}. It is the maximal neutral subspace contained in Z, and at the same
time the maximal neutral subspace contained in Z!*1,
In the proof of Theorem 2.3 below we shall need the following lemma.

Lemma 2.1. If Z is a maximal nonnegative subspace of a Krein space X, then

X=Z+Y (2.3)
for every uniformly negative and maximal nonpositive subspace ) of X.

Proof. If x € Z N ), then, on one hand, [x,x]y > 0 since x € Z, and on the other hand
[x, x]x < 0since x € Y. The uniform negativity of ) implies that x = 0. Thus, Z N Y = {0}.

We next show that Z + ) is dense in X, or equivalently, that x = 0 whenever x € (£ + Y,
The condition x € (Z + V) is equivalenttox € Z L1 Y Since Z is nonpositive and Yl
is uniformly positive, this implies that x = 0 (by an argument analogous to the one above).

Finally, we show that Z + ) is closed in X. Let x, =z, +y, — x in X, with z,, € Z and y, €
Y. Let Py and Py1) be the complementary orthogonal projections onto ) and Y respectively.
Then, for each n and m,

0<zn —zm>2n — Zmlx

= [Py(Zn —zZm), Py(zn — Zm)]X + [Pylil (zn — zm), Pylil (zn — Zm)]X’

and hence

0< _[P)}(Zn —2Zm), Py(zn — Zm)]/y
<[ Py1e1(@n = zm)s Pyisi (zn — 2m) ]
= [Py (xn = xm), Pyt (Xn — Xm)] -

Here the final expression tends to zero as n, m — 00, hence so do the other two. As both —) and
YH are uniformly positive, this implies that both Py, (z, — z,,,) and Pym (zn — zm) tend to zero
in X as n, m — oo, and consequently z, — z; — 0 in X as n, m — oo. By the completeness
of X, the limit lim,—, ~ 2, := z exists, and hence also lim;,_, » y, := y = x — z exists. Both Z
and Y areclosed,soze Z,yeY,andx=z+yeZ+)Y. O
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The partial converse of Lemma 2.1 is also true: if Z is nonnegative and (2.3) holds for some
uniformly negative and maximal nonpositive subspace, then Z is maximal nonnegative.

2.2. Preliminaries on quotient spaces

Let X be a topological vector space, and let Z be a closed subspace of X. The quotient space
of & modulo Z (or over Z) is denoted by X' /Z. Each element in X'/ Z is an equivalence class
of vectors in X, where x| and x» € X are considered to be equivalent if x; — x» € Z. Thus, each
equivalence class is a closed affine subset of X'. The equivalence class in X' /Z which contains
a particular x € X is denoted by x 4+ Z. The quotient X'/ Z is a vector space with addition and
scalar multiplication defined by (x; + Z) + (x2 + 2) = (x; +x2) + Zand A(x + Z) = (Ax) + Z.
The quotient map x +— x + Z is denoted by 7z, or shortly by w. The quotient topology in X/ Z
is the one inherited from X through the quotient map =, i.e., £2 C X/Z is open in X /Z if and
only if its inverse image 77 ~! (£2) of £2 is open in X. The quotient map m is obviously linear, and
it is both continuous and open with respect to the quotient topology in X'/ Z.

If the topology in X is induced by a Hilbert space norm || - ||y, then the topology in X'/ Z is
induced by the Hilbert space quotient norm

Il x 2 = min{lxllx | x € k). (2.4)

In particular, this is true if X is a closed subspace of a Krein space (since the topology of a
Krein space is induced by a Hilbert space norm). In both these cases the quotient map  has a
bounded right-inverse, since 7 is surjective, and since the topologies in X'/ Z and X are induced
by Hilbert space norms. If Z is a maximal nonnegative subspace of a Krein space X, then we
can say more:

Lemma 2.2. If Z is a maximal nonnegative subspace of a Krein space X and Y is an arbitrary
uniformly negative and maximal nonpositive subspace of X, then the quotient map w : X —
X/ Z has a unique bounded right-inverse T with range ).

Proof. By Lemma 2.1, W = Z + Y. This implies that the restriction of the quotient map 7 z to
Y is a continuous linear bijection from ) to X'/ Z. Since the topology in X'/ Z is induced by a
Hilbert space norm, this implies that the inverse 7 of this map is continuous. This map 7 is the
unique right-inverse of 7z with R(T)=). O

2.3. The space H(Z)

As an introduction to our first main result, presented in Theorem 2.3, we first consider the case
where Z is a uniformly positive maximal nonnegative subspace of X'. Then (2.1) is a fundamental
decomposition of X, and every x € X has a unique decomposition

x=z 42z, with ezl and z, € 2;
here zi = Pzux and z, = Pzx. When x is decomposed in this way we get, for every z € Z,
[x—z,x—z])c:[zi + (zx —2), 20 + (22 —z)]X

= [ZI,ZHX +[zx — 2, 2x — 2]
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where z, — z € Z. Hence, since Z is nonnegative,

SUP(—[x—z,x—Z]X)=—[Z1,Z1]X, (2.5)
z€Z

and z, is the unique vector in Z for which the supremum is achieved. The right-hand side is the
square of the norm of zi in the Hilbert space —Z], and the left-hand side can be interpreted
as the square of a Hilbert norm in the quotient space X' /Z. We denote X'/Z equipped with
the above norm by H(Z), and denote the norm of 4 € H(Z) by (1.2). With this notation (2.5)
becomes

Ix + 21134z, = —[2}. 21 ] 4 (2.6)

where x + Z stands for the equivalence class in X'/ Z to which x belongs. The mapping x +—
zl := Pz is a unitary map of H(Z) onto — 21, whose inverse z > 27 + Z is the restriction
of the quotient map 7 to ZI*1,

We now proceed to discuss the general case where Z is maximal nonnegative but not neces-
sarily uniformly positive. In this case the supremum in (1.1) can be infinite for some equivalence
classes h € X'/ Z, and, if finite, it need not always be achieved for some z € Z. Nonetheless, we
define H(Z) to be the subset of X'/ Z for which the supremum in (1.2) is finite. As we show in the
following theorem, it is still true that H(Z) is a Hilbert space which is continuously contained in
X/Z.

Theorem 2.3. Let Z be a maximal nonnegative subspace of a Krein space X. Define H(Z)
by (1.1), and define || - |11 (z) by (1.2). Then H(Z) is a Hilbert space with the norm || - |11z)
which is continuously contained in X | Z.

Proof.

