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A = B = 1 ¤ cÆ����b�Çº��+Ñ��½!U`

A = B
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g
K�C

g/
√
A
c

ð-�'�´�]Ä6åOó94;¼0")4
g̃ = g/

√
A
cÒ��&34>"

∞∑

k=−∞
|ˆ̃g(ω + k)|2 =

1

A

∞∑

k=−∞
|ĝ(ω + k)|2 = 1.

��&)4A5I4>*I$F`¦?<=+=G?´7F*¡`¦5B?PJ§��&)46?<5B46J�¨<cöL?<"	10/2@<4 Ê ô3c
Þpß �X��à��»Î º��âám�Fã{¹;� {Tkg}∞k=−∞
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g̃
È;¹��¸0¹u���0ÝP¹;�'�´¹5�k��Ø¶�À�T¹;�½���B�P�3�¦Äb���ÀÁ �]Ä���¸0¹\ÄÀØ¶�aÕ;���T���

ˆ̃g(ω) =
ĝ(ω)√∑∞

k=−∞|ĝ(ω + k)|2
.

é�¸0¹;� {Tkg̃}∞k=−∞
�G�¬�P�ø���À��¸0���a���;Á%�P���;Â��;�#¹;Á �]Ä����B�P�3�;���P�#¹.�>å

ð-�'�´�]Ä6åOó946")?P$B4
F (ω) := (

∑∞
k=−∞|ĝ(ω + k)|2)1/2 c\��&)46" 0 < A ≤ F (ω) ≤ B <

∞ `¦?<5p/P=+=
ω
£ *B464�10/P@P4 Ê õ ¤ c76ø4�·X")?´7|$'&0/�$

ĝ ∈ L2(R)
*B(G"3,>4

g ∈ L2(R)
£ K�CûÒ=_/2"),.&)4>5I4>=+*�(G8)46"X$B(+$#C ¤ cp��&)4>5I46`¦?<5I4PWm/P=+*B? ĝ(ω)

F (ω)
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L2(R)

£ (�$½(+* ≤ |ĝ(ω)|
A
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��&)(+*AJH4>/P")*½$'&)/2$ ĝ(ω)
F (ω)
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L2(R)

W�7F&)(+,.&ø7-4,>/P=G=
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∞∑

k=−∞
|ˆ̃g(ω + k)|2 =

∞∑

k=−∞

|ĝ(ω + k)|2
|F (ω + k)|2

8	9;:"<>=@?"A"BDC�EGFHA
F
EGI;JK<�L�EGFNM"EGB>OPE C�:JK<�L�EGF�M

1 Q IRF F (ω+k)=F (ω) S
=

1

|F (ω)|2
∞∑

k=−∞
|ĝ(ω + k)|2

︸ ︷︷ ︸
=|F (ω)|2

= 1.
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V
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g
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g
�Ö�T¹.����²��¸0¹��;Ø3È;�#ì3�¶Õ.¹

V
�#ì3�P�0�a¹BíZÈ>Â {Vkg̃}∞k=−∞

åV!ø���'¹�ì��'¹.Õ;�G�´¹;�ÖÂW�
g(x) =

∞∑

k=−∞
ckg̃(x− k)

Ür¸0¹;�'¹
ck
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ĉ(ω) =

√√√√
∞∑

k=−∞
|ĝ(ω + k)|2.
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ek
ÜÒ����¸ ∑∞

k=−∞|ek|2 < ∞ �;Ø0Õ.¸��¸3�P�
g̃ =
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k=−∞
ekg(x− k).
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ê(ω) =

1√∑∞
k=−∞|ĝ(ω + k)|2

.
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V
� Äu�P��í����0�ÖÂH� ÄA����ÕB�P�ÛÈ;¹uÜÒ�À�����#¹;�Ú���²��¸0¹\Äb���ÀÁ
f(x) =

∞∑

k=−∞
ekg(x− k)

Äb���H�´��ÁZ¹H�´¹��>Ø�¹;�aÕ.¹ {ek} ∈ `2(Z)
æ ��å�¹>å�� ∑

k|ek|2 < ∞
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ek
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ck
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f(x) =

∞∑

k=−∞
ckg̃(x− k)

�G�A��¸0¹\Äb�����G��ÜÒ���¶×��Eé�¸0¹��m��Ø¶�;�T¹;�����I�P�3�¦Äb���ÀÁ¬�L�]Ä {ck} �P��í {ek}
�>�P���G�¦ÄÀÂ

ê(ω) =
ĉ(ω)√∑∞

k=−∞|ĝ(ω + k)|2
.

æ é�¸¶Ø����kÜR¹F×¶¹;� {ek}
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g ��à�� Ð�Ð¦Í)à�h�º���i��Hé�¸0¹ÒÄb�����G��ÜÒ���¶×H�P�'¹®¹��>Ø»��Ý��P�G¹;�0�j�
æ �èç

f ⊥ V
æ ��å�¹>å��

f ⊥ g
Äb���p�P���

g ∈ V çæ ���èç
f ⊥ Tkg̃

Äb���p�P���
kæ �����èç

f ⊥ Tkg
Äb���p�P���

k
å
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g
c\³O?´7�7R4u/P=+*B?E(G"�$'5I?»83Y),>4%íP�����P���T���3� £ /P"38¯Õ.��Á9ì��'¹.�.�;�T���3� ¤ c�������m����������Ñ����0�R��&34ZíP�����P���T���ø�.ì0¹;�I�P�#���

Da

£ `¦?<5F/2=G=
a > 0 ¤ (+*�@<(+:P4>"�K�C

(Dag)(x) =
√
ag(ax), x ∈ R£ 8)(G=G/2$'(+?<"H`¦?<5

0 < a < 1
W),>?<J%1)5I4>*B*I(G?<"�`¦?<5

a > 1 ¤ c�������m���������iÑ��+º��9°ÙJLY)=�$'(+5B4>*I?<=GY»$'(G?P" /P"0/2=+C¶*B(+* £jZ ¥F° ¤ ?<" R
(+*H/Ú*I4$#XY)4>"3,>4�?2`,6=G?<*I4>8�*IY)K)*I10/P,>46* {Vj}∞j=−∞

?P`�`¦Y3"),6$B(G?<")*ä(G"
L2(R)

7F(+$'&�$'&)4u`¦?<=G=+?´7F(G")@®1)5I?<1�4>5DS$B(G4>* ¢£ / ¤ Vj ⊂ Vj+1

`¦?<5F/P=+=
j ∈ Z

W
£ K ¤ ⋂∞

j=−∞ Vj = 0
W

£ , ¤ ⋃∞
j=−∞ Vj = L2(R)

W
£ 8 ¤ f ∈ V0

(+`k/P")8�?<")=�C�(+`
D2jf ∈ Vj

W
£ 4 ¤ ��&34>5B4Ú(+*�/±`¦Y)"),;$'(+?<" ϕ ∈ L2(R)

WO,>/P=G=+4>8w/É�´ÕB�P�Ö���¶×�ÄÀØ»�aÕ;���T��� *IY),.&�$'&0/2$
{Tkϕ}∞k=−∞

(G*\/P"%?<5D$'&)?<@P?<"0/P=»*IC¶*I$B4>Ji?P`�$'5B/P")*B=G/2$'46*>WX/P"38H*IY),.&H$B&0/2$
f ∈ V0(�`k/P")8�?<")=+CZ(+`m(+$F&)/P*ä/P"	4;¾»10/P")*I(G?<"�?P`m$'&)4�$#C¶1�4

f =

∞∑

k=−∞
ckTkϕ

£ QR?<J%10/P5B4-$'&)(+*r$'?A��&)46?<5B46J§¨<c Ê W�10/P@P4 Ê « ¤ c £ ³ä?P$'4 ¢ ϕ (G*�/P=G*I?�,b/P=+=G4>8A[#`�/2$B&)4>57R/b:<46=G46$D^ ¤ cÆ����b�²Ñ��+Ñ��
£ ( ¤�ñ ?<JH4�1�4>?P1)=G4�=+(G·P4½$B?®7F5B(+$B4 £ / ¤ S £ , ¤ (G"�$B&)4�`¦?<5BJ

{0} ← · · · ⊂ V−1 ⊂ V0 ⊂ V1 ⊂ V2 ⊂ · · · → L2(R)£ (G"�$'465B*I4>,6$B(G?<"	(+* {0} W),6=G?<*IY)5B4A?P`kY)")(+?<"	(G* L2(R) ¤ c£ (G( ¤ °O=G*I?%"3?P$'4A$'&0/�$ä7-4u@<46$F`¦5B?PJ Vj
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2
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f ∈ V0

7R4u&0/b:<4
‖f‖L2(R) =

∞∑

k=−∞
|〈Tkϕ, f〉|2.
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�������m����������Ñ��âá{� ÷ ?<5R4b/P,.&

j, k ∈ Z
W)7R4A8)4;¼0")4

ϕj,k

K�C
ϕj,k(x) = 2j/2ϕ(2jx− k) = (D2jTkϕ)(x).÷ ?<5�4>/P,.&

j ∈ Z
7-4A8)46¼0"34u$B&)4H�;ì�ì��.�6ë<��Á%�P���T�����.ì0¹;�I�P�#���

Pj

K�C
Pjf =

∞∑

k=−∞
〈f, ϕj,k〉ϕj,k,

/P"38	$B&)4Hí¶¹;�U�P���r�.ì0¹;�I�P�#���
Qj

K�C
Qjf = Pj+1f − Pjf.

T\�¶Î Î±ÍøÑ��Gù����k���p¹B�¶Õ.¸
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� {ϕj,k}∞k=−∞
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V0
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Vj
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〈ϕj,k, ϕj,m〉 =

∫ ∞

−∞
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=

∫ ∞

−∞
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�
æ �;ç
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j →∞ �æ ÈDç
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⊥
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j=−∞Xj)
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lim T→∞
S→−∞

∫ T

S
ϕ(x)dx = γ

Ür¸0¹;�'¹ |γ| = 1
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α(k)
È>Â

α(k) =

∫ ∞

−∞
ϕ(x)ϕ(2x− k)dx = 2−1/2〈ϕ, ϕ1,k〉.

£ ô ¤
é�¸0¹;�

ϕ(x) = 2

∞∑

k=−∞
α(k)ϕ(2x− k),

£ Ê ¤
�P��í

ϕ̂(2ω) = α̂(ω)ϕ̂(ω),
£  ¤Ür¸0¹;�'¹

α̂(ω) =
∑∞

k=−∞ e−2πiωkα(k)
�G�E�¦¸0¹.�k��Ø¶�À�T¹;�L���B�P�3�¦Äb���ÀÁú�]Ä {α(k)}∞k=−∞

å
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∞∑

k=−∞
|α(k)|2 =

1

2
,

£ © ¤
�P��í

|α̂(ω)|2 + |α̂(ω +
1

2
)|2 = 1, ω ∈ R.
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α̂(ω)
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ð-�'�´�]Ä6å ñ (+"),>4 ϕ ∈ V0 ⊂ V1
/2")8

ϕ1,k
(G*�/P"�?<5I$B&)?<")?<5IJZ/2=�K0/P*B(+*�`¦?P5

V1

£ *B4>4ÿ�4>J%JH/®ô3cö¶W)10/P@<4p»¨ ¤ W)(�$¡`¦?<=G=+?´7F*R$'&0/�$
ϕ(x) =

∞∑

k=−∞
〈ϕ, ϕ1,k〉ϕ1,k

=

∞∑

k=−∞

∫ ∞

−∞
ϕ(y)
√

2 ϕ(2y − k)dy
√

2ϕ(2x− k)

= 2

∞∑

k=−∞
α(k)ϕ(2x− k).

