54 IDEALS AND RELATED CONCEPTS Cu. 2

(i) H contains an idempotent if and only if Y meets each equivalence class
of X mod 7 in exactly one element (i.e., Y is a ““cross-section” of ).

(ii) If H contains an idempotent, then H induces and is isomorphic with
the symmetric group Yy on Y.

Proor. (i) Let e be an idempotent element of H. Thus ¥ = Xe, 7 = =,
and €2 = e. The mapping ¢ leaves every element of ¥ fixed, and moves
every element of X\ Y. Let xeX. Since ae = (ve)e it follows from 7 = 7,
that amwe. On the other hand, if ¥ and y’ are elements of ¥ such that ymy’,
then y = ye = y'e« = y’. Hence each equivalence class of X mod # con-
tains exactly one element of Y, and ¢ maps every element of y#% (y in Y)
upon y.

Conversely, assume that Y is a cross-section of #. Then the element of
Jx which maps each element & of X upon the element y of ¥ such that amy
is clearly an idempotent element of H.

(ii) Assume that H contains an idempotent ¢. Let acH. For each
xin X, xaeXa = ¥ = Xe¢, and so xae = za; this implies that ae = a. For
each x in X, amze (shown above), and since m, = m = 7., we have xa = (ve)o;
this implies that ex = «.

We now show that « induces a permutation of ¥. If ya = 9’ (y, ¥’ in Y)
then ymy’, and so y = y'. Given y in ¥ = Xa, there exists « in X such that
wa =y. Then (ve)eY and (ve)a = xa =y. Hence, («|Y)e¥y.

Every element ¢ of 9y is induced by some element « of H, namely that
defined by wa = (ve)p. Moreover, « is uniquely determined by ¢. For if
ya = yB for all y in Y, with « and B in H, then wea = xef for all x in X, so
that « = ex = ¢f =f. Hence the mapping «—>¢ =«|Y is a one-to-one
mapping of H upon %y, evidently an isomorphism. Hence H is a subgroup
of Jx isomorphic with .

As an example, we write out all the P-classes of 7, (7x with |X| = 4).
Let X ={1,2,3,4}, We shall write (¢j k1) for the mapping 1 —i, 2—j,
38—k, 4—1. There are four Z-classes D, (r = 1, 2, 3, 4), where D, is the
set of all elements of rank ». The headings for the rows are partitions of
{1, 2, 3, 4}; those for the columns are subsets of {1, 2, 3, 4}. We omit Dy,
which consists of a single 5#-class ; it is just the symmetric group of degree 4
(order 24) on {1, 2, 3, 4}, Starred elements are idempotent; these show
which cells are groups. Table 4 gives the whole @-picture of 774, the
numbers 1, 2, 6, 24 giving merely the number of elements in each S -class.
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ExEROISES FOR §2.2 % ‘uhere(
1. (a) Let Y be a non-empty subset of a set X. There exists in Tx at § the s:
. least one projection of X upon Y, that is, a mapping € of X upon Y leaving g (
each element of ¥ fixed. The idempotent elements in the .#-class of I | Y of
corresponding to ¥ by Theorem 2.9 (iv) are just the projections of X upon Y. Z “gub
(b) Let 7 be any partition of X. There exists (by the Axiom of Choice) § (
at least one cross-section Y of #. For each x in X, let ¢ be the element x H be
y of Y such that amy. We call € a representative mapping of . The idem- 2 range
potents in the Z-class of 7% corresponding to 7 by Theorem 2.9 (V) are just E plems
the representative mappings of =. ﬁ annu
(c) By Lemma 1.13, 7 is regular (cf. Exercise 1 of §1.9). i lineas
2. (a) Each Z-class of rank r in I, (= Zx with |X| = n) contains rn—r j tions
idempotents. (