Step 1 (The supremum in (1.1) in nonnegative). If h = Z, then the supremum in (1.1) is zero
since Z is nonnegative. We claim that the supremum is strictly positive if it is finite and & # Z.
Suppose that xo € & but xg ¢ Z, and that sup{—[x, x]x | x € h} <0, i.e., that

[xo+z,x0+2lx 20, ze€Z. 2.7

Define 2’ = {Axg+z | A2 € C, z € Z}. Then Z’ is a subspace which strictly contains Z. We
claim that Z’ is nonnegative. If A = 0 then [Axg + z, Axg + z]x > 0 because of the nonnegativity
of Z, whereas if A # 0, then

1 1
[Axo + z, Axo + 2]y = |k|2|:xo + 2 %0+ Xz} >0 (2.8)
X

because of (2.7). This proves that Z’ is nonnegative. However, Z was assumed to be maximal
nonnegative, so it cannot have a nontrivial nonnegative extension. This shows that (2.7) cannot
hold, and consequently the supremum in (1.1) is strictly positive.
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Step 2 (|Ahllz) = MR llHz) for all h € H(Z)). If A =0, then both sides are equal to zero,
and if A # O this follows from the same identity that was used in (2.8).

Step 3 (|| - (=) satisfies the parallelogram law). It is easy to verify that for all x1, x, € X and
Z1, 22 € Z we have

[x1 +x2+z1, x1 +x2+z1]lx + [x1 —x2 + 22,1 —x2 + 22]x

1 1
= Z[Jq + —(z1 +22), x1 + = (21 +z2)]
2 2 y

1 1
+2x+ (1 —22), X2+ =(z1—22) |
2 2 v

and hence

lx1 + x2+ 213y z) + 61 — x2 4 21342,

= sup (—[xi+x2+zi,x+x+zily
21,2262

—[x1—x2+ 20, %1 — X2+ 22]x)

1 1
=2 sup <—|:x1 + E(Zl +z2), 1+ E(Zl +z2)}

21,2262 X

1 1
— [)Q + 5(11 —22), X2 + E(Zl - Z2):|X)

=2 sup (—[x14+zx1+2)]y — [2+25x2+25]y)

7},25eZ
=2llx1 + 23y z) + 21x2 + 21y z)-

This shows that || - || (z) satisfies the parallelogram law.

Step 4 (H(Z2) is a subspace and || - ||z is a norm in H(Z) induced by an inner product).
It follows from the homogeneity property proved in Step 2 and the parallelogram law proved
in Step 3 that if both sup{—[x,x]x | x € h1} < oo and sup{—[x,x]x | x € hy} < oo, then
sup{—[x, x]x | x € Ah| + Axh2} < oo for all A, Ao € C. Thus H(Z) is a subspace of X'/ Z.
Since || - ||z is a strictly positive homogeneous function on H(Z) satisfying the parallelo-
gram law, it is a norm on H(Z) induced by an inner product in H(Z), which can be defined in
terms of || - ||3¢(z) via the standard polarisation identity

A+ 2.0+ Dnz) = Ix +x2+ 2Nz — Il —x2+ Zllyz,
+illxr+ixy+ 2l z) —ilx —ixa+ Zll3yz)-
Step 5 (The inclusion map H(Z) — X /Z is continuous). Let h, — 0 in H(Z), and let R be a

bounded right-inverse to the quotient map rr with a uniformly negative range (such a right-inverse
exists by Lemma 2.2). Then Rh, € h,, and hence —(Rh,,, Rh,)x < ||hy ”%1(2)' This implies that
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liminf,_, oo (RA,, Rhy)x > 0. Together with the fact that the range of R is uniformly negative,
this implies that Rh,, — 0 in X as n — oco. Consequently, h, =t Rh, — 0in X/ Z.

Step 6 (The space H(Z) with the norm || - ||1¢(z) is complete). Let {h,}> , be a Cauchy sequence
in H(Z). Since the inclusion map H(Z) < X'/ Z is continuous, {4,}°, is also a Cauchy se-
quence in X'/ Z, and since X' /Z is complete, h, converges to some limit z in X'/ Z. We claim
that h € H(Z), and that &, converges to & in H(Z).

Let € > 0, and choose N so large that ||k, — h;ll34(z) < € whenever both n > N and
m > N. Let R be a continuous right-inverse to the quotient map 7 (such a right-inverse ex-
ists by Lemma 2.2), and define x, = Rh, and x = Rh. Then h, =x, + Z, h=x+ 2, x;, > x
in X as m — o0, and for every z € Z,

—[x —xp+z,x —xp 4+ zlx = lim (—[xn — x4 + 2, X0 — X0 + 2]x),
m—00

where

—[xm — X0+ 2, Xm — Xp + 2]y < lXm — X0 +Z”%-[(Z) < e

whenever both n > N and m > N. Hence

—[x —xp +2,x — X, + 2]y < €

for all z € Z when n > N. By the definition of || - |lxz), x — x4 + Z € H(Z) and
lx —xp + ZllHz) <€.Since x, + Z e H(Z) alsox e H(Z),and hy =x, + Z—>x+2Z=h
inH(Z)asn—>o00. O

2.4. Properties of the space H(Z)

We continue to study some properties of the Hilbert space H(Z). In particular we will show
that the subspace HO(Z) defined in (1.5) is a dense subspace of H(Z). We begin with a prelimi-
nary lemma.

Since Z is an nonnegative subspace of X', the Schwarz inequality says that

|[x, z])c|2 <z zlxlx, xly, x,ze 2.
A generalisation of this inequality is presented in part (1) of the following lemma.

Lemma 2.4. Let Z be a maximal nonnegative subspace of a Krein space X.

(1) The inequality (1.3) holds.

(2) The inequality (1.3) collapses to an equality if and only if either [z,z]x =0 or [z,z]x #0
and x = ([x, zlx /12, 2]x)z + 2" where 77 € 21,

(3) The supremum in (1.1) is achieved if and only if h =z + Z for some z' € ZW, and in this
case the supremum is equal to

max{—[z" +2,2" +z2], |z€ 2} =—[z". 2], (2.9)
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@ Ifzf e 2 x e X, and x + Z e H(Z), then 7' + Z e H(Z) and

"+ 2, x4 2) iz =—[" x]x (2.10)

Proof.
Proof of claim (1). Let h e H(Z), x € h,z € Z, and A € C. Then

—[x — Az, x — Azlx < Ikl z),

or equivalently,

ALz, 2y — 29R[x, Azly + [x, x1x + 1Al z) > 0. .11)

If [z, z]x = 0, then this implies that [x, z]x = O (since the inequality is true for all A € C),
so (1.3) holds in the trivial form 0 = 0. If [z, z]x # O, then we can take A = [x, z]x/[z, z]lx
in (2.11) and multiply the resulting formula by [z, z] x to get (1.3).