��&)(+*�1)5B?´:P4>* £ Ê ¤ c ÷ ?<5IJLY)=G/ £ © ¤ `¦?P=G=G?´7F*R`¦5I?<J§$B&)4�`�/P,6$�$B&0/2$
1 = ‖ϕ‖2L2(R) =

∞∑

k=−∞
|〈ϕ, ϕ1,k〉|2 = 2

∞∑

k=−∞
|α(k)|2.
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2ϕ(
x

2
) =

∞∑

k=−∞
α(k)ϕ(x− k),

/P"38�$'&)46"�7R4�Y)*I4½��&)46?<5B46J ¨<cª©¬?<"�10/2@<4 Ê<Ê /2")8�1)5B?P1 465I$#C £ 4 ¤ ?<"�10/P@P4L¨�õu$B?®@<46$
ϕ̂(2ω) = α̂(ω)ϕ̂(ω).
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ω
K�C

2ω ¤;¢
1 =

∞∑

k=−∞
|ϕ̂(2ω + k)|2

=

∞∑

k=−∞
|α̂(ω +

k

2
)|2|ϕ̂(ω +

k

2
)|2
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k

=
∑

m

|α̂(ω +
2m

2
)|2|ϕ̂(ω +

2m

2
)|2

£ 46:P4>" ¤
+
∑

m

|α̂(ω +
2m+ 1

2
)|2|ϕ̂(ω +

2m+ 1

2
)|2 £ ?»8)8 ¤

£
α̂
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= |α̂(ω)|2
∑

m

|ϕ̂(ω +m)|2

+|α̂(ω +
1

2
)|2
∑

m

|ϕ̂(ω +
1

2
+m)|2

£ Y)*I4u��&34>?<5I4>J�¨<cè®/P@�/P(+" ¤
= |α̂(ω)|2 + |α̂(ω +

1

2
)|2
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α
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2
)|2 = 1
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ϕ =
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ϕ(x) =





1, 0 ≤ x < 1,

0,
?P$'&)465I7F(+*B4Pc

÷ (+@<Y)5B4½V¬c+¨ ¢ ��&)4uN9/</P5F*I,b/P=+(G")@L`¦Y)"3,6$'(+?<"�c
V0 =
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Vj
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L2(R)
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ϕ(x) ¢
ϕ(x) =





1− |x|, |x| ≤ 1,

0, |x| > 1.
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V0
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f =

∑
ckTkϕ.
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(+*p")?2$L/P"����À�¦¸0�B×¶�����P�¡*DC¶*I$'46J ?2`¡$'5B/P")*B=G/2$'46*>c ÷ ?<5I$BY»S"0/�$'4>=�C<W»(+$-(G*R*D$'(+=G= /L¥ä(+4>*IÓ½*IC¶*I$B4>J ?P`�$'5B/P")*B=G/2$'46*>c\ÿ�46$¡Y)*¡8)4;¼0")4A/¬")4;7�`¦Y3"),6$B(G?<"
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ˆ̃ϕ(ω) =

ϕ̂(ω)

(
∑∞

k=−∞|ϕ̂(ω + k)|)1/2

=
ϕ̂(ω)

(
1
3
(1 + 2 cos2(πω))

)1/2
.
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V0
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ϕ̃
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V0
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ϕ̃
(G*M?<K3$'/P(G")468%`¦5I?<J

ϕ
/P*ä/®*BY)J £ *B464pÿ�46JHJH/E«»cª©E?P"�10/2@<4 Ê ü ¤

ϕ̃(x) =
∞∑

k=−∞
ekϕ(x− k),

7F&)465B4 {ek}∞k=−∞
(+*¡$'&)4A(G"�:P4>5B*I4 ÷ ?<Y35B(G465R$'5B/P")*D`¦?<5BJ ?P`k$B&)4A1 465B(+?»8)(+,9`¦Y)"),;$'(+?<"

ê(ω) =
1

(
1
3
(1 + 2 cos2(πω))

)1/2
.

��&)(+*½`¦Y)"),;$'(G?P"Ú&0/P*®���Âb\�0���#¹¬�;Ø´ì�ì0���;� £ K)Y»$A(+$�8)46,b/bC¶*p4À¾»1 ?<"346$'(G/P=G=�C ¤ c ñ 4>4E1)(+,6$BY)5B4(+"�6±/P=+"¶Y»$F?<"	10/P@<4E¨´ü<ü»c
£¥¤�¦V¤&Ã ¨�©�ªÅÄ|©�®¿À¿�Æ®¿ ÇÉÈ�Ê¿ÀË�ÌY·NÍÎ·�Ï
ª¹Ë�ÐÑ°³²±´
Nä4>5B4�7-4p8346¼0")4

ϕ
$'&)5I?<Y)@<&	(�$'* ÷ ?<Y)5I(G4>5-$'5'/2")*I`¦?<5IJ ¢

ϕ̂(ω) =





1, |ω| ≤ 1
2
,

0,
?P$B&)4>5D7F(G*I4Pc £ ü ¤

ò-C¬��&)4>?P5B4>J ¨<cè9?<"E10/P@<4 Ê ô3W {Tkϕ}
(+*Ò/P"®?<5D$'&)?<@P?<"0/P=»*IC¶*I$B4>J�?P`�$B5'/P")*I=_/2$B4>*6c�6ø48)4;¼0")4L$B&)4L*B1)/P,>4

V0

/P*½(+"Ú��&)4>?<5I4>J ¨<cè©H?<"Ú10/P@<4 Ê<Ê c�!U$�,6?<"�$./P(+")*�/P=+=m`¦Y)"3,6$'(+?<")*7F&)(+,.&�&)/P*ä/P"	4;¾»10/P")*I(G?<"�?P`m$'&)4�$#C¶1�4
f ∈ V0 ⇐⇒ f =

∞∑

k=−∞
ckTkϕ,
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/P"38Ú/P"0/P=+?<@<?<Y3*B=+CPW�7-4L@<4;$
Vj
K�C�5B4>13=_/P,6(G")@

ϕ
KXC

D2jϕ
£ /Z*IY)(+$'/PK)=G4p,>?<J%1)5I4>*B*I(G?<"?P`

ϕ ¤ cÒ��&34>" £ 8 ¤ S £ 4 ¤ (G"Hó94;¼0")(+$B(G?<"Hô3cè«u&)?P=G8�ck�k?L,.&34>,.·E$'&0/2$R/P=+*B? £ / ¤ S £ , ¤ &)?<=G8%7R4=+?»?<·H/2$�$B&)4 ÷ ?PY)5B(+4>5¡$'5B/P")*D`¦?<5BJ%*�?P`m$'&)4�`¦Y)"),;$'(+?<")*�(G"
V0

/2")8
Vj

cò-C���&34>?<5I4>J�¨<cª©®?<"�1)/P@<4 Ê<Ê W
f ∈ V0

(+`k/P")8�?<")=�C�(+`
f̂(ω) = 0

`¦?<5 |ω| > 1

2
,
/P"38 ∫ 1/2

−1/2

|f̂(ω)|2dω <∞.

°O"0/P=G?P@<?<Y)*I=+C<W
f ∈ Vj

(+`r/P")8	?<")=�C�(+`
f̂(ω) = 0

`¦?<5 |ω| > 1

2
2j

︸︷︷︸
=2j−1

,
/P")8 ∫ 2j−1

−2j−1

|f̂(ω)|2dω <∞.

÷ 5B?PJ $'&3(G*¡`¦?<=+=G?´7F*R$'&)/2$ £ / ¤ S £ , ¤ &)?<=+8�cÆ����b���-ò-C�(+"�:<4>5D$'(+")@®$'&)4 ÷ ?<Y)5I(G4>5-$'5'/2")*I`¦?<5IJ (G" £ ü ¤ 7R4A@<4;$
ϕ(x) =

sin(πx)

πx
.

ñ 464A1)(G,;$'Y)5I4u(+"�6 /2=G"XY3$F?<"�10/P@<4®¨bü k cÆ����b���M��&)4 ñ &0/2")")?<"�*B,>/P=G(+")@L`¦Y)"),;$'(G?P"�(+*�ÝP¹;�ÀÂAì0�´���À�ÖÂ%�G�´ÕB�P�]¹Bí�(G"�$'(+JH4 ¢
∫ ∞

−∞
|ϕ(x)|dx =∞ (⇐⇒ ϕ 6∈ L1(R))

£ /P=+$B&)?<Y)@<& ∫∞
−∞|ϕ(x)|2dx = 1 <∞ ¤ c
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ϕ̂(ω) =





1, |ω| ≤ 1
2
,

0, |ω| > 1
2
.K�C�/ *IJH?¶?P$'&34>5�`¦Y)"),;$'(+?<"�cØ6ø4Û,.&)?¶?<*B4²$B&)(G*�`¦Y)"3,6$'(+?<"w*B?¯$'&)/2$�(+$�*'/2$B(G*I¼)4>*�$'&)4`¦?<=+=G?´7F(G"3@L,>?<"38)(+$B(G?<")* ¢

Pü



( ¤ ϕ̂(ω) = 0
`¦?<5 |ω| ≥ 2

3

W
(G( ¤ ϕ̂(ω) = 1

`¦?<5 |ω| ≤ 1
3

W
(G(+( ¤ 0 ≤ ϕ̂(ω) ≤ 1

`¦?<5 1
3
≤ |ω| ≤ 2

3

W�/P")8
(+: ¤ |ϕ̂(ω)|2 + |ϕ̂(ω − 1)|2 = 1

W)`¦?<5 1
3
≤ |ω| ≤ 2

3

c

2r¾»1)=G(+,>(+$Z`¦?<5BJLY3=_/P*�@P(+:¶(G")@¿4À¾3/PJH13=G4>*�?P"Ç&3?�7
ϕ̂(ω)

*B&)?<Y3=G8�K 4Ú8346¼0")468�`¦?<5
1
3
≤ ω ≤ 2

3

/P5B4E@<(�:<46"ø(+"ÙsIY)*D$p/PK ?PY3$p/P=G=�K�?¶?<·X*u?P"�7R/b:<4>=+46$B*>c,6ø4H,>/P"�JZ/P·24
ϕ&0/b:P49/P"�C®¼0"3(+$'4F"XY)JLK�4>5\?P`a8)4>5I(+:2/2$B(+:<46* £ /P* ñ $B5�×<JLK�4>5I@p83(G8 ¤ ?<5\4;:<4>"ZJZ/P·24F(+$ C∞£ /P* Z 46C<465¡8)(+8 ¤ ck��&)491)5I?»?2`a$'&)/2$-$B&)(G*M@<(�:<4>*MY)*R/ Z ¥F°�(+*R/2=GJ%?<*I$Ò$B&)4O*B/PJ%49/P*M(G"$B&)4 ñ &0/P")")?P"�,b/2*B4Pc £ °9=G*I?H&34>5B4¬/P=G=�`¦Y3"),6$B(G?<")*F(+" V0

/P5I4pK0/2")8)=G(+JH(�$'468�7F(+$'&�K0/P"38=+(GJ%(+$ 2
3

W�K)Y»$L�a���9¹;ÝP¹;�ÀÂ
f
*'/2$B(G*I`�C¶(+")@ |f̂(ω)| = 0

`¦?P5 |ω| ≥ 2
3

K 46=G?<"3@<*O$B?
V0

c9!#"/P838)(+$B(G?<"
f̂
JLY)*I$¡K 4ä[#*BJH/P=G=â^ä/P*

ω → ±2
3
¤ c ñ 4>4�1)(+,6$'Y35B4½?<"�1)/P@<4L¨ k '¬(G",6±/P=+"¶Y»$bc

d e"Ú ~ l�zÜÛ z¡jms�o6twv4 �s.ÝRzFy
Wj

/F¹.ÕB�P��� ¢ !#"	$'&)4uN9/P/P5�,>?<"3*I$'5IY),6$B(G?<"�7-4u¼)5B*I$ä&0/28�$B&)4u/P1)1)5I?´¾»(+JZ/2$B(G?<"Z*B10/P,64>*
{0} ← · · · ⊂ V−1 ⊂ V0 ⊂ V1 ⊂ · · · → L2(R).��&)46"�7-4u*B1)=+(+$�4>/P,.&

Vj+1

(G"�$B?E$B&)4A?<5I$B?<@<?<")/P=a*IY)J
Vj+1 = Vj ⊕Wj,/P"38�@P?P$ä/L[#*BY)J§8)4>,6?<JH1�?<*I(+$'(+?<"»^O?P`

L2(R) ¢
L2(R) =

∞⊕

j=−∞
Wj

£ k ¤
 k



£ 7F&)4>5I4
Wj ⊥ Wl

`¦?<5
j 6= l ¤ c!#"	/P8)83(+$'(+?<"E7R4½*IY),>,64>468)4>8	$'?¬¼)")8	/P"ø���À��¸0���a���;Á%�P�aÈ.���;�G�½`¦?P5

