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Koopmans Beckmann form
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Koopmans Beckmann form

N
inj:]-x J:]-’ INv
i=1
N
ZXU‘:]., I—]-,- ;Nx
j=1

This formulation has N?(N — 1)? bilinear terms.
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Matrix form

AeX'BX=X"AX eB = XAeBX

X is a permutation matrix (XX =)

e is the element wise, scalar product of the matrices
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MINLP form

03 5 9 6 0 4 3 7 7
30 2 6 9 4 0 4 10 4
52 0 8 10 3 4 0 2 3
96 8 0 2 7 10 2 0 4
6 910 2 0 7 4 3 4 0
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MINLP form
N N
7 7
i=1j=1
n
a; = Z akjXik Vi, j
k=1
n
) ..
by = Z bixj  Vij
k=1
03 5 9 6 0 4 3 7 7
3 0@ 206 9 4 0 410 4
52 0 8 10 3 4 0 2 3
96 8 0 2 7 10 2 0 4
6 9 10 2 0 7 4 3 4 0

aé3 = 5xp1 + 2x22 + 0x23 + 8x24 + 10x25
bé3 = 4x13+ 0x23 + 4x33 + 10x43 + 4x53
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Discrete Linear Reformulation (DLR)

n n M
N m_m
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i=1j=1m=1
m A .
<A ) xg m=loM
kekm
M; Vi,j
m _ _/
Z Zjj = Ajj
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Example for one bilinear term aé:,’ bé3

aé3 =5x21 +2x22 +0x23 +8x24 + 10x25

bj3 =4x13 +0xp3 + 4x33 + 10x43 + 4x53
X13 +x23 +x33 +x43 +x53 =1

X271 +x22 +x23 + x4 +x25 =1
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Figure 1: Bilinear term a5 bJ- discretized in b} (to the left) and in a)5 (to the right)

Axel Nyberg: MILP FORMULATIONS FOR THE QAP
Center of Excellence in Optimization and Systems Engineering at Abo Akademi University
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DLR version 2
Yi 1
min Z ZBl Z Bm B; (m- ))(Zgn)
i=1j=1 m=2
ZI-T Zai/j+zj( Z xkj)fzj

m’>m
7’
kek™
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Example for one bilinear term aé3 bé3

aéB = 5x21+2x22+0x23+8x24+10x25

bé3 = 4x13+0x23+4x33+10x43+4x53
x13 +x23 +x33 +x43 + x53 =1

X21 +x22 +x23 +x24 +x25 =1
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DLR version 2 Example for one bilinear term aé3 bé_,,
M; )y ,
min Z Z Blaj, Z (B~ B )z a53 = 5x21+2x22+0x23+8x24+10x25
fi=ilj=il m=2

bé3 = 4x13+0x23+4x33+10x43+4x53
; - x13 +x23 +x33 +x43 + x53 =1

7
keK (" X21 +x22 +x23 +x24 +x25 =1

4a}; + 6253
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DLR Version 3

Example for one bilinear term aé3 bé3

n n
e 7
min Z Z Ajbu
i=1j=1
M abs = 5x21 +2x22 +0x23+8x24+10x25
m-1 — 23
+ Y @ -E A Y ag)
=1 7
m k’zsmm, bé3 = 4x134+0x23+4x33+10x43+4x53
i
x13 +x23 +x33 +x43 + x53 =1
2 >al+(A-AN( Y xk)-A; x21 +x22 +x23 + x24 + x25 =1
m'Zm/
keK"
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Example for one bilinear term aé3 bé3

aéB = 5x21+2x22+0x23+8x24+10x25

bé3 = 4x134+0x23+4x33+10x43+4x53
x13 +x23 +x33 +x43 + x53 =1

X21 +x22 +x23 +x24 +x25 =1

10bj3 + 4(233 — 6(x13 + X33+ x43 + x53)) + 6(233 —~ 6X43)

233 > @)y +6(x13 + x33 + Xa3 + x53) — 10

2 ’
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Matrix Modifications

When B is symmetric (i.e. B=BT)

AeX'BX=ATeX'B'X=AT e X"BX

A=A; +A,
.=A; e X BX+A;eX"BX=(A; +A))eX"BX
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Matrix Modifications

When B is symmetric (i.e. B=BT)

AeX'BX=ATeX'B'X=AT e X"BX

A=A; +A,
.=A; e X BX+A;eX"BX=(A; +A))eX"BX

A can be modified to any matrix A, where a; + aj; = aj + aj.

Size of MILP problem dependent on number of unique elements
per row.

Tightness of MILP problem dependent on difference between
elements in row.
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min Z)_/,- -y,
i

vizy; Vij
Yij tyji = a; +aj

The size of the MILP problem is dependent on the number of
unique elements per row.

Tightness of the MILP problem is dependent on the differences
between the elements in each row.
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min ) Ay
ijk
AN > yii — Yik
Ajje 2 yik = Yij
Yij tYi=a;+a;
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Matrix Modifications

min ) Ay
ik
AN > yii — Yik
Ajjc = Vi = Yij
Yij tYi=a;+a;

01223445 022266
101123 3 4 0000 4 4
21021223 220222
21201223 222022
32110112 00O0O0O0O
43221023 222220
43221201 222222
54332310 4 4 4 4 4 4

OO NONNDO

ONNONN DO

Table 1: A before and after modification
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Results

Instance | BKS | old LB | DLR | Time(minutes)
esc32a | 130 103 130 1964
esc32b | 168 132 168 3500
esc32c | 642 616 642 254
esc32d | 200 191 200 10
escb4a | 116 98 116 272

Table 2: Solution times when solving the instances esc32a, esc32b, esc32c, esc32d

and esc64a from the QAPLIB to global optimality

Previously unsolved instances presented in 1990.

Nug30 (n = 30) solved in 2001 (in 7 days) using 1000 computers

in parallel.
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