Proof of claim (3). It h = z" + Z for some z" € ZI*, then
[+t 2]y =[N ]y — o ale < —[2F. 2]

The supremum in (1.1) is achieved by taking z = 0, and it is equal to —[z", z7]x.
Conversely, if the supremum in (1.1) is achieved at some point xo € &, then it follows
from (1.3) with x replaced by xq that [xg, z]x = 0 for all z € Z. Consequently, xg € Z L1

Proof of claim (2). If the inequality (1.3) holds in the form of an equality and [z, z]x # 0O, then
we get equality in (2.11) by taking A = [x, z]x/[z, z]x. This implies that the supremum in (1.1)
is achieved for the vector x — ([x, z]x/[z, z]x). By claim (3), x — ([x, zlx/[z, zlx) € 2.

Proof of claim (4). It follows from part (3) that '+ Z € H(Z). In order to prove (2.10) is suffices
to prove that, for all 77 e ZHl and x € X with x + Z € H(Z) we have

Jx+2"+ Z“?{(Z) =lx+ Zll3yz) — [ aly =[x 2 ] + [+ Z”?{(Z)’ (2.12)

because (2.10) then follows from the polarisation identity. However, for all ezl xex
withx + Z e H(Z),and z € Z,

—[r+f a2y =—x+ x4y - [x.2]y
- [ZT’X]X - [ T’;]X_ (2.13)

After taking the supremum over all z € Z and using the fact that ||z7 + Z||%{(Z) =—[z%, Z'1x
we get (2.12). O

The following theorem contains a geometrical interpretation of the Hilbert space H(Z) as the
completion of the pre-Hilbert space H°(Z) with the inner product given in (1.6).
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Theorem 2.5. Let Z be a maximal nonnegative subspace of a Krein space X. Then the subspace
HO(Z) of X/ Z defined in (1.5) is a dense subspace of the Hilbert space H(Z) defined in Theo-
rem 2.3, and the inner product in HO(2) inherited from H(Z2) is given by (1.6). Thus, H(Z) is a
Hilbert space completion of the space H°(Z) with the inner product (1.6).

Proof. It follows from part (3) of Lemma 2.4 that H°(Z) C H(Z). That the inner product in
HY(Z) inherited from H(Z) is given by (1.6) follows from (2.10).

To show that the H° (Z) is dense in H(Z) it suffices to show that (HO (2Nt ={0}.Letx e X
and x + Z € H(Z), and suppose that (x + Z, zT + Z)nz) =0 forall 7" € ZI1 Then by (2.10),
[x,z'1x =0 for all z¥ € ZH1, and hence x € (ZHNH = Z and x + Z = Z is the zero vector
inX/Z. 0O

2.5. The spaces 251 2y and U(Z)

Up to now we have concentrated our attention on the two subspaces H(Z) and H°(Z) of
X /Z. 1t turns out that the latter of these spaces is closely related to the space Z[11/ 2, where as
before Zy = ZN ZL) The space 2111/ 2 is defined in the standard way as the quotient of Z*]
modulo its closed subspace Zg. Since the topology in Z*! inherited from —X is induced by a
Hilbert space norm, it follows that also the standard quotient topology in ZI*1/Z is induced by
a Hilbert space norm. In particular, 21/ 2 is complete with respect to the quotient topology.

We define the space U/ (Z) to be the same vector space as 211/ 2y, but with a different topol-
ogy induced by the positive inner product inherited from —&’, i.e.,

7 i Pt e
(1 + 20,23 + Z0)yy 2y = —L21- 2] nr 21025 € ZH. (2.14)

That this is, indeed, a positive inner product on the vector space Z*1/Z, follows from the fact
that Z4 is a nonnegative subspace of —X’, and that Z is the maximal neutral subspace in Z11,
The topology induced by this inner product is weaker than the standard quotient topology of
z /20, so that the embedding of zlH /2o in U(Z) is continuous. However, the inverse of
this embedding map need not be continuous, and ¢/(Z) need not be complete. Thus, U (2Z) is a
unitary space (a pre-Hilbert space), but U/ (Z) need not be a Hilbert space. It is a Hilbert space if
and only if ZI1 is the direct sum of Z( and a uniformly negative subspace in X, or equivalently,
if and only if Z is the direct sum of Z( and a uniformly positive subspace in X. In this case (and
only in this case) the topologies of 21/ 2 and 1(Z) coincide.

Theorem 2.6. Let Z be a maximal nonnegative subspace of a Krein space X. Define Zy =
Zn 2 and ler U (2), HO(Z), and H(Z) be the spaces defined earlier in this section. Then
the formula

S +20)=z"+2, xTezl (2.15)

defines an linear isometric map S from the unitary space U(Z) into the Hilbert space H(Z) with
R(S) = HO(Z). In particular R(S) is dense in H(Z).

Proof. That (2.15) defines a linear isometric operator S from ¢/ (Z) onto HO(Z) follows from the
formulas (2.14) and (1.6) for the inner products in 2/(Z) and H°(Z), respectively. That H°(Z)
is dense in H(Z) is part of the conclusion of Theorem 2.5. O
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Remark 2.7. The linear bijection S defined in (2.15) is an isomorphism with respect to the two
inner products in U (Z) and HO(Z), and it is still continuous if we replace the topology in U (Z)
by the quotient topology of Z1/Z, or if we replace the topology in H°(Z) by the quotient
topology inherited from X’/ Z. This follows from the fact that the quotient topology in Z+1/ 2,
in stronger than the inner product topology of U/(Z), and that the inner product topology of
HY(Z) is stronger than the quotient topology inherited from X' /Z. However, the inverse S~!
need not be continuous with respect to the quotient topologies. It is continuous if and only if
Z is the direct sum of Z( and a uniformly positive subspace. In this case the spaces U (Z) and
HO(Z) are complete, and hence HO(Z)=H(Z) and S is a unitary map of U (Z) onto H(Z).
Theorems 2.14 and 3.7 list a number of other equivalent conditions for this case to occur.

2.6. Further properties of the space H(Z)

Convergence of a sequence in H(Z) is related to convergence of the corresponding represen-
tatives in X as follows.

Lemma 2.8. Let Z be a maximal nonnegative subspace of a Krein space X, and let H(Z) be the
Hilbert space defined in Theorem 2.3.

D) If yn+ Z2 —> x+ Z in H(Z) as n — 00, then there exists a sequence x, € X such that
Xp—>xinXandx,+Z=y,+ 22— x+ Z in H(Z) as n — o0o. The same claim remains
true if we throughout replace the strong convergence by weak convergence.

(2) Given any x + Z € H(Z) there exists a sequence x, € Z + ZW such that x, — x in X and
Xp+Z—=>x+ZinH(Z)asn— 0.