Wj
K�CZ8)(G=G/2$'(+")@/P"38	$B5'/P"3*B=_/�$'(G"3@L$'&)4EÁZ����¸0¹;��ÜM�PÝP¹;�G¹;�

ψ
c

Þ Ø0¹.�;���T��� ¢ {A(�:<46"�/L@P4>")465'/P= Z ¥ä°ê?P`{$B&)4½$#C¶1 4A8)(+*B,>Y3*B*B468�(+"�*B46,6$'(+?<"�VLc Ê W)=+46$
Wj

K�4A$B&)4A?<5I$B&)?<@<?P"0/P=a,6?<J%1)=G46JH46"X$�$B?
Vj

(+"
Vj+1

W0*B?E$'&)/2$
Vj+1 = Vj ⊕Wj° ¤ Q¡/2"�7-4A5B4>1�4b/�$ä$B&)4uN9/</25�,>?<")*D$'5IY),6$B(G?<"�/P")8�@<4;$ £ k ¤ �ò ¤ Q¡/2"�7-4�¼0")8�/¬[U7¡/b:P4>=G4;$9K)/P*B(+*D^½`¦?P5 Wj

�
6�&0/�$F8)?%7-4AJH4>/P"	K�C�/®7R/b:<46=G46$OK0/P*I(G* ��m?¿/P")*D7R465Z$'&)46*B4�#XY)46*I$B(G?<")*6W�=G4;$ZY)*Z1)5B?¶,>464>8w/P*H(G" $'&)4�N9/</P5%,b/2*B4 £ QR&0/P1»S$B4>5�!B!I! ¤ cÞpß �X��à��»Î ù����0�¬é�¸0¹½/P1)1)5I?´¾»(+JZ/2$B(G?<"®?P1 465'/2$B?<5B*

Pj

í¶¹�b\�a¹Bí%���¬ì3�´×¶¹À_��u¸3�PÝP¹ä��¸0¹Äb�����G��ÜÒ���¶×½ì��.�.ì0¹;�À���T¹.�$�
æ �èç

Pj

�G�A�¦¸0¹®���À��¸0�B×¶�����P�»ì��'�]ïb¹.Õ;���T�����]Ä
L2(R)

���0�#�
Vj

å
æ ���èç

Pjf = f
� Ä
f ∈ VJ

Äb���½�´��ÁZ¹
J ≤ j

å
æ �����èç

limj→∞ Pjf = f
Äb���p�P���

f ∈ L2(R)
å

æ ��ÝBç
limj→−∞ Pjf = 0

Äb���p�P���
f ∈ L2(R)

å
æ ÝBç

PjPJf = PJPjf = PJf
Ür¸0¹;�

J ≤ j
å

ð-�'�´�]Ä6å
£ ( ¤�ñ 4>4¬��&34>?<5I4>J�ô3cöõE?<"²10/2@<4Z¨ Ê W�1)/P5I$ £ 4 ¤ ?P`\ó94;¼0")(�$'(G?P"²ô3cè« £ 10/P@<4L�' ¤ W /P")8ÿ�46JHJH/®ô3cè»W)10/P@P4¬¶¨<c
£ (G( ¤ 6ø4½&0/b:P4 Pjf = f

`¦?<5�/P=+=
f ∈ Vj

W £ *B(+"),>4
Pj
(+*�/¬1)5I?esI4>,;$'(+?<"�?<"�$'?

Vj ¤ W0/P")8
VJ ⊂ Vj

(+`
J ≤ j

c
£ (G(+( ¤�ñ 4>4uÿ�4>J%JZ/®ô3cª©®?<"�10/P@<4u<«¶c£ (+: ¤�ñ 4>4uÿ�4>J%JZ/®ô3cª©®?<"�10/P@<4u<«¶c
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£ : ¤ !U$O`¦?<=G=+?´7F*ä`¦5I?<J £ (G( ¤ $'&0/2$ PjPJf = PJf
c½ÿ�46$

U
K�4¬$B&)4¬?<5D$'&)?P@<?<"0/P=m,>?PJES13=G4>J%4>"�$9(G"

Vj
$B?
VJ

*I?�$'&0/�$
Vj = VJ ⊕ U

cA��&)46"Û46:<465IC
f ∈ L2(R)

,>/P"K�4�*B13=G(+$F(+"�$'?L$'&35B4>4u10/P5D$'* ¢÷ (G5B*D$\7R4O*B1)=+(+$
f
(+"X$B?

f = g+h
7F&)4>5I4

g = Pjf
W
h = f − g c���&)46" g ∈ Vj

W/2")8
Pjh = Pj(f − Pjf) = Pjf − P 2

j f = Pjf − Pjf = 0,*I?
Pjh = 0 ⇐⇒ h ∈ N (Pj) ⇐⇒ h

(G*�?P5I$'&3?<@<?<"0/2=a$'?
Vj

c
³ä4;¾¶$97-4¬*I1)=G(�$

g
(G"�$'?

g = g1 + g2

W�7F&)4>5I4
g1 ∈ VJ

/P")8
g2 ∈ U

c�6ø4¬&)/´:P4
g2 ∈ U

/P"38
h ∈ V ⊥

j

W�*B?ÚK�?P$B&
g2
/2")8

h
/25B4Z?P5I$'&3?<@<?<"0/2=M$B?

VJ (∈ Vj)
c��&34>5B4;`¦?<5B4

PJg2 = 0
/P"38

PJh = 0
W)*B?

PJf = PJ(g1 + g2 + h) = PJg1 (= g1) = PJ(g1 + g2) = PJg = PJPjf.��&XY)*
PJ = PJPj

/P*F,>=G/P(GJ%4>8�c
Þpß �X��à��»Î ù��+º��Aé�¸0¹¡8)46$'/P(G=�?P1 465'/2$B?<5B*

Qj

í¶¹�b\�a¹Bíp���½ì3�´×¶¹�_��9¸3�PÝP¹-��¸0¹aÄb�����G��ÜÒ���¶×ì��'�.ì0¹;�À���T¹.�$�
æ �èç

Qj

�G�%��¸0¹����;��¸0�B×¶�����P�aì��'�]ïb¹.Õ;���T�����]Ä
L2(R)

���0�#���¦¸0¹	���À��¸0�B×¶�����P�RÕ.��Á9ì��G¹É`ÁZ¹;�0�
Wj

�]�
Vj
���
Vj+1

�Ò�´�E��¸3�P�
Vj+1 = Vj ⊕Wj

å� %¹¬ÕB�P���
Wj

��¸0¹L8346$./2(G=*I10/P,64��]Ä9�´ÕB�P�G¹
2−j å

æ ���èç
Pj+1 = Pj +Qj

å
æ �����èç

Pj = PJ +
∑

J≤l<j Ql

�
j > J

å
æ ��ÝBç

limj→∞Qjf = 0
Äb���u�P���

f ∈ L2(R)
å

æ ÝBç
limj→−∞Qjf = 0

Äb���u�P���
f ∈ L2(R)

å
æ Ý´�èç

QjQlf = 0
Äb���¬�P�_�

j 6= l
�
f ∈ L2(R)

å
Æ����b���RQR?<J%10/P5I4½$'&)(+*¡$'?E��&)4>?P5B4>J Ê cö«L?<"�10/P@<4AôPô3c
ð-�'�´�]Ä6å
£ ( ¤ ÿ�4;$EY)*�í¶¹�b\�a¹ Q̃j

$'?ÛK�4	$B&)4�?<5D$'&)?<@P?<"0/P=-1)5B?esI46,6$B(G?<"¯?P`
L2(R)

?<"�$'?
Wj

c°O*p(+"Ú$'&)4%1)5B?¶?P`R?P`¡��&)46?<5B46J »c�¨%7-4Z*I1)=G(�$u/P"±/25BK)(�$'5'/25IC
f ∈ L2(R)

(G"�$B?
f = f1 + f2 + f3

7F&34>5B4
f1 ∈ Wj, f2 ∈ Vj, f3 ∈ Vj+1.
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��&34>" £ /P*F(G"�$B&0/2$F1)5I?»?P` ¤
Q̃jf1 = f1, Q̃jf2 = 0, Q̃jf3 = 0£ *B(+"),>4

f2

/P")8
f3

/P5I4u?P5I$'&3?<@<?<"0/2= $'?
Wj ¤

Pjf = f2, Pjf1 = 0, Pjf3 = 0,

Pj+1f = f1 + f2, Pj+1f3 = 0.

��&XY)* ¢
Pj+1f = f1 + f2 = Q̃jf + Pjf,*I?

Pj+1 = Pj + Q̃j,
/P"38

Q̃j = Pj+1 − Pj.��&3(G*®(G*®&3?�7§7R4	8)4;¼0")4>8
Qj+1

?P" 1)/P@<4�»¨<WM*B?
Qj = Q̃j =

?<5I$B&)?<@<?P"0/P=135B?esI46,6$'(+?<"	?<"�$'?
Wj

c
£ (G( ¤ S £ : ¤ ��&34>*B4u1)5I?»?P`¦*F/25B4�$'&)4L�>�PÁZ¹u/2*¡$'&)4A?<")46*O?P"�1)/P@<4uô<ô3c£ :»( ¤ ÷ ?<=+=G?´7F*�`¦5B?<J $B&)4p`�/2,6$9$B&0/2$

Wj ⊥ Wl

`¦?<5½/P=+=
j 6= l

cÀ6ø4¬&)/´:P4
Qlf ∈ Wl

W/2")8
Wl ⊥ Wj

W)*B?
Qj[Qlf ] = 0

c
d e�ß ~ l�zÜm nAjml�z¡h¢à s�áLz�t;z¡j

ψ
�m?E1)5B?¶,>464>8�7-4A")4>468²/p[]J%?P$B&)4>5¡7R/b:<4>=+46$D^ ¢�������m���������a�������c{�(+:P4>"	/¬@<46")4>5B/P= Z ¥ä°î?2`m$B&)49$#C¶1�4�8)(G*I,>Y)*I*B4>8	(+" ñ 4>,;$'(+?<"�VLc Ê W7F(�$'&±$B&)4�/P1)135B?b¾»(GJH/2$'(+?<"ø*I10/P,64>*

Vj

£ *I4>4�1)/P@<4	�' ¤ /P")8¿8346$./2(G=M*B10/P,64>* Wj

£ *B4>410/2@<4A©3¨ ¤ W37R4u,b/2=G= ψ ∈ V1

/�ÁZ����¸0¹;��ÜM�PÝP¹;�G¹;�R(�`
{Tkψ}∞k=−∞

(+*F/P"¯���À��¸0���a���ÀÁ%�P�mK)/P*B(+*F`¦?P5
W0£ ¥F4>,>/P=G= ¢ {Tkψ}∞k=−∞

(G*�/P"î?<5D$'&)?<"3?<5BJH/P=AK0/P*I(G*�`¦?<5
V0 â *I4>4¯ÿ�4>J%JH/�ô3cè»W10/2@<4u»¨ ¤ cNO?´7 ,b/P"	7R4u,.&)46,.·�(+`

ψ
(G*F/EJH?2$'&)465¡7¡/b:<46=G4;$ �

T\�¶Î Î±ÍÑ���Gº��
ψ ∈ L2(R)

�G�u�ZÁZ���¦¸0¹;�AÜM�PÝP¹;�G¹;�\� Äu�P��í����0�ÖÂE� Ä
æ �èç

ψ ∈ V1æ ���èç {Tkψ}∞k=−∞
�G�¬�P�ø���À�¦¸0���a���ÀÁ%�P� �;Â´�;�]¹;Á �]Ä½���I�P�3�;���P�#¹.�
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æ �����èç 〈Tkψ, Tlϕ〉 = 0
Äb���Ú�P���

k, l
æ Ür¸0¹;�'¹

ϕ
�G�Ú��¸0¹¬Ä6�P��¸0¹;�²ÜM�PÝP¹;�G¹;�4ã��´ÕB�P�Ö���¶×ÄÀØ¶�aÕ;���T���Pç

æ ��ÝBçåäu�FÄÀØ¶�aÕ;���T���
f ∈ W0

�G�®���À�¦¸0�B×¶�����P� �]�	¹;ÝP¹;�ÀÂ
Tkψ

�
k ∈ Z

å
ð-�'�´�]Ä6å9QR?<"38)(+$B(G?<")* £ ( ¤ W £ (+( ¤ /P")8 £ (G(+( ¤ /P5I49�a¹.Õ.¹.�.�>�P�ÀÂ½`¦?<5 ψ $B?9K�4�/OJ%?P$'&34>5{7¡/b:<46=G4;$£ KXC 8)46¼0"3(+$'(+?<" ¤ c ñ Y)1)1�?<*I4�$B&0/2$®$'&34>*B4	,6?<")8)(�$'(G?P")*®&)?<=+8�c¿ÿ�46$ W K�4�$'&)4	*I10/P,>4*I10/P")")468±K�CÚ$'&34%`¦Y)"3,6$'(+?<")* {Tkψ}

Wk/P*A(G"Û��&)4>?P5B4>J ¨<c Ê ?<"�10/P@<4 Ê «»W{(Tcý4Pc�W{46:P4>5IC
f ∈ W (+*9?P`\$B&)4L`¦?<5BJ

f =
∑∞

k=−∞ dkTkψ
cu��&)46"�K�C�$'&0/2$9$'&)46?<5B46J�W {Tkψ}

(G*/P"	?<5D$'&)?P@<?<"0/P=aK0/P*B(+*¡`¦?<5
W
c]6±4A,6=_/P(+J $B&0/2$

W = W0

còR46,b/PY)*I4H?2` £ ( ¤ W ψ ∈ V1

Wm/P")8�*B(G"3,>4
TkV1 = V1

£ 7F&XC � ¤ Wm7R4E&0/b:P4 Tkψ ∈ V1`¦?<5F/2=G=
k
c\��&¶Y3*

W ⊂ V1

cò-C £ (+(G( ¤ W Tkψ ⊥ Tlϕ
`¦?<5¡/P=+=

l =⇒ Tkψ ⊥ V0

£ *B(+"),>4 {Tlϕ}
(+*R/¬K)/P*B(+*-`¦?<5

V0 ¤
=⇒ W ⊥ V0.

6ø4A,>?<"),6=GY)834A$B&0/2$
W ⊂ W0

£ *I(G"),64
V1 = V0 ⊕W0 ¤ c!U`

W 6= W0
W�$'&)46"Ú$'&)465B4E(G*�*I?<JH4

f ∈ W0
W
f 6= 0

W�*IY),.&Û$'&0/�$
f ⊥ W

c¬òRY3$$B&)4>"�W�K�C £ (+: ¤ W f ⊥ Tkψ
`¦?<5�/P=+=

k
W{/P")8Ú*B?

f = 0
cA��&)(+*½*B&)?´7F*�$'&)/2$½7-4®,b/P")"3?P$&0/b:P4

W 6= W0

cQR?<")*I4$#XY)46"X$B=+CPW {Tkψ}∞k=−∞
(G*F/P"	?<5D$'&)?P")?<5BJH/P= K0/P*B(+*�`¦?<5

W0 (= W )
c

ò-CÚY3*B(G"3@	$B&)4®J%?P$'&)465½7¡/b:P4>=G4;$
ψ
£ (+`M(�$�4;¾»(G*D$'* ¤ 7-4E,b/P"�5B461 4>/2$AJH/P"�C²?P`M$'&)4$B&)4>?<5I4>J%*F(G"�$'&34pNO/</P5�,.&0/213$'465>c

�������m���������æ���+Ñ�� ÷ ?<5-4>/P,.&
j, k ∈ Z

WX7R4O8)46¼)")49$'&34pÜM�PÝP¹;�G¹;�¶Ä6�PÁ®���ÖÂ
ψj,k

(G")83Y),>468K�C�$B&)4AJH?P$B&)4>5¡7R/b:<46=G46$
ψ
K�C

ψj,k(x) = 2j/2ψ(2jx− k) = (D2jTkψ)(x)£ ,6`]cÒ10/P@P4¬¶¨ ¤ c
T\�¶Î Î±ÍÑ����á{���k���p¹B�¶Õ.¸

j ∈ Z
� {ψj,k}∞k=−∞

�G�¬�P�����;��¸0���a���ÀÁ%�P�{È.���;�G�ÒÄb���
Wj

å
ð-�'�´�]Ä6å ñ /2JH4A/P*F1)5I?»?2`r?P`rÿ�4>J%JZ/®ô»cöL?<"	10/P@P4¬¶¨<c£ QR?PJH10/25B4½$'&3(G*¡$'?%��&)46?<5B46JÙ«»c Ê ?<"	10/2@<4p«<õ»c ¤Þpß �X��à��»Î ���+ù��ç��Ø´ì�ì0�´�´¹Z�¦¸3�P��ÜR¹%¸3�PÝP¹	�è!7/ } ÜÒ����¸ø�´ÕB�P�Ö���¶×LÄÀØ¶�aÕ;���T���

ϕ
�P��íÁZ����¸0¹;��ÜM�PÝP¹;�G¹;�

ψ
åHé�¸0¹;�
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æ �;çé�m���¬¹;ÝP¹;�ÀÂ
j > J

�M�¦¸0¹��´¹;���]ÄÒÄÀØ¶�aÕ;���T���3�
{ϕJ,k}∞k=−∞

⋃
{ψl,k}−∞<k<∞

J≤l<j�G�u�P�±���;��¸0���a���ÀÁ%�P��È.���;�G�\Äb���
Vj

å
æ ÈDçé�m���¬¹;ÝP¹;�ÀÂ

J ∈ Z
�M�¦¸0¹��´¹;���]ÄÒÄÀØ»�aÕ;���T���3�
{ϕJ,k}∞k=−∞

⋃
{ψj,k} j≥J

−∞<k<∞�G�u�P�±���;��¸0���a���ÀÁ%�P��È.���;�G�u���
L2(R)

å
æ Õ#çêé�¸0¹9�´¹;�F�]Ä�ÄÀØ¶�aÕ;���T���3�

{ψj,k}∞j,k=−∞�G�u�P�±���;��¸0���a���ÀÁ%�P��È.���;�G�u���
L2(R)

å
ð-�'�´�]Ä6å ñ /2JH4A/P*�$B&)4A1)5B?¶?P`¦*�?P`k��&)4>?P5B4>J%*O«»cèõ�SD«»c k ?<"	10/P@<46*O«Pü�SD« k c
ê �{�P�6���¦�������R���
° ¤ óO?»46*F$B&)4>5I4u/P=+7R/bC»*F4À¾3(+*I$O/®JH?2$'&)465¡7¡/b:<46=G4;$ ψ �ò ¤ Nä?´7î8)?®7-4u¼0"38�(�$ �
�m?L/P")*D7R465R$'&3(G*Ê#¶Y34>*I$B(G?<"H7R4ä¼05B*D$R$./2·P4½/u,>=+?<*B465-=+?»?<·L/2$-$B&)4O`¦Y3"),6$B(G?<")*M(G"

V−1/P"38
W0

c
T\�¶Î Î±ÍÑ���D[ �Fãm¹;�

ϕ
È;¹p�%�´ÕB�P�Ö���¶×äÄÀØ¶�aÕ;���T���±�]Äp�4!z/ } {Vj}∞j=−∞

�R�P��íZ�G¹;�
α̂
È;¹��¸0¹\ÄÀØ»�aÕ;���T���²����é�¸0¹.���'¹;Á�xXåDëe�aì3�´×¶¹f_Áx æ �¦¸0¹4ì��G��Üaì3���.��b\�Ö�]¹;�eíªçPåHé�¸0¹;�

�èç
f ∈ V0 ⇐⇒ f̂(ω) = ĉ(ω)ϕ̂(ω)

Äb���½�´��ÁZ¹¡ì0¹;�À�T�>íP�TÕ
ĉ ∈ L2(T)

å
�À�²��¸¶�G�®ÕB���´¹

‖f‖2L2 =

∫ 1

0

|ĉ(ω)|2dω =
∞∑

k=−∞
|ck|2,

Ür¸0¹;�'¹
ck
�P�.¹u��¸0¹®Õ.�´¹��wÕ;�T¹;�0�¦�����²�¦¸0¹®¹Ië6ì3�P�3�;�T���

f =
∞∑

k=−∞
ckTkϕ.

© Ê



���èç
f ∈ V−1 ⇐⇒ f̂(ω) = l̂(ω)α̂(ω)ψ̂(ω)

Ür¸0¹;�'¹
l̂(ω)

�G��ì0¹;�À�T�>íP�TÕÛÜÒ����¸1�4>5I(G?¶8 1
2

�R�P��í
‖f‖2L2 =

∫ 1/2

0

|l̂(ω)|2dω.

ð-�'�´�]Ä6å
( ¤�ñ 4>4A��&)4>?P5B4>J�¨Pcè©®?<"	10/P@P4 ÊPÊ c
(G( ¤ 6ø4A&0/b:<4 f ∈ V−1 ⇐⇒ D2f ∈ V0

W3*B?%KXC�( ¤ W
D̂2f(ω) = ĉ(ω)ϕ̂(ω).

Nä4>5I4
D̂1/2f(ω) =

∫ ∞

−∞
e−2πiωx

√
2f(2x)dx (2x = y)

=
1√
2

∫ ∞

−∞
e−πiωyf(y)dy

=
1√
2
f̂(
ω

2
) = ĉ(ω)ϕ̂(ω).

¥F4>13=_/P,64
ω/2

K�C
ω =⇒

f̂(ω) =
√

2ĉ(2ω)ψ̂(2ω)
£ Y)*B4u��&)4>?P5B4>JÙô»c k W310/P@<4uPô ¤

=
√

2ĉ(2ω)α̂(ω)ψ̂(ω)

= l̂(ω)α̂(ω)ϕ̂(ω),
7F&)465B4

l̂(ω) =
√

2ĉ(2ω).÷ (G"0/P=+=+C
‖f‖2L2 = ‖D1/2f‖2L2

£ Y3*B4A( ¤I¤
=

∫ 1

0

|ĉ(ω)|2dω (ω = 2ν)

= 2

∫ 1/2

0

|ĉ(2ν)|2dν =

∫ 1/2

0

|l̂(ν)|2dν.

T\�¶Î Î±ÍÑ���Ri��� 	����¸��¦¸0¹��>�PÁZ¹u���.�;Ø»Á9ì����T���3�u���u����ã{¹;Á®Á%�4�¶å����MÜR¹9¸3�PÝP¹

©�



�����èç
f ∈ W−1 ⇐⇒ f̂(ω) = λ(ω)α̂(ω + 1

2
)ϕ̂(ω)

�kÜr¸0¹;�.¹
λ
�G�9�P�0���èì0¹;�;�T�>íP�TÕäÜÒ����¸ì0¹;�À�T�>í 1

2

�
λ(ω + 1

2
) = −λ(ω)

�R�P��í
‖f‖2L2 =

∫ 1/2

0

|λ(ω)|2dω (<∞)

æ �a���\��¸3�P�R��¸¶�G�A�G�
=
∫ 1

1/2
|λ(ω)|2dω çPåð-�'�´�]Ä6å

f ∈ W−1 ⊂ V0

W0*B?%K�C	ÿ�4>J%JZ/®©»cöõ»W
f̂(ω) = ĉ(ω)ϕ̂(ω)

£ ¨�' ¤`¦?<5�*I?<J%4
1
S#1�4>5I(G?¶8)(G,

ĉ
c Å "�$'&)4A?P$B&)4>5F&0/2")8�W

f ⊥ V−1

W)*I?
〈g, f〉 = 0 ∀g ∈ V−1 ⇐⇒
〈ĝ, f̂〉 = 0 ∀g ∈ V−1 ⇐⇒ £ *I4>4uÿ�4>J%JZ/®©3cèõ ¤
∫∞
−∞ l̂(ω)α̂(ω)ϕ̂(ω)ĉ(ω)ϕ̂(ω)dω = 0,`¦?<5ä46:P4>5DC²1�4>5B(+?»83(G,

l̂
7F(�$'&²1�4>5I(G?¶8 1

2

c½°O=G={?P`
l̂(ω)

W
λ̂(ω)

W
ĉ(ω)

/25B4L1�4>5I(G?¶8)(G,�7F(+$B&1�4>5I(G?¶8�?<")4PW0*I?
0 =

∞∑

k=−∞

∫ k+1

k

l̂(ω)α̂(ω)ϕ̂(ω)ĉ(ω)ϕ̂(ω)dω

=

∞∑

k=−∞

∫ 1

0

l̂(ω + k)α̂(ω + k)ĉ(ω + k)︸ ︷︷ ︸JÉ<�L�EGF�M�EGB
|ϕ̂(ω + k)|2dω

=
∞∑

k=−∞

∫ 1

0

l̂(ω)α̂(ω)ĉ(ω)|̂(ϕ(ω + k)|2dω
£ Y3*B4A��&)4>?P5B4>J�¨Pcö»W310/P@<4 Ê ô ¤

=

∫ 1

0

l̂(ω)α̂(ω)ĉ(ω)dω.