Q) If 2 e 2 and sup,l>0(—[z;,z;r,];\g) < 00, then there exist a vector x € X, a subse-

quence ZZ./" and a sequence Zn; € Z such that z;;_j +2zn; > x weakly in X and zj,_/. + Z—
x + Z weakly in H(Z) as j — oo.

Proof.

Proof of claim (1). Since H(Z) is continuously contained in X'/ Z, the sequence y, + Z con-
verges to x + Z also in the topology of X'/ Z. The quotient map 7 z has a bounded right-inverse,
and this implies that there exists a sequence x, € X which tends to a limit x’ € X such that
X, +Z =y, + Zforalln and x’ + Z = x + Z. In particular, x — x’ € Z. Define x, = x,, + x —x’.
Then x, + Z=y, + Z foralln, x, + Z — x + Z in H(Z), and x, — x in X as n — oo. The
version where the strong convergence has been replaced by weak convergence is proved in the
same way.

Proof of claim (2). Since HO(Z) is dense in H(Z), for each x + Z € H(Z) there exists a sequence
yp € ZH such that y, + Z — x + Z in H(Z). By applying claim (1) to this sequence we can
find a sequence x,, satisfying the conclusion of claim (2), since the condition x, + Z =y, + Z
implies that x,, € Z 4+ 2.

Proof of claim (3). For each zl we have ||z,T, +Z ||%{( 2= —[zZ, z,T,] x> so the given condition im-

plies that the sequence z:g + Z is bounded in H(Z). The unit ball in H(Z) is weakly sequentially
compact, and hence some subsequence z,; + Z converges weakly to a limit x + Z in H(Z). The
conclusion of claim (3) now follows from claim (1). O
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Proposition 2.9. Let Z be a maximal nonnegative subspace of a Krein space, and define H(Z2)
as in Theorem 2.3. Then ||x + Z|| z) defined in (1.2) (finite or infinite) is equal to

Ix + Zlnez) =sup{|[z", x] | | 27 € 2H and —[27, 7], <1} (2.16)

Proof. If x € X and x + Z € H(Z), then (2.16) follows from (2.10) and density of HO(2)
in H(Z). Conversely, suppose that the supremum in (2.16) is finite. Then the linear functional
F(z") :=[z",x]x : 21 — C is bounded on ZM] (with respect to the semi-norm inherited
from —X’). However, every such functional can be interpreted as a bounded linear functional on
HY(Z) with respect to the norm inherited from H(Z). Since H(Z) is dense in H(Z) and H(Z)
is a Hilbert space, there is some y + Z € H(Z) such that F(z") = P+ 2, y+ Z]nz) for every
zF e 2. By (2.10), 27 + 2.y + Zlyz) = [27, yla. Thus, F(2") =[z7. x]x = [2", ylx for
all z¥ € ZIH), This implies that x — y € Z, and so x + Z =y + Z € H(Z). As we observed
above, this implies (2.16). O

Given a maximal nonnegative subspace Z of a Krein space X we define L(Z) by
LEZ)={x+Z|xez+ 2} (2.17)
Lemma 2.10. The set L(Z) defined above is a closed subspace of X | Z.

Proof. It is easy to see that £(Z) is a subspace. To see that it is closed we argue as follows. Let
hy € L(Z),and let h,, - hin X'/ Z as n — oo. Let R be a bounded right-inverse of the quotient
map 7wz, and define x, = Rh, and x = Rh. Then x, — x in X as n — oo, and x, + Z =
h, € L(Z) for all n. This implies that x, — y, € Z for some y, € Z + Zl11, and consequently
X, € Z 4+ ZL] Therefore also x =lim, o0 X, € 2+ ZH. Thush=x+ Z e L(Z). O

Proposition 2.11. Let Z be a maximal nonnegative subspace of a Krein space, and let H(Z)
and H°(Z) be the spaces defined earlier in this section. Then the closure in X | Z of each of the
spaces HO(Z) and H(Z) in X/ Z is equal to L(Z) defined in (2.17).

Proof. In view of claim (2) of Lemma 2.8 and the continuous inclusion of H(Z) in X/Z,
H(Z) C L(Z). Consequently,

HO(Z) CH(Z) C L(Z) =L(Z2).

To complete the proof we still have to show that £(Z) C H%(Z). Take any h € L(Z), and choose

some x € Z + Z1! such that h = x + Z. Then there exists a sequence x, € Z + Z (L] such that
X, — x in X as n — oo. By the definition of HO(Z), xn+Z e HY(Z) forall n. By the continuity

of the quotient map rz, x, + Z2—>x+Zin X/Z,andsoh=x+ Z € HY(Z). O

2.7. Relation between H(Z) and H(Z1)

If Z is a maximal nonnegative subspace of a Krein space X, then Z!*] can be interpreted as
a maximal nonnegative subspace of the anti-space —&" of X'. We can therefore repeat the same
construction presented above with X replaced by —X’, and with Z replaced by Z!* to get the
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Hilbert space H(Z"1) which is a Hilbert completion of the inner product space H°(Z!"1). The
unitary space U (Z!*) is obtained in an analogous way, and it can be canonically embedded in
the Hilbert space H(Z).

As the following theorem shows, there are certain connections between the two spaces H(Z2)
and H(Z1). To explore this connection we investigate the following two subspaces of X:

X2)={xeX|x+ZecH(2D), (2.18)
X(ZH) ={xex|x+z2H en(2H)). (2.19)

Indeed, they are subspaces, since X' (Z) is the inverse image of H(Z) under the quotient map 7 z,
and X (Z) is the inverse image of H(Z1)) under the quotient map 7 z(1).

Theorem 2.12. Let Z be a maximal nonnegative subspace of a Krein space Z, let Zg = ZN 2+,
and let X(2), X(Z1)), H(Z), HY(2), H(ZW)), and HO(ZH) be the spaces defined above.
Then the following claims are true.

() X(2)=x(2Z1h.

Q) Z2+zH cxz)cz+ zHL.

(3) Zy is the maximal subspace of Z + Z which is orthogonal to Z + ZW and the same
statement remains true if we replace Z + Z11 by X (Z) or by Z + 2111,

(4) Let F be one of the spaces listed in part (2). Then the formula

y1 + 20, 2+ 20lF/zy = D1, 2l 1,2 €F, (2.20)

defines a nondegenerate indefinite inner product in the quotient space F | Z.
(5) The formula

0(x + Z0) = [x)fzﬁ]] . xeX(2), 2.21)

defines a linear isometric map from the space X(2)/Zy with the inner product defined
in (2.20) with F = X(Z2) into the Krein space —H(Z) [+] H(Z™)). The image of (Z +
Z1)/ Zo under Q is —H°(2) [HIHO(ZM). In particular, both R(Q|(z, 21y, z,) and R(Q)
are dense in —H(Z) [+] H(ZH).