ñ (+"),>4 l̂(ω)
(G*�1�4>5I(G?¶8)(G,97F(�$'&	1�4>5B(+?»8 1

2
, =⇒

0 =

∫ 1/2

0

l̂(ω)α̂(ω)ĉ(ω)dω +

∫ 1

1/2

l̂(ω)α̂(ω)ĉ(ω)dω (ω = ν +
1

2
)

=

∫ 1/2

0

l̂(ν)α̂(ν +
1

2
)ĉ(ν +

1

2
)dν +

∫ 1/2

0

l̂(ω)α̂(ω)ĉ(ω)dω

=

∫ 1/2

0

l̂(ω)

[
α̂(ω)ĉ(ω) + α̂(ω +

1

2
)ĉ(ω +

1

2
)

]
dω.

©<©



Nä4>5B4
l̂(ω)

(G*u�P�6È>�����I�P�ÀÂ�W0*B?
[. . .] = 0

W)(�cª42c+W
α̂(ω)ĉ(ω) + α̂(ω +

1

2
)ĉ(ω +

1

2
) = 0

£ ¨<¨ ¤
`¦?<5 £ /P=GJ%?<*D$ ¤ /P=+= ω c\��&¶Y3*>W f ∈ W−1

(�`�/P"38�?<")=�C�(�` £ ¨�' ¤ /2")8 £ ¨<¨ ¤ &)?P=G8�cM!U`�K�?P$'&
α̂(ω) 6= 0

/P")8
α̂(ω + 1

2
) 6= 0

W)$'&)46" £ ¨<¨ ¤ (+*�4$#XY)(+:2/P=+4>"�$�$'?
ĉ(ω + 1/2)

α̂(ω)
= − ĉ(ω)

α̂(ω + 1/2)

ó946")?P$B4A$B&)(G*F"XY)JLK�4>5�K�C
λ(ω + 1

2
)
c\!U`r?<"3=+C

α̂(ω) 6= 0
W)$B&)4>"	7-4u8346¼0")4

λ(ω +
1

2
) =

ĉ(ω + 1
2
)

α̂(ω)
,

/P"38�(�`r?P")=+C
α̂(ω + 1

2
) 6= 0

W)$B&)4>"	7R4A8)4;¼0")4
λ(ω +

1

2
) = − ĉ(ω)

α̂(ω + 1
2
)
,

³O?2$'4¬$B&0/2$½7-4L,b/2")")?P$�&)/´:P4®K ?2$'&
α̂(ω) = 0

/P")8
α̂(ω + 1

2
) = 0

4;¾»,>4613$A(G"²/*I46$ä?P`kJH4>/P*BY)5I4AÓ>4>5I?H*I(G"),64




ĉ(ω) = −λ(ω + 1
2
)α̂(ω + 1

2
)
/P"38

ĉ(ω + 1
2
) = λ(ω + 1

2
)α̂(ω)

£ ¨�« ¤
!#"�K�?P$B&�,>/P*B46*ä7-4¬46")8�Y)1	7F(+$B&�$B&)4A`¦?<5BJLY3=_/ |α̂(ω)|2 + |α̂(ω + 1

2
)|2 = 1

£ *B464`¦?<5IJLY)=G/ £ õ ¤ ?P"�1)/P@<4%Pô ¤ W�7F&)(G,.&�(G*½:2/P=+(G8�`¦?P5A/P=GJ%?<*I$½/P=G= ω cL��&)4®`¦Y)"),;$'(+?<" λ̂ (G*1�4>5I(G?¶8)(G,®7F(+$B& 1�4>5B(+?»8
1
*I(G"),64ZK�?P$'&

α̂
/P")8

ĉ
/25B4Z1�4>5I(G?¶8)(G,2c�!#"¯/P8)8)(�$'(+?<"�Wm(+`¡7-45I4>1)=G/P,>4

ω
K�C

ω + 1
2

(+" £ ¨�« ¤ /2")8�Y3*B4A$'&)4A1�4>5B(+?»83(G,>(�$#C<WX$'&)46"�7-4u@<46$
ĉ(ω +

1

2
) = −λ(ω)α̂(ω)

ĉ(ω) = λ(ω)α̂(ω +
1

2
).

©�õ



QR?<J%10/P5I49$'&3(G*¡$'? £ ¨�« ¤ =⇒ λ(ω) = −λ(ω + 1
2
)
cÒ��&XY)*>W

λ
(+*�/P"�$'(âS#1�4>5B(+?»83(G,F7F(+$'&1�4>5I(G?¶8 1

2

c-òMC	ÿ�4>J%JZ/®©3cèõ»W)1)/P@<4u© Ê /P")8	K�C £ ¨�« ¤ W)*B(+"),>4 f ∈ V0
W)7R4A&0/b:P4

‖f‖2L2 =

∫ 1

0

|ĉ(ω)|2dω

=

∫ 1

0

|λ(ω)|2|α̂(ω +
1

2
)|2dω

=

(∫ 1/2

0

+

∫ 1

1/2

)
|λ(ω)|2|α̂(ω +

1

2
)|2dω (|λ(ω +

1

2
)| = |λ(ω)|)

=

∫ 1/2

0

|λ(ω)|2(absα̂(ω)2 + |α̂(ω +
1

2
)|2)dω

£ *B464 £ õ ¤ ?<"�10/P@<4uPô ¤
=

∫ 1/2

0

|λ(ω)|2.
g ��à�� Ð�Ð¦Í)à�hy�������Ù �����¸	�¦¸0¹��>�PÁZ¹A���.�;Ø»Á9ì����T���3�u��������ã{¹;Á®Á%���f�På�îÂ`��På\ï(�\ÜR¹O¸3�PÝP¹
��ÝBç

f ∈ W0 ⇐⇒ f̂(ω) = µ(ω)α̂(w
2

+ 1
2
)ϕ̂(ω

2
)
�OÜr¸0¹;�.¹

µ(ω + 1) = −µ(ω)
��P��í

‖f‖2L2 =

∫ 1

0

|µ(ω)|2dω (<∞)

ð-�'�´�]Ä6å�6ø4A&0/b:<4
f ∈ W0 ⇐⇒ D1/2 ∈ W−1

cMò-C	ÿ�4>J%JZ/®©»cèü
D̂1/2f(ω) =

√
2f̂(2ω) = λ(ω)α̂(ω + 1/2)ϕ̂(ω).¥F4>1)=G/P,>4

ω
K�C

ω/2
W{/P")8Û1)Y3$

µ(ω) = 1√
2
λ(ω

2
)
c¬��&)4>"

µ(ω + 1) = −µ(ω)
W{/P")8K�C	ÿ�4>J%JH/®©3cèü»W

‖f‖2L2 = ‖D1/2f‖2L2 =

∫ 1/2

0

|λ(ω)|2dω

ω=ν/2
=

1

2

∫ 1

0

|λ(ν/2)|2dω =

∫ 1

0

|µ(ω)|2dω

(�cª42c+W
α̂(ω)ĉ(ω) + α̂(ω + 1/2)ĉ(ω + 1/2) = 0

£ `¦?P5 £ /P=+JH?<*D$ ¤ /2=G= w ¤ c £ ¨´ô ¤��&XY)*
f ∈ W−1

(+`r/P")8	?<"3=+C�(�` £ ��� ¤ /P"38 £ ¨´ô ¤ &)?P=G8�c
©<ü



!U`
α̂(ω + 1/2) 6= 0

W)$B&)4>"	7-4u,>/P"�8)46¼0"34
λ(ω + 1/2) = − ĉ(ω)

α̂(ω + 1/2)
,

*I?%$B&0/2$ £ ¨bô ¤ @<(+:P4>*F(G"�$B&)(G*F,>/P*B4




ĉ(ω) = −λ(ω + 1/2)α̂(ω + 1/2)
/P")8

ĉ(ω + 1/2) = λ(ω + 1/2)α̂(ω).

£ ¨ Ê ¤
!U`]W0(G"3*I$'4>/P8

α̂(ω) = 0
$'&34>"	7R4A,b/2"�8)4;¼0")4

λ(ω + 1/2)
K�C

λ(ω + 1/2) =
ĉ(ω + 1/2)

α̂(ω)
,

/P"38 `¦5B?<J £ ¨bô ¤ 7-4	/P@�/P(+"±@<4;$ £ ¨´ ¤ c�6ø4�·X")?´7 $'&0/2$L/2$®=+4b/P*D$L?<")4Z?P`
α̂(ω)

/P"38
α̂(ω+1/2) 6= 0

WXK 46,b/PY3*B4 |α̂(ω)|2 + |α̂(ω+1/2)|2 = 1
£ *B4>4ä`¦?<5BJ¬Y)=_/ £ õ ¤ ?<"H10/P@<4Pô ¤ c���&XY)*6W £ ¨� ¤ �P�ÖÜM�PÂ��A&3?<=G8)*6c���&)4½`¦Y)"3,6$'(+?<" λ (+*¡1�4>5B(+?»83(G,F7F(+$'&�1�4>5I(G?¶8 1

*I(G"),64K�?P$'&
α̂
/2")8

ĉ
/P5B4®1�4>5I(G?¶8)(G,2cL!#"±/28)8)(+$B(G?<"aW�(+`M7R4E5I4>1)=G/P,>4

ω
KXC

ω + 1/2
(G" £ ¨� ¤/P"38�Y3*B4A$'&)4A1�4>5B(+?»83(G,>(�$#C<WX$'&)46"�7-4A@<46$





ĉ(ω + 1/2) = −λ(ω)α̂(ω)

ĉ(ω) = λ(ω)α̂(ω + 1/2).

£ ¨� ¤
QR?<J%10/P5I4H$B&)(G*u$'? £ ¨� ¤ =⇒ λ(ω) = −λ(ω + 1/2)

c���&¶Y3*>W
λ
(+*L/P"�$B(G1�4>5B(+?»83(G,7F(�$'&	1 465B(+?»8

1/2
c

Å "�$B&)4p?2$'&)465ä&)/P")8�W�10/P5D$9( ¤ ?P`Òÿ�46JHJH/%«»cè©E(G*ä/P=+*B?E$'5IY)4p(�`k7-4u5B4>13=_/P,64 V0

K�C
W0

/2")8
ϕ
K�C

ψ
W�7F&)465B4

ψ
(G*A/2"±/P5IK)(+$B5'/P5DC²J%?P$'&34>5½7R/´:P4>=+46$ £ (+`M*BY3,.&¿/�JH?P$B&)4>57R/b:<4>=+46$O4;¾»(G*D$'* ¤;¢

T\�¶Î Î±Í¬�����;���.��Ø´ì�ì0�´�´¹���¸3�P�A�¦¸0¹�!7/ } {Vj}∞j=−∞
¸3������ÁZ����¸0¹;��ÜM�PÝP¹;�G¹;�

ψ
åé�¸0¹;�

f ∈ W0 ⇐⇒ f̂(ω) = d̂(ω)ψ̂(ω)Äb���9�´��ÁZ¹¡ì0¹;�À�T�>íP�TÕ
d̂
ÜÒ����¸Lì0¹;�À�T�>í

1
�-�P��í

‖f‖2L2 =

∫ 1

0

|d̂(ω)|2dω.

© k



ð-�'�´�]Ä6å ñ /2JH4E/P*A1)5I?»?2`R?P`-10/P5D$A( ¤ ?P`Rÿ�4>J%JZ/�©»cöõ»W{10/2@<4%© Ê c £&ð *B4E��&)46?<5B46J ¨<cö?<"	10/2@<4 Ê ô ¤ cQR?<J%10/P5I(G")@²$B&)(G*L$B?±QR?P5B?<=+=_/P5DC±©»c k 7-4�5I4b/P=+(GÓ>4Z&)?´7§$'?Û,6?<")*I$B5BY),;$H/ÛJ%?P$B&)4>57R/b:<4>=+46$$ñ
Þpß �X��à��»Î �������0�Oã{¹;� {Vj}∞j=−∞

È;¹®�,!z/ } ÜÒ���¦¸��´ÕB�P�Ö���¶×9ÄÀØ»�aÕ;���T���
ϕ
åÚé�¸0¹;�

ψòHóèôwõæö>÷YøpùÁú�ûçôüùÁý&ùÁ÷®þPö
ú�÷Hø�òHó�ÿ���� ⇐⇒

ψ̂(ω) = ν(ω)α̂(
ω

2
+

1

2
)ϕ̂(

ω

2
),

£ ¨´© ¤
Ür¸0¹;�'¹

ν(ω + 1) = −ν(ω)
�P��í |ν(ω)| = 1

Äb���p�P�ÖÁZ�´�;�-�P���
ω
å

ð-�'�´�]Ä6å�äu¹.Õ.¹.�.�;����Â ¢Rñ Y)1)1�?<*I4p$'&)/2$ ψ (+*ä/%J%?P$'&34>5�7¡/b:P4>=G4;$bc¡��&34>"
ψ ∈ W0

W�*I?ZK�CQR?<5I?<=G=G/P5ICZ©3c k W)(�$�&0/P*ä/®5B461)5B46*B4>"�$'/2$'(+?<"
ψ̂(ω) = ν(ω)α̂(

ω

2
+

1

2
)ϕ̂(ω), ν(ω + 1) = −ν(ω).

õ�'



!#"�/P8)8)(�$'(+?<"�W¶KXC	��&34>?<5I4>J�¨<c Ê ?<"	10/P@<4 Ê «»W»`¦?<5F/P=GJ%?<*D$F/P=G=
ω ∈ R

W
1 =

∞∑

k=−∞
|ψ̂(ω + k)|2

=
∞∑

k=−∞
|ν̂(ω + k)|2︸ ︷︷ ︸

|ν̂(ω)|2

|α̂(
ω

2
+
k + 1

2
)

︸ ︷︷ ︸JK<�L�EGFNM"EGB QJÉ<�L�EGF�M
2

|2|ϕ̂(
ω

2
+
k

2
)|2

= |ν̂(ω)|2
( 8@<��Y<�A S∑

k=2l

+

8	FNM"M S∑

k=2l+1

)
|α̂(

ω

2
+
k + 1

2
)|2|ϕ̂(

ω

2
+
k

2
)|2

= |ν̂(ω)|2
[ ∞∑

l=−∞
|α̂(l +

ω + 1

2
)|2|ϕ̂(

ω

2
+ l)|2

+

∞∑

l=−∞
|α̂(l +

ω

2
+ 1)

︸ ︷︷ ︸JK<�L�EGFNM"EGB QJK<�L�EGFNM
1

|2|ϕ̂(
ω + 1

2
+ l)|2

]

= |ν̂(ω)|2
[
|α̂(

ω

2
+

1

2
)|2

∞∑

l=−∞
|ϕ̂(

ω

2
+ l)|2

+|α̂(
ω

2
)|2

∞∑

l=−∞
|ϕ̂(

ω

2
+

1

2
+ l)|2

]

£ Y)*B4u��&)4>?P5B4>J�¨Pc Ê W310/P@<4 Ê « ¤
= |ν̂(ω)|2[|α̂(

ω

2
+

1

2
)|2 + |α̂(

ω

2
)|2]£ Y)*B4A`¦?<5BJ¬Y)=_/ £ õ ¤ ?<"	10/P@<4pPô ¤

= |ν̂(ω)|2.
��&XY)*6W |ν̂(ω)| = 1

`¦?<5F/P=GJ%?<*D$F/P=G=
ω
c

��ØK��Õ;�T¹;�aÕ;Â ¢ °O*B*BY3JH4L$B&0/2$ £ ¨´© ¤ &)?<=G83* £ 1)/P@<4®õ(' ¤ c½��&34®/PK�?�:P4L,>?PJH1)Y»$./2$B(G?<"*I&)?´7F*ä$B&0/2$F$'&)46" {Tkψ}∞k=−∞
(G*ä/P"�?<5I$B&)?<@<?P"0/P=�*DC»*D$'46JÃ?2`k$B5'/P")*I=_/2$B4>* £ *I4>4u��&)4;S?<5I4>Jú¨<c Ê W�10/P@<4 Ê « ¤ cOò-C²QR?<5B?P=G=_/25IC	©3c k W ψ ∈ W0

c ñ (G"),64 W0
(G*ä(G"�:2/P5B(G/P"�$9Y3")8)4>5(+"X$B4>@<465ä$B5'/P"3*B=_/�$'4>* £ 4>/P*IC	$'?Z1)5B?´:<4 ¤ W�7R4L&)/´:P4 Tkψ ∈ W0

`¦?<59/2=G=
k
W *B?%$'&)4L*I10/P,64*I10/P")")468	KXC {Tkψ}∞k=−∞

£ *I4>4���&)46?<5B46JÕ���E?<"�1)/P@<4.��� ¤ J¬Y)*I$�K�4½/L*IY)K)*I10/P,>4�?2`
W0

c !#*F(+$ä/P=+=a?P`
W0

��� 4>*qñ ñ 4>4>"�/P*�`¦?<=G=+?´7F*>c
õ»¨



�k/P·P4p/P"�C
g ∈ W0

cÒ��&)46"�K�C�QR?<5I?<=G=G/P5ICZ©3c k W
ĝ(ω) = µ(ω)α̂(ω/2 + 1/2)ϕ̂(ω/2),*I?%7-4A@<46$F`¦5B?PJ £ ¨b© ¤

ĝ(ω) =
µ̂(ω)

ν(ω)
ψ̂(ω).Nä4>5B4

µ̂(ω + 1)

ν(ω + 1)
=
−µ̂(ω)

−ν(ω)
=
µ̂(ω)

ν(ω)(+*�1 465B(G?¶8)(+,97F(+$B&�1�4>5I(G?¶8�?<")42c Z ?<5B46?�:P4>5
∫ 1

0

∣∣∣ µ̂(ω)

ν(ω)

∣∣∣
2

dω <∞.
��&XY)*6WRK�C¿��&)46?<5B46J ¨<cèÚ?P" 1)/P@<4 Ê ô3W

g
K 46=G?<"3@<*L$'?Ú$'&34�*BY)K)*I10/P,64�*I10/P")"34>8�K�C

{Tkψ}∞k=−∞
c

ò¡/P,.·�$'?���&)46?<5B46J ©3c�¨<¨L?P"Ú10/P@<4Eõ(' ¢ 6ø4L,>/P"Ú,.&)?¶?<*B4 ν $B?�K 4��P�0Â½ÄÀØ»�aÕ;���T���*B/2$'(�`�C»(+")@
ν(ω + 1) = −ν(ω)

/P")8 |ν(ω)| = 1
cÒ��&)4p*D$./P"380/P5B8�,.&)?<(+,>4A(G*¡$B?®$./P·24

ν(ω) = −e−πiω,
£ *B?<J%46$B(GJ%4>*

ν(ω) = ±e±πiω ¤ c
6ø4A*B&0/P=+=�8)?E*B?%(G"�$B&)4A*B4$#XY)46=Tc
�������m���������z�����¶º��mÿ�46$ {Vj}∞j=−∞

K�4-/ Z ¥F° 7F(�$'&u*B,>/P=G(+")@�`¦Y)"),6$B(G?<"
ϕ
ck��&)4>"u$'&)4�;�T�P��í��P�IíuÁZ����¸0¹;�¡ÜM�PÝP¹;�G¹;�r/2*B*B?¶,>(G/2$'468¬7F(+$B&L$'&)4 Z ¥ä°�(G*r$B&)4R`¦Y)"),;$'(+?<"
ψ
*B/2$'(�`�C¶(G")@

ψ̂(ω) = −eiπωα̂(ω/2 + 1/2)ϕ̂(ω),7F&)465B4
α
(G*¡$B&)4A=G?´7¡S#10/2*B*¡¼0=�$'4>5�(+"	��&)4>?<5I4>JÙô3c k ?<"	10/P@<4pPô»c

Þpß �X��à��»Î �����¶Ñ��Aé�¸0¹Ò�;�T�P��í��P�Ií½ÁZ���¦¸0¹;�MÜM�PÝP¹;�G¹;��í¶¹�b\�a¹Bí���È;��ÝP¹Ò¸3���-��¸0¹ Äb�����G��ÜÒ���¶×¹Ië6ì3�P�3�;�T�������Ú�]¹;�ÀÁ¬�L�]ÄA��¸0¹��´ÕB�P�Ö���¶×FÄÀØ¶�aÕ;���T���
ϕ
�Fã{¹;�

β(k) = (−1)kα(1− k)
£ ¨�õ ¤é�¸0¹;�

ψ(x) = 2

∞∑

k=−∞
β(k)ϕ(2x− k),

£ ¨bü ¤
ψ̂(2ω) = β̂(ω)ϕ̂(ω),

Ür¸0¹;�'¹ £ ¨ k ¤
β̂(ω) = −e−2πiωα̂(ω + 1/2).

£ «(' ¤
õ<«



!����'¹.��ÝP¹;���
∞∑

k=−∞
|β(k)|2 =

1

2
,

�P��í £ «»¨ ¤
|β̂(ω)|2 + |β̂(ω +

1

2
)|2 = 1, ω ∈ R.

£ «<« ¤
ð-�'�´�]Ä6åONä?<JH4;7R?P5B·�c £ QR?<J%10/P5I4½$'&)(+*¡$'?E��&)4>?P5B4>JÙô»c k W3?<"�1)/P@<4uPô ¤ c
d e�� ����suq  �t;zFy|np}±à sVá¬z�t6z¡j	�ispy�zFy
£¥¤�
�¤�§ ¨�©�ª¬«¬®3¯� ��®ª¹ÌYª�Ï
!U$A(+*�4b/P*DCÚ$'?	*B464%$B&0/2$�$'&34HNO/</P5�*I,b/P=+(G")@�`¦Y)"3,6$'(+?<"

p
?<"Û10/P@<4H«Pô	/P")8Ú$B&)4%N9/</P57R/b:<4>=+46$O?<"	10/P@<4p«P©®*B/2$'(+*I`�C

p(x) = p(2x) + p(2x− 1) =⇒ α(0) = α(1) =
1

2
h(x) = p(2x)− p(2x− 1) =⇒ β(0) = 1, β(1) = −1.

��&)(+*F/P@<5I4>4>*F7F(+$B&�`¦?<5BJLY3=_/ £ ¨�õ ¤ ?<"�10/P@<4uõP«»c
£¥¤�
�¤�µ ¨�©�ª¬¶�·Nª¹¸ºª�»w·Y¼�ª¾½f·N¿Àª¹3¯�� ��®ª¹ÌNª�Ï
ò-CZ$'&)4�`¦?<5IJLY)=_/p?<"�1)/P@<4u<õ»W

ˆ̃ϕ(ω) =
ϕ̂(ω)√

1
3
(1 + 2 cos2(πω))

,

7F&)465B4
ϕ
(G*¡$'&34A`¦Y3"),6$B(G?<"

��&)4A$'5B/P")*I`¦?P5BJ§?2`k$B&)(G*¡`¦Y)"3,6$'(+?<"	*'/2$B(G*D¼04>*
ϕ̂(ω) = cos2(

πω

2
)ϕ̂(

ω

2
).

õPô



��&)465B4;`¦?<5B42W
ˆ̃ϕ(ω) =

cos2(πω
2

)
√

1
3
(1 + 2 cos2(πω

2
))

√
1
3
(1 + 2 cos2(πω))

· ϕ̂(ω
2
)√

1
3
(1 + 2 cos2(πω

2
))£ Y)*I4u`¦?<5IJLY)=G/ £  ¤ ?P"�10/2@<4uPô ¤

= α̂(
ω

2
)ϕ̂(

ω

2
).

7F&)465B4
α̂(ω) = cos2(πω)

√
1 + 2 cos2(πω)

1 + 2 cos2(2πω)
.