Proof.

Proof of claim (1). Let x € X and x + Z € H(Z). It follows from (1.6) and (2.12) that

[x+z5 x+2 ]y =loxle + [ x]p + [x 2T + [ 2]

2
= llx + Zll3yz) + [, Xl — |2 + 27+ 2|3 z)-
Taking the supremum over all z' € Z1 we find that x + Z41 € H(Z1]), and that

[L]2 _ 2 — i i :
x4+ 25y 2y = I1X + Zll3yz) + [x, x]x Zé%fm [ +2 +Z”H(Z)'
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Since H%(Z2) is dense in H(Z), the infimum is zero, and hence
2
[x, x1x = —llx + Zll3z + |x + 2 I3zt (2.22)

That x + Z € H(Z) whenever x + ZH e H(ZMH) can be proved in the same way (or by
replacing X by —X and Z by Z4),

Proof of claim (2). That Z 4+ Z ¢ X (Z) follows from part (3) of Lemma 2.4, and that X' (Z) C
Z + ZUI follows from Proposition 2.11.

Proof of claims (3), (4). The straightforward proofs of claims (3) and (4) are left to the reader.

Proof of claim (5). That Q is well defined it follows from the fact that N'(wz) NN (7w z111) = 2.
That Q is an isometry follows from (2.20) and (2.22). The remaining claims are obvious. O

Remark 2.13. The operator Q in (2.21) is also a well-defined continuous linear map from

Z+ 202y ino [ )15)]

in —H(Z2) [+] H(Z™)), neither does it necessarily contain —H(Z) [+] H(Z). In fact, the
space X' (Z) is the maximal subspace of X whose image under this extended map Q is contained
in —H(Z) [+]1H (2. However, the image of X' (Z) need not be all of —H(Z) [+]H(ZH). To
see this it suffices to observe that the intersection of the image with the closed subspace —H(Z)
of —H(Z) [+] H(Z™)) is equal to —HO(Z). It is not difficult to show that the image is all of
—H(Z) [+]1H(ZWy if and only if HO(Z) = H(Z).

, but the range of this extended map is not necessarily contained

Theorem 2.14. Let Z be a maximal nonnegative subspace of a Krein space X, let Zy = ZN ZI1],
and let H(Z), H(ZW), HO(2), HO(ZW)), u(2), U2, and X(2) be the spaces defined

above. Then the following conditions are equivalent.

(1) Z = 2y [+] Z4 where Z is a uniformly positive subspace of Z.

(2) 2 = Z_[1] Zy where Z_ is a uniformly negative subspace of Z.

3) 2+ 2 = Z_ [4] 29 [+] Z4, where Z_ and Z, are uniformly negative and positive

subspaces, respectively, of X.

4) Z+ ZW s closed in X.

(5) U(Z2) is a Hilbert space.

(6) UZHY is a Hilbert space.

(7) HY(2) =H(2).

(8) HO(ZHh) =H(zMH).

9 (Z2+ Z[J‘])/Zo is a Krein space with the inner product defined in (2.20).
(10) X(2)/2y is a Krein space with the inner product defined in (2.20).
(1) X(2)=Z + 2.

Proof.

Proof of the equivalence (2) < (5). Let Z_ be an arbitrary direct complement to Zy in Z+.
Then by, e.g. [7, Lemmas 5.1 and 5.2, p. 11], Z_ with the inner product inherited from —X is
isometrically isomorphic to U/ (Z). Thus, U (Z) is a complete if and only if Z_ is complete, and
this is true if and only if Z_ is uniformly negative.
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Proof of the equivalence (5) < (7). The operator S defined in (2.15) is an isometric map of I/ (Z)
onto H%(Z), so U(Z) is complete if and only H°(Z) is complete, and this is true if and only if
HO(Z) = H(Z) (since H(Z) is a completion of HO(2).

Proof of the equivalence (7) < (9). The operator Q defined in (2.21) is an isometric map of
(Z + 21y /25 onto —HO(Z) [+] HO(ZH)). Thus, (2 + 2H1)/ 2, is complete if and only if
—HO(2Z) [+]1 HO(Z21)) is complete, which is true if and only if H0(Z) = H(Z2).

Proof of the equivalence (7) < (11). This follows from the definitions of H°(Z) and X (Z).

Proof of the implication (9) = (10). The operator Q defined in (2.21) is an isometric map
of X(2)/2Zy into —H(Z) [+] H(Z™)) which contains the image of (Z + Zl1)/Z,. If
(Z + 21/ 2, is complete, then this image coincides with —H(Z) [4+] H(Z™) (being
dense in —H(Z) [+] H(Z2!1)), and hence also the image of X (Z)/Zy must coincide with
—H(Z) [+]1 H(Z™]). This means that X (2)/ 2y is complete.

Proof of the implication (10) = (7). If (10) holds, then the image of X (Z)/Z, under the iso-
metric operator Q in (2.21) coincides with —H(Z) [+] H(ZM) (being dense in —H/(Z) [+]

H(Z1)). In particular, the range must contain every vector of the form [g], where £ is an ar-

bitrary vector in H(Z) (and the H(Z [J-])-component is zero). However, it is easy to see that the
intersection of the image of X'(Z)/Zo under Q with the subspace where the H(Z!*))-component
is zero is equal to H°(Z). This implies that H(Z) C H°(Z), and so H*(Z) = H(2).

Proof of the equivalence (1) < (2), (5) < (6), and (7) < (8). These equivalences follow from
the equivalence of (1), (5), (7), and (9) and the fact that (9) is invariant under the interchange of
Z and ZH1,

Proof of the implication (1) & (2) = (3). This implication is trivial.

Proof of the implication (3) = (4). If (3) holds, then X = Z_[+] 2 and also X = 2, [+] 211
(see, e.g., [7, Theorem 3.4, p. 104]). This means that there exist bounded orthogonal projections
P~ of X onto Z=. Out of these P_ vanishes on 2 [+] Z+ and Py vanishes on Z_ [+] Zy. For
each x € X, define Ppx = x — P_x — Py x. Then also Py is bounded, and for every x € Z + zZL]
we have x = P_x + Pox + Pyx, where P_x € Z_, Pyx € Zp,and Pyx € Z;.Letx, € Z+ zL,
and let x, - x € X. Then x, = P_x, + Pyx, + P+x, — P_x + Pyx + Pyx = x, and hence
x € Z_[+]120[+] 24 = Z + 2. Thus Z + 2 is closed.