ò-CZ`¦?<5BJLY3=_/ £ ¨�õ ¤ ?<"�10/P@<4uõP«»W
β̂(ω) = −e−2πiωα̂(ω + 1/2)

= −e−2πiω cos2(πω +
π

2
)

√
1 + 2 cos2(πω + π

2
)

1 + 2 cos2(2πω + π)

= −e−2πiω sin2(πω)

√
1 + 2 sin2(πω)

1 + 2 cos2(2πω)

ò-CZ`¦?<5BJLY3=_/ £ ¨ k ¤ ?<"�10/P@<4uõP«»W
ψ̂(ω) = β̂(

ω

2
) ˆ̃ϕ(

ω

2
)

= −e−πiω sin2(
πω

2
)

√
1 + 2 sin2(πω

2
)

1 + 2 cos2(πω)

ϕ̂(ω
2
)√

1
3
(1 + 2 cos2(πω

2
))

= γ̂(
ω

2
)ϕ̂(

ω

2
),7F&)465B4

γ̂(ω) = −
√

3e−2πiω sin2(πω)

√
1 + 2 sin2(πω)

[1 + 2 cos2(2πω)][1 + 2 cos2(πω)]
.

÷ 5B?<J &)4>5I4�7R4u@<46$
ψ(x) = 2

∞∑

k=−∞
γ(k)ϕ(2x− k),

õ Ê



7F&)465B4
ϕ
(G*O$'&)4®`¦Y)"),;$'(+?<" /P")8

γ
(+*9$'&34®(G"�:<465B*B4 ÷ ?<Y)5I(G4659$'5B/P")*I`¦?P5BJÃ?P`

γ̂
c

ñ 464E1)(G,;$'Y)5I4®(G"�6 /2=G"XY3$A?<"Û10/P@P4�¨´ü<ü3c £ ³O?P$�#XY)(�$'4®,>?P5B5B46,6$ ¢ /�*I&)(+`�$�(+*�JH(+*B*I(G")@ ¤ c£ ��&)4¬,6?»4;þH,6(G46"X$B*
γ(k)

/25B4 6= 0
`¦?<59/2=G=

k
W�K)Y3$9$B&)46C	$B4>")8²@P4>?<J%46$B5B(G,>/P=G=�CZ$B?ZÓ>465B?/P*

k → ±∞ ¤ c
£¥¤�
�¤&Ã ¨�©�ªÅÄ|©�®¿À¿�Æ®¿�� ��®ª¹ÌYª�Ï
��&)4 ñ &)/P")")?<"	7R/´:P4>=+46$O(G*�@<(�:<4>"�K�C

ψ(x) =
sin(2πx)− cos(πx)

π(x− 1/2)
=

sin π(x− 1/2)

π(x− 1/2)
(1− 2 sinπx).

ñ 464A1)(G,;$'Y)5I4u(+"�6 /2=G"XY3$F?<"�10/P@<4®¨bü k £ 7F&)(+,.&�/P131 4>/P5B*�$'?EK�4A,>?<5I5B4>,;$ ¤ c
£¥¤�
�¤�¦ ¨�©�ªÅÄ�ÏP¯>ÒÊÍ¾Èfª�¯
Ó��e°³ª�Ö®ª�¯� ��®ª¹ÌYª�Ï
��&)4 ñ $'5�×PJLK 465B@2S Z 46CP4>5�6±/b:<4>=+46$F(+*¡,>?<"3*I$'5IY),6$B4>8	`¦5B?<J|$'&34½`¦?<5BJLY3=_/P*M?<"	10/P@<4�õ<«»W*D$./P5D$'(G"3@L`¦5B?<J§$B&)4�`¦?<5BJ¬Y)=_/p`¦?P5

ϕ̂ ¢( ¤ ð *B4 £  ¤ ?<"�1)/P@<4uPôL$'?E@<4;$ α̂(G( ¤ ð *B4 £ «(' ¤ ?<"	10/P@<4põ<«¬$B?%@P46$ β̂(G(+( ¤ �k/P·24 ψ $B?EK 4�$'&34u(+"�:<4>5I*B4A$'5B/P")*I`¦?P5BJ§?2`
ψ̂(ω) = β̂(

ω

2
)ϕ̂(

ω

2
).

£ ��&)4A5B4>*IY)=+$ä8)461 46")8)*ä?<"	&)?´7 CP?<Y�,.&)?¶?<*I4A$B&)4A?<5B(+@<(G")/P=�`¦Y3"),6$B(G?<"
ϕ̂
c

d e�� v4 �tÉo6o	zÜà s�áLz�t;z¡jmy
!#")*D$'4>/P8�?P`�Y3*B(G"3@p$'&34O$'5I(_/P"3@<Y)=_/25�`¦Y)"),6$B(G?<"3*R(G"EVLcèõ»cè«p?<"H10/P@<4��
�p7R4O,b/P"�/2=G*B?pY)*B4&)(+@<&)465�?<5B8)465-[]*I1)=G(+")4;^O`¦Y)"),;$'(G?P")* ¢ ��&)46*B4p/P5B4�`¦Y)"),;$'(+?<")*¡7F&)(+,.&�/P5I4
• 1)(G46,>467F(+*B4A1�?<=+C¶")?<J%(_/2=�`¦Y)"3,6$'(+?<")*6W37F&)(G,.&�/P5I4
• 10/2$',.&34>8¯$'?<@<4;$'&)465®*B?Û$'&0/�$®?<")=�C±$'&34�&3(G@<&)46*I$E?<5I8)4>5®834>5B(�:2/2$'(�:<4�(+*®8)(G*I,>?<"»S$B(G"XY)?<Y3*>c
• ñ Y)1)1�?<5I$B4>8�?<"�/L¼0")(+$B4A(G"�$'465I:2/P=Tc

õ<



�������m���������±i����0�¡ÿ�4;$

B0(x) =





1, −1
2
≤ x ≤ 1

2

0,
?P$B&)4>5D7F(G*I4PW

/P"38	`¦?P5
n = 1, 2, 3, . . . ,

8346¼0")4
Bn(x) = (Bn−1 ∗B0)(x) =

∫ x+1/2

x−1/2

Bn−1(t)dt.

��&)4�`¦Y)"3,6$'(+?<"
Bn

(G*�,>/P=G=+4>8�$B&)4
B
`T�#ì��Ö���a¹A?P`k?<5B834>5

n
c ÷ ?<5

n ∈ Z+
W)8)4;¼0")4

B̃n(x) = T(n+1)/2Bn(x) = Bn(x− n + 1

2
).

T\�¶Î Î±ÍÑi��Gº��
æ �;ç

B̃0
�G�u�¦¸0¹�Ô����P�9�´ÕB�P�Ö���¶×äÄÀØ¶�aÕ;���T���

æ ÈDç
B̃1

�G�9��¸0¹rÄÀØ¶�aÕ;���T���
ϕ
Ür¸¶�TÕ.¸HÜR¹½Ø��´¹BíE���	��¸0¹¬Õ.���3�;���ÀØ�Õ;���T���²�]Ä9��¸0¹-ì��T¹.Õ.¹;ÜÒ�G�´¹�Ö���a¹B�P��ÜM�PÝP¹;�G¹;�

æ Õ#ç

B̃2(x) =





1
2
x2, x ∈ [0, 1)

x2 + 3x− 3
2
, x ∈ [1, 2)

1
2
x2 − 3x+ 9

2
, x ∈ [2, 3]

0,
����¸0¹;�ÀÜÒ�G�´¹>å

ð-�'�´�]Ä6åOó9(+5B46,6$ä,>?<J%1)Y3$'/2$'(+?<"�c
T\�¶Î Î±ÍÑi��GÑ��
æ �;ç

Bn

�G�½�;Ø´ì�ì0���À�]¹BíZ���
[−n+1

2
, n+1

2
]
�R�P��í

B̃n

�G���;Ø´ì�ì0���À�]¹Bí%���
[0, n+ 1]

å
æ ÈDç

Bn

�P��í
B̃n

�P�'¹
n− 1

����ÁZ¹.�LÕ.���0�����0Ø0��ØX�;�ÖÂZíP� �½¹;�'¹;�0������È>�G¹ÒÄb���
n ≥ 1

å
æ Õ#ç

B̃n

�G�9¹��>Ø3�P�3�#�p��ì0���ÖÂ��a��Á®���P���]Ä�í¶¹T×P�'¹.¹
n
����¹B�¶Õ.¸H�]Ä¡��¸0¹����0�#¹;�;Ý��P�è�

[k, k+1]
�

0 ≤ k ≤ n
æ �P��íX1�¹;�'��¹;�è�´¹;Ür¸0¹;�.¹#çPå

õP©



æ í;ç
B̂n(ω) =

(sin(πω)

πω

)n+1

,
�P��í

ˆ̃Bn(ω) = e−πi(n+1)ω
(sin(πω)

πω

)n+1

, n ≥ 0.

ð-�'�´�]Ä6å £ / ¤ S £ K ¤ /P5I4u4>/P*ICPc £ , ¤ (G*�135B?´:<468�K�C	(G")83Y),6$B(G?<"�c £ 8 ¤ `¦?<=G=+?´7F*¡`¦5B?<J ��&)4>?2S5I4>JÙ»cèL?<"	10/P@<4E¨�õ¶c
°9*E(+"¯$B&)4	,b/P*I4�?2`O$B&)4	1)(G46,>467F(+*B4	=G(+")4b/25LJLY)=�$'(G5I4>*I?<=GY3$B(G?<"aWr$'&)4�`¦Y)"3,6$'(+?<"

B̃n8)?¶4>*	�a���®8)4;¼0")4�/P" ?<5I$B&)?<")?<5IJZ/2=¡*IC¶*I$B4>J ?P`O$'5'/2")*B=G/2$'46*>WMK)Y3$H(+$E8)?¶4>*%8)46¼)")4�/¥F(G46*BÓ�*IC¶*D$'4>JÙ?P`m$'5B/P")*I=_/2$B4>*>cÒ��&34p,65BY)*I(_/P=a`¦Y3"),6$B(G?<"
M(ω) =

∞∑

k=−∞
|ĝ(ω + k)|2

(+"�óO46¼0")(�$'(+?<"�«»c�¨u?P"�10/2@<4 Ê õ®(G*�")?´7î@P(+:<46"	KXC
M(ω) =

∞∑

k=−∞

|sin π(ω + k)|2n+2

|π(ω + k)|2n+1£ $'&)4A"XY)J%4>5'/�$'?<5�(+*�1 465B(G?¶8)(+, ¤
=

(sin(πω)

π

)2n+2
∞∑

k=−∞

1

(ω + k)2n+2

=
(sin(πω)

πω

)2n+2

+
(sin(πω)

π

)2n+2∑

k 6=0

1

(ω + k)2n+2

��&)4�`¦Y)"),6$B(G?<"
M(ω)

(G*H1 465B(G?¶8)(+,�7F(�$'&�1�4>5I(G?¶8
1
W�*I? $'? *I&)?´7Ã$B&0/2$�$B&)4�`¦5B/PJH4,6?<")8)(�$'(G?P"�(G"�ó946¼0"3(+$'(+?<"�«»c�¨p?<"�10/P@P4 Ê õ®&3?<=G8)*F(�$F*BY3þ%,>46*O$B?%¼0"38

0 < A < B
*B?$B&0/2$

A ≤M(ω) ≤ B
`¦?<5

ω ∈ [−1

2
,
1

2
].��&)4L`¦Y3"),6$B(G?<" sinx

x

(G*½/�J%?<")?2$'?<")46=+C	8)46,>5I4b/P*I(G")@�`¦Y)"),;$'(+?<"²(G"�$'&)4L(+"�$'4>5D:2/P=
[0, π]

W*I?%`¦?<5 |ω| ≤ 1
2

M(ω) ≥
(sin(πω)

πω

)2n+2

≥
(sin(π/2)

π/2

)2n+2

=
( 2

π

)2n+2

> 0.

õ<õ



QR&)?¶?<*I4
A =

(
2
π

)2n+2 c Å "%$'&)4O?P$'&)465R&0/2")8�WX`¦?<5R/2=G=
ω
(+"%$B&)(G*M(G"�$'465I:2/P= | sin(πω)

πω
| ≤

1
W |sin(πω)| ≤ 1

W�/P")8�`¦?<5F/2=G= |k| ≥ 0
W

|ω + k| ≥ |k| − 1

2
,*I?

M(ω) ≤ 1 +
2

π2n+2

∞∑

k=1

1

(k − 1
2
)2n+2

<∞.