Proof of the implication (4) = (11). This follows from part (2) of Theorem 2.12. O
3. Connection with the complementary space 7 (A)

In this section we shall discuss the connection between the space H(Z) for some maximal
nonnegative subspace Z of a Krein space X, and the de Branges complementary space H(A)
induced by the contraction A that appears in the graph representation of Z with respect to some
fundamental decomposition of X'. We shall also give alternative proofs of some of the results in
Section 2 that depend on the standard graph representation of a maximal nonnegative subspace
of a Krein space.



3908 D.Z. Arov, O.J. Staffans / Journal of Functional Analysis 256 (2009) 3892-3915

3.1. The graph representation of a maximal nonnegative subspace

Lemma 3.1. Let A be a linear contraction from a Hilbert spaces U to a Hilbert space Y, and let

z:k:[é{”}‘ueu} 3.1)

be the graph of A. Then Z is a maximal nonnegative subspace of the Krein space —) [+] U.
Conversely, let Z be a maximal nonnegative subspace of a Krein space X, and let X = =Y [+]U
be a fundamental decomposition of X. Then Z has the graph representation (3.1) for a unique
linear contraction A U — ).

Proof. See,e.g., [7, Theorem 1.7, p. 54 and Theorem 4.2, pp. 105, 106]. O

Lemma 3.2. The orthogonal companion Z\X of the maximal nonnegative subspace Z in
Lemma 3.1 has the graph representation

z[“={z=[AZy} ‘yey}. (3.2)

Proof. This is well known, and it is a simple corollary of Lemma 3.1. O

Alternative proof of Lemma 2.1. Let I/ = Y Then X =y [4-1U is a fundamental decom-
position of &X', and hence Z has the graph representation (3.1) for some A € B(U; —)). This
implies that every x € X" has the unique decomposition

L)

where [‘?4”] € Z and [y_OA“] ey. O

The following lemma is a slight extension of Lemma 2.2.

Lemma 3.3. Let Z be a maximal nonnegative subspace of a Krein space X, and let
X ==Y [+]U be a fundamental decomposition of X. Then the operator T in Lemma 2.2 is
a bounded linear operator X | Z — Y with a bounded inverse, and

T(x+2) =y — Au, zz[ﬂe[zﬂ (3.4)

Proof. Most of this follows from Lemma 2.2. The explicit formula (3.4) for T (x + Z) follows
from (3.3). O
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3.2. The de Branges complement of a range space

Let A € B(U;Y). By definition, the range space M(A) of A is the range of A endowed
with the range norm which makes AH NL 4 unitary operator [N (A)]1+ — M(A). In other
words, to each y € R(A) we can find a unique vector u € [N(A)]* such that y = Au, and
define |||l p¢a) = llullys- The basic properties of the space M (A) can be found in many books,
including [12, pp. 2, 3].

We next assume that A is a contraction, and proceed to define the de Branges complement
H(A) of M(A). One starts by defining H(A) to be the following subset of V:

H(A) = {y € V| lIyllra) < oo}, 3.5)

where
1YW ay = sup(lly — Aull® = lullzy).- (3.6)
ueld

It is known from the work of de Branges and Rovnyak [9,10] that H(A) is a linear subspace
of Y, that || - [[3¢(a) defined in (3.6) is a norm in H(A) induced by a Hilbert space inner product,
and that H(A) with this norm is continuously (but not necessarily densely) contained in ).

The following well-known facts explain in which sense H(A) can be interpreted as a comple-
ment of M(A) (see, e.g., [12, Chapter 1] for the proofs):

(1) Y=M(A)+H(A),i.e., every y € Y can be written as a sum y = y| 4y, where y; € M(A)
and y; € H(A). The sum is direct (i.e., M(A) and H(A) are closed and M(A) NH(A) =0)
if and only if it is orthogonal, i.e., H(A) = M(A)*, and this is true if and only if Aisa
partial isometry (i.e., A is an isometry on [A/(A)]1).

@) If y = yi + y2 with y; € M(A) and y; € H(A), then |y}, < 1311544 + 1321310
Moreover, for each y € ) there exist unique vectors y; € M(A) and y, € H(A) such that
y=yi+y2and [y15, = 1115 ) + 12113 4)» namely yr = AA*y and y» = (1y — AA*)y.

The above definition of 7 (A) follows the original approach taken by de Branges and Rovnyak
in [9,10]. It was later realized that 7{(A) also can be characterised in a different way, namely

(3) H(A) = M((ly — AAHY?).
A proof of this fact can be found in, e.g., [12, Note (NI-6), pp. 7, 8].
3.3. The connection between H(Z) and H(A)
We proceed to investigate the connection between H(Z) and H(A).
Lemma 3.4. The bounded linear operator T : X | Z — ) defined in Lemma 2.2 maps the subset

H(Z) C X/Z defined in (1.1) one-to-one onto the subspace H(A) C Y defined in (3.5), and
|x + Zllnz) = 1T (x + 21 forall x + Z € H(Z).
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Proof. Because of (1.1) and (3.5), it suffices to show that ||x + Z|l3z) = T (x + 2) I, for
all x € X with x + Z € H(Z) (finite or infinite), or equivalently, that ||T_1y||%{(z) = ||y||H(A)
for all y € H(A). However, this follows from the fact that the right-hand side is given by (3.6),
whereas the left-hand side is given by

|77y 3z = sup(~1y = 2.y — 1)
eZ

- () [ B)-0 ]
=sup(ly — Aully, — llully) = 1¥134). D

ueld

Alternative proof of Theorem 2.3. Theorem 2.3 follows from Lemma 3.4 and the fact that
‘H(A) is a Hilbert space which is continuously (but not necessarily densely) contained in ). O

Corollary 3.5. The restriction of the operator T in Lemma 3.4 to H(Z) is a unitary map from
H(Z) to H(A).

Proof. This, too, follows from Lemma 3.4. O

Lemma 3.6. The bounded linear operator T : X | Z — ) defined in Lemma 2.2 maps the sub-
space HY(Z) of X/ Z defined in (1.5) one-to-one onto the range of the operator (ly — AA™).

Proof. Take any z' € ZI4). Then zF = [ ;1 ] for some y € Y. Consequently, T'(z' + 2) =
v — A(A*y) = (1y — AA%)y. Thus, R(Tiypz)) C R(ly — AA*).

Conversely, suppose that x € X', and that T'(x 4+ Z) = (1)) — AA*)y for some y € Y. Then
x+Z2=~1y—AAYy+Z= {[(ly_Aﬁ*)erA”] | u € U}. In particular, by replacing u by A*y +u
we find that x + Z = [A{y] + Z.Thus, x + Z=z"+ Z, where 7/ = [Aiyv] e Z4. Thus,
R(ly — AA*) C R(Typoz)- O

Alternative proof of part (4) of Lemma 2.4. Write z/ = [ AZ y], and denote T (x + Z) by y'.
Then y’ = (1 — AA*)!/2y; for some y; € [N((1y — AA*)!/2)]+, and

@+ 2 x4 2) 2 = (T + 2), Tx + 2)5 ) = ((1y = A4, Y )3y

(
-

(ly = AA)Y, (Ly — AA 2y1) 1y, anniz)
=1y —AAH 2y y1)y, = (v, Ay — 449 2y1),
=(y,y/)yz_[ZT7y/]XZ_[ZT’x]X' U

Alternative proof of Theorem 2.5. That H°(Z) is a dense subset of H(Z) follows from Corol-
lary 3.5 and the fact that T (H%(2)) = R(1y — AA*) is adense subspace of T (H(Z2)) = H(A) =
M((1y — AA*)!/2). That the inner product in H°(Z) inherited from H(Z) is given by (1.6) fol-
lows from part (iv) of Lemma 2.4. O
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Alternative proof of part (3) of Lemma 2.4. If 1 € H°(Z), then h = z" + Z for some
7' e ZH] and by Theorem 2.5,

sup(—[x, x1x) = —[z". 2]
xeh

Thus, the supremum is achieved for x = zt.
Conversely, suppose that the supremum in (1.1) is achieved for some xg € h. Let y = Th,
where T is the operator in Lemma 3.3. Then xg = y + zo for some zg € Z, and

max{—[y+z,y+z])( | ZEZ} =—[x+2z0,x + 20lx-

Au

By using the graph representation (3.1) we can write z = [ b

to get

]and zo = [‘%0] for some u, ug € U

max{|ly + Aull3, — lulf, | u €U} = lly — Auoll3, — luollf;- (3.7)

We claim that ug € (V' (A))*, and prove this as follows. It is always possible to write uo =
ui + us where u; € (N (A)* and uy € N(A). If ur # 0, then

2 2 2 2 2 2 2
ly — Auolly, — lluollz, = ly — Aurlly, — lutly, — lluzlz, < Iy — Aurlly, — llurllzy,

contradicting (3.7). Thus, uo € (N (A))*. Define yo = Aug and y' =y — yo. Then y’ =
y+(=y0), y € H(A), —yo € M(A), and

1513 = 1391344, + =300 10y

Consequently, by property (2) of the complementary spaces H(A) and M(A) listed ear-
lier in this section, y = (1y — AA*)y’, and hence y € R(ly — AA*). By Lemma 3.6, h =
T-lyeH%2). O

We end this section with the following addition to Theorem 2.14.

Theorem 3.7. Let Z be a maximal nonnegative subspace of a Krein space X, and let H(Z2),
H(ZW), and X (Z) be the spaces defined in Section 2. Then the following conditions are equiv-
alent to each other, and they are also equivalent to conditions (1)—(11) in Theorem 2.14,

(12) H(Z) is closed in X/ Z.
(13) H(ZW is closed in —X J 211,
(14) X (2) is closed in X.

Proof. When we in this proof refer to conditions (1)—(11) we mean the corresponding conditions
in Theorem 2.14.

Proof of the equivalence (7) < (12). Choose some fundamental decomposition W = —Y [+]1U
of W, let T be the operator defined in Lemma 2.2, and let A be the contraction in the
graph representation (3.1). Then T is an isomorphism X /Z — ) which maps H(Z) onto
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H(A) = R((1 — AA*)1/2) and H°(Z) onto R(1 — AA™). Thus, the condition H°(2) = H(Z) is
equivalent to the condition R(1 — AA*) = R((1 — AA*)Y/2), whereas the condition that H(A)
is closed in X'/ Z is equivalent to the condition that R((1 — AA*)1/2) is closed in ). However,
both of these conditions are equivalent to the condition that

R((1— AAHV2) = [N (1 — AAH]" =R((1 — AA%)).

Thus (7) and (12) are equivalent.
Proof of the implication (4) = (14). This follows from part (2) of Theorem 2.12.

Proof of the implication (14) = (12). If X(Z) is closed in X, then it follows from part (2) of
Theorem 2.12 that X(Z) = Z + Z1. By (2.17), (2.18), and Lemma 2.10, H(Z) is closed in
X/Z.

Proof of the equivalence (12) < (13). Both of these are equivalent to (14) (since X (Z) =
X (Z11)), and hence equivalent to each other. O

Above we have given alternative proofs of some of the coordinate free results in Section 2 by
appealing to known results about the de Branges complementary spaces H(A). It is also possible
to proceed in the opposite direction and to re-derive results about the spaces H(A) from the
results in Section 2 using the isomorphism 7" in Corollary 3.5. We leave this to the reader.

4. Application to passive state/signal systems theory

As was mentioned in the introduction, the results presented in this article were obtained as
byproducts of our study of the realization problem in passive state/signal systems theory [2-5].
Here we shall only give a short outline of one of the motivating applications.

A passive linear discrete time invariant s/s (state/signal) system X~ = (V; X, W) has a Krein
signal space WV (enabling connections to the external environment), a Hilbert state space X (rep-
resenting an internal memory), a generating subspace V of the Krein space & = —X [+] X [+ W
(defining the dynamics) with the properties (i)—(iv) listed in [2], and the set of trajectories, which
consists of sequences (x(-), w(-)) € (X x V\/)Z+ satisfying

x(n+1)
|: x(n) :|eV, nel",
w(n)
where Z* =0, 1,2, .... This system is passive if V is a maximal nonnegative subspace of .

The nonnegativity of V equivalent to the requirement that the trajectories of X satisfy
2 2
Jxn+ D)% = x5 < [wm), wm)],,,, neZ®, 4.1)

and the maximal nonnegativity of V is equivalent to the requirement that, in addition, the adjoint
system X, = (V,; X', —=WV) defined in a natural way has the same property. See [3] for details.
Trajectories (x(-), w(-)) with x(0) = 0 (i.e., trajectories whose internal memory is zero at
the starting time zero) are called externally generated. The future behavior 2y, of a passive
s/s system X consists of all sequences w(-) of signals in K%r (W) = €2(Z*; W) that are obtained
from the externally generated trajectories (x(-), w(-)) of X by ignoring the state component x(-),
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Wiy = W N LEOW).

It is not difficult to show that 25, is a maximal nonnegative subspace of the Krein space ki (04%)
of sequences w(-) € ﬁ%r (W) with indefinite inner product

e¢]

[w10).w20)]j2 g, = D _[w1(K). wa k)]

k=0

Moreover, Wy, is Sy -shift invariant, where S is the right shift in ki W).

The inverse problem to the one described above is the following: is it true that every maximal
nonnegative S -invariant subspace in k_%_ (W) can be realized as a future behavior of some passive
s/s system? This inverse problem is more difficult to solve, but it turns out that it has a positive
answer (given in Theorem 4.1 below), even if we impose some additional constraints on the
system X', which will be discussed below.

A s/s system X' is forward conservative if (4.1) holds in the form of an equality for all trajecto-
ries of X', and it is backward conservative if the adjoint system X, is forward conservative. Thus,
XY = (V; X, W) is passive and forward conservative if and only if V' is maximal nonnegative and
V V4 (this inclusion means that V is neutral), and X is passive and backward conservative
if and only if V is maximal nonnegative and V"] ¢ V. Both of these conditions hold if and only
if V is a Lagrangian subspace of £, in which case X is called conservative.

The subspace of X that we get by taking the closure in X of all states x(n) that appear
in externally generated trajectories (x(-), w(-)) of X' is called the (approximately) reachable
subspace, and we denote it by Ry. If Ry = A&, then X is called controllable. The subspace
of all xo € X with the property that (x(-), w(-)) with x(0) = xo and w(n) =0 for all n € Z*
is a trajectory of X' is called the unobservable subspace, and it is denoted by iUy . If Uy = {0},
then ¥ is called (approximately) observable. A s/s system is called simple if X =Ry + U+, or
equivalently, if [y N 9%% ={0}.

The following solution to the inverse problem is given in [3] (see [3, Theorem 3.8] and its
proof).

Theorem 4.1. Let W be a Krein space, and let Z be an arbitrary maximal nonnegative S -
invariant subspace of the Krein space ki (W). Then there exists a passive s/s system X with
future behavior Z satisfying one of the following sets of additional conditions:

(1) X is observable and backward conservative.
(2) X is controllable and forward conservative.
(3) X is simple conservative s/s system.

Each of the above three s/s systems are defined by Z up to unitary similarity.

The notion of unitary similarity of s/s systems used above is defined in a natural way; see [3].
The idea behind the proof of Theorem 4.1 given in [3] is the following. First one chooses
a fundamental decomposition W = —Y [-+] U of W, which induces the fundamental decom-
position ki w) = —63_ ) [+] E?F U) of k%_ (W). A maximal nonnegative right-shift invariant
subspace Z of k_%_ (W) has the graph representation (3.1) with respect to this fundamental de-
composition of ki (W), where the operator A is a contractive linear block Toeplitz operator
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from Kﬁ_(b{) to £2 7())). The symbol of this operator is a B(U; J)-valued Schur function (i.e.,
an analytic and contractlve valued function) ®(z) in the unit disk. There exist three dlfferent
de Branges—Rovnyak i/s/o (input/state/output) models with the same scattering matrix (charac-
teristic function) equal to the given Schur function ®©(z). All of these three models are passive
discrete-time invariant i/s/o scattering systems, with one of the following sets of additional prop-
erties: (1) the first one is observable and backward conservative, (2) the second one is controllable
and forward conservative, and (3) the third one is simple and conservative. In operator theory one
calls systems with the above properties “operator colligations” (nodes) that are (1) “co-isometric
and closely outer connected,” or (2) “isometric and closely inner connected,” or (3) “unitary
and closely connected”; see, e.g., [1, Chapter 2]. The state space of the observable and back-
ward conservative de Branges—Rovnyak model is the de Branges—Rovnyak space H(A), where
A is the contractive shift-invariant operator of multiplication by ®(z), acting from the Hardy
space HJZr (U) to the Hardy space Her ()), and the main operator in this model is the incoming
shift operator y(z) — [y(z) — y(0]/z. The three passive s/s systems constructed in the proofs
of parts (1)—(3) of Theorem 4.1 are the unique passive s/s systems whose i/s/o representations
corresponding to the fundamental decomposition W = —Y [+] U are the time domain versions
of the three de Branges—Rovnyak models (1)—(3) described above. By the time domain ver-
sions of these models we mean the models that one gets by mapping the Hardy spaces H{ 2(U)
and Hy 2(Y) isometrically onto the sequence spaces 22 1 U) and 22 1()) by means of the inverse
Fourler transform. In the time domain the inverse i/s/o problem becomes the problem of realizing
a contractive right-shift invariant map from ¢3 U)o 22 7(J) as the i/o (input/output) map of a
scattering passive systems.

The main disadvantage with the proofs outlined above is that they do not in each case produce
just one single s/s realization but infinitely many, all of which are unitarily equivalent to each
other. In all cases the realizations that we obtain depend on the fundamental decomposition W =
—Y [+]1U that we start with. This is obvious from the fact that, for example, in case (1) the state
space is a subspace of £2 2 (), so different choices of ) result in different (albeit unitarily similar)
s/s realizations.

The results presented in Section 2 were obtained in our search for a one and only canonical
(or coordinate free) s/s realization in each of cases (1)—(3). By “canonical” we mean that this
realization should be uniquely determined by the given data, i.e., by the original maximal non-
negative shift-invariant subspace Z of k2 4 (W) that we want to realize. In particular, it must not
depend on some arbitrary choice of a fundamenml decomposition of the signal space VV. Indeed,
our search was successful, and in case (1) it led to the following result.

Theorem 4.2. Let VW be a Krein space, and let Z be a maximal nonnegative S, -invariant sub-
space ofk2 W). Let Xope = H(Z), and let

Stw+Z7 [HE)
Vobc:{|: wt Z } [H(Z)])wGX(Z)}
w(0) )4Y%

where X (Z2) is the space defined in (2.18) with X = k%_ W). Then Xope = (Vobe; Xobe, YW) is a
passive observable backward conservative s/s system with future behavior 0y = Z.

As a part of the proof of this theorem one shows thatVy,. is well defined, i.e., that
S¥w+ Z € H(Z) whenever w € X(Z).
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Analogous canonical shift realization models can also be obtained for cases (2) and (3) based
on the results presented in Section 2. The proof of Theorem 4.2 and the corresponding passive
s/s realizations of the types (2) and (3) will be given elsewhere.

Remark 4.3. As we have seen above, our construction in Theorem 2.3 of the Hilbert space H(Z)
(contained in the quotient of a Krein space X’ over the maximally nonnegative subspace Z of X)
is related to the corresponding construction in [10] of the Hilbert space H(A), where A is a
contraction between two Hilbert spaces. That construction was extended by Louise de Branges
in [8] to the case where A is a contraction between two Krein spaces, in which case the resulting
space H(A) is a Krein space. The primary motivation for our interest in H(Z) was explained
above: we need the space H(Z) in our construction of a canonical model of an observable and
backward conservative passive state/signal system with a Hilbert state space. However, it seems
plausible that there also exists a coordinate free version of the construction in [8] that would lead
to canonical models of state/signal systems with a Krein state space. We leave this as an open
question.
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