QR&)?¶?<*I4
B
$B?ZK�4u$B&)4u5B(G@P&X$O&0/P"38�*B(+8)4Pc���&34>"

0 < A ≤ M(ω) ≤ B
W /P")8�7R4p*B4>4$B&0/2$ {TkB̃n}

(G*F/E¥ä(+4>*IÓu*DC¶*I$'46J ?P`r$B5'/P"3*B=_/�$'4>*6c
6ø4u,>/P"�")?´7î,>?P"X$B(G"XY)4A4;¾3/P,;$'=�C	/P*�7R4A8)(+8	(G" ñ 4>,;$'(+?<"�VLcèõ»cö«L(+"	$B&)4A1)(G46,>4;7F(G*B4=+(G")4>/P5¡,b/2*B4�$'?E@<4;$9/L`�/PJ%(G=�C%?P`k7R/b:<46=G46$B*O,6?<")*I(G*I$B(G")@E?P`

m
?P5B8)465ä*I1)=G(+")4>*6c

d e�� �îhrnç Úz¡hkjpo;zFy nu}�jml	z vuÝ¡sAtqo6oÙ- �,n�o�Ý-jpo;npo�y
��&)5I?<Y)@<?PY3$�$'&)(+*F*B4>,;$'(+?<"�7R4p/P*B*IY)J%4A$B&0/2$

ϕ ∈ L1(R) ∩ L2(R)
/P")8

ψ ∈ L1(R) ∩ L2(R).!#"�10/P5D$'(G,6Y)=_/25>W
∫ ∞

−∞
|ϕ(x)|dx < ∞ /P"38

∫ ∞

−∞
|ψ(x)|dx < ∞.

!#"A10/P5D$'(+,>Y)=G/P5>W>$B&)(G*aJH4>/P")*�7-4�¹Ië»Õ;�ÖØ3í¶¹�$B&)4Ò*B&)/P")")?<"A7R/´:P4>=+46$ £ 7F&)(+,.&A&0/P* ∫∞
−∞|ϕ(x)|dx =

∞ ¤ cÆ����b��� Z Y),.&±?2`-7F&0/�$p(+*�*'/P(+8øK�4>=+?´7 (+*½$'5BY34%Y3")8)4>5EÜR¹B�ed�¹;��/2*B*BY3JH13$B(G?<"3*�?<"
ϕ/P"38

ψ
c\��&)4A(GJ%1 ?P5I$./2"X$R$'&)(+")@E(G*¡$'?%/P*I*BY)J%4�$'&0/�$

ϕ̂
(+*�,>?<"�$B(G"XY)?<Y)*ä/2$FÓ64>5I?)c

Þpß �X��à��»Î �����0�Aãm¹;� {Vj}∞j=−∞
È;¹���!7/ } ÜÒ����¸¿�´ÕB�P�Ö���¶×EÄÀØ¶�aÕ;���T���

ϕ
å���Ä

ϕ ∈
L1(R)

�\�¦¸0¹;�
|ϕ̂(0)| = 1.ð-�'�´�]Ä æ ��Ø¶���Ö���a¹#çPå½QR&3?»?<*I4u/P"�/P5BK)(�$'5B/P5IC

f̂ ∈ L2(R)
W)*I?%$B&0/2$

õPü



° ¤ f̂(ω) = 0
`¦?<5 |ω| ≥ 1

£ `¦?<5�4;¾3/PJ%1)=G4 ¤ò ¤ ‖f̂‖L2(R) 6= 0
c

÷ ?<5-4;¾3/PJ%1)=G4
f̂(ω) =

c\ÿ�4;$
f
K 4O$'&)4½(+"�:<4>5I*B4 ÷ ?<Y)5I(G465-$'5B/P")*D`¦?<5BJ ?P`

f̂
c]6±41)5I?esI4>,;$

f
?P"X$B?

Vj

Y)*I(G")@
Pj ¢
fj = Pjf =

∞∑

k=−∞
〈f, ϕj,k〉ϕj,k.

ñ (+"),>4 ϕ̂j,k(ω) = 2−j/2ϕ̂(2−jω)e−2πi2−jkω Wm/P"38�*I(G"),64 〈f, ϕj,k〉 = 〈f̂ , ϕ̂j,k〉
£ ûk/P5DS*I46:2/P= ¤ W37-4p@<4;$�`¦5B?<J§òR4>*I*B46=j%ý*O4q#¶Y)/P=G(�$#C £B£ (G(+( ¤ ?P"�1)/P@<4E¨�« ¤

‖fj‖2L2 =
∞∑

k=−∞
|〈f, ϕj,k〉|2

=
∞∑

k=−∞

∣∣∣
∫

R

f̂(ω)2−j/2ϕ̂(2−jω)e−2πi2−jkωdω
∣∣∣
2

=

∞∑

k=−∞

∣∣∣
∫ 1

−1

f̂(ω)2−j/2ϕ̂(2−jω)e−2πi2−jkωdω
∣∣∣
2

£ *B(G"3,>4
f̂(ω) = 0

`¦?<5 |ω| ≥ 1 ¤ c\��&)4A*B4q#XY)4>"),64 {2j/2e−2πi2−jkω} (G*F/P"�?<5I$B&)?<@<?P"0/P=K0/2*B(G*\`¦?<5
L2((−2j−1, 2j−1))

c\QR&3?»?<*I4
j
*I?L=_/25B@<4¡$B&0/2$

2j−1 > 1
W¶/P"38ZY)*I4½òR46*B*B46=j%ý*4q#¶Y)/P=G(�$#C�?<"),64AJH?<5I4 £ (+"	$B&)4A?<1)1�?<*B(�$'4�8)(+5B46,6$'(+?<" ¤ $B?E@<46$

‖fj‖2L2 =

∫ 1

−1

|f̂(ω)|2|ϕ̂(2−jω)|2dω.

³ä?�7 =G4;$
j →∞ cÒ��&)4>" ϕ̂(2jω)→ ϕ̂(0)

Y)")(�`¦?<5BJ%=+C%?<"
[−1, 1]

W)*B?E7R4A@<4;$
lim
j→∞
‖fj‖2L2 = |ϕ̂(0)|2

∫ 1

−1

|f̂(ω)|2dω

= |ϕ̂(0)|2‖f̂‖2L2.Å "Û$'&)4E?P$B&)4>5A&0/P"38�W{KXCÛY3*B(G"3@�,6?<")8)(�$'(+?<" £ , ¤ (+"�ó946¼0"3(+$'(+?<"�ô3cè«	?<"Û10/2@<4H�' £ (G"$B&)4�`¦?<5BJ ?P`�ÿ�46JHJH/®ô3cª© £ , ¤ W010/P@P4u<« ¤ 7-4p@<4;$
lim
j→∞
‖fj‖2L2 = ‖f‖2L2 = ‖f̂‖2L2 .

ñ Y3K)*I$B(+$'Y»$'4u/PK�?�:P4 =⇒ (1− |ϕ̂(0)|2)‖f̂‖2L2 = 0 =⇒ |ϕ̂(0)| = 1
c

õ k



g ��à�� Ð�Ð¦Í)à�h����+º�� } �.�;Ø»Á®���¶×®�;����������¸3�P�¡È;����¸
ϕ ∈ L1(R)

�P��í
ψ ∈ L1(R)

ÜR¹½¸3�PÝP¹
∫ ∞

−∞
ψ(x)dx = 0 (⇐⇒ ϕ̂(0) = 0).

ð-�'�´�]Ä6å
ϕ̂
/P")8

ψ̂
/P5B4u,>?<"�$B(G"XY)?<Y)*ä*B(+"),>4

ϕ ∈ L1(R)
/P"38

ψ ∈ L1(R)
£ $'&)(+*ä(+*F10/P5I$?P`m$'&34p¥F(G46JZ/2")"»S]ÿ�46K 46*B@<Y)4Aÿ�46JHJH/ ¤ c�ò-C�`¦?<5IJLY)=_/ £  ¤ ?<"�10/P@P4uPô3W

α̂(ω) =
ϕ̂(2ω)

ϕ̂(ω)

£ 7F&)46")46:P4>5
ϕ̂(ω) 6= 0 ¤ c

��&)(+*�$'?<@<4;$'&)465�7F(+$'&���&)46?<5B46J k c+¨u?<"�10/P@<4põPüE(GJ%1)=+(G4>*M$'&0/�$
α̂(0) = 1

W�/P")8	$'&)/2$
ϕ̂
(+*L,>?P"X$B(G"XY)?<Y3*%(+"¿/Ú")4>(+@<&XK ?P5B&)?¶?»8 /P5B?<Y3")8¯Ó>4>5I?)c±��&3(G*L1)=+Y)*L`¦?<5IJLY)=_/ £ õ ¤ ?P"10/2@<4�2ô�@<(�:<4>*

α̂(1
2
) = 0

W�ûÒ=GY3@�$B&)(G*u(G"�$'?	$'&34H`¦?<5IJLY)=_/ £ «�' ¤ ?<"±10/2@<4�õP«	$'?�@<46$
ψ̂(0) = 0

c\òRY»$
ψ̂(0) =

∫ ∞

−∞
ψ(x)dx.

g ��à�� Ð�Ð¦Í)à�h����+Ñ��|��Ä
ϕ ∈ L1(R)

�\��¸0¹;�
ϕ̂(n) = 0

Äb���
n = ±1,±2, . . . (n 6= 0).ð-�'�´�]Ä6å ÷ ?<=+=G?´7F*R`¦5B?PJ§��&)46?<5B46J k c+¨A?<"�10/P@P4uõPüE/P")8	$'&)4�`¦?<5IJLY)=_/

∞∑

n=−∞
|ϕ̂(ω + n)|2 = 1

£ $'&)(+*�(G*¡$'5IY)4A")?´7 `¦?<5u�P���
ω
/P")8�")?P$�sIY)*D$L�P�ÖÁZ�´�;�¡/P=G=

ω
W)*B(+"),>4

ϕ ∈ L1(R) ¤ c
g ��à�� Ð�Ð¦Í)à�h ���âám�5�¦Ä

ϕ ∈ L1(R)
�L��¸0¹;�

ϕ
�G���yìèì3�P�À�������T��� �]Ä���¸0¹	Ø»�0����Â�íH������¸0¹�´¹;�3�´¹A��¸3�P�

∞∑

n=−∞
ϕ(x + n) = 1

Äb��� æ �P�ÖÁZ�´�;�âçH�P���
x
å

ð-�'�´�]Ä6åä��&)4A`¦Y)"),;$'(+?<" ∑∞
n=−∞ ϕ(x+ n)

(G*�(+"X$B4>@<5B/PK)=+4½?´:<4>5
[0, 1) ¢

∫ 1

0

∣∣∣
∞∑

n=−∞
ϕ(x+ n)

∣∣∣dx ≤
∫ 1

0

∞∑

n=−∞
|ϕ(x+ n)|dx

=
∞∑

n=−∞

∫ 1

0

|ϕ(x+ n)|2dx

=

∫ 1

0

|ϕ(x)|dx <∞.

üÁ'



!U$�(+*½1�4>5B(+?»83(G, £ 4b/P*DC²$'?�*I4>4 ¤ 7F(�$'&Ú1�4>5I(G?¶8²?<")42c¬��&)465B46`¦?P5B4PW�`¦?<5½/P=G=m(G"�$'46@<4>5I* k W�(�`7-4A,>?<J%1)Y3$B4A$B&)4 ÷ ?<Y)5B(+4>5 ñ 4>5B(+4>*6W)7R4u@<46$
∫ 1

0

e−2πikω

∞∑

n=−∞
ϕ(x + n)dx =

∞∑

n=−∞

∫ 1

0

e−2πikωϕ(x+ n)dx

x+n=y
=

∞∑

n=−∞

∫ n+1

n

e−2πikωϕ(x)dx

= ϕ̂(k) =





1, k = 0,

0, k 6= 0.

��&)4ä?<")=�C¬`¦Y)"3,6$'(+?<"®7F&)(G,.&%&0/P*\$'&34O/2K ?´:<4 ÷ ?<Y)5I(G465Ò*B4>5I(G46*M(+*Ò$'&)4�`¦Y)"),;$'(+?<" ≡ 1
c

g ��Î Î±�¶� �5���Gù��k°�,>?<"�:P4>5B*I4O?2`���&)4>?<5I4>J k c+¨¡?P"®10/P@<4äõPüO(G*Ò/P=+*B?9$B5BY)4 ¢ !U` ϕ̂(0) =
1
Wm$B&)4>"ø1)5B?<1�4>5D$'(+4>* £ 8 ¤ /P")8 £ 4 ¤ (+"±óO46¼0")(�$'(+?<"±ô»cö«�(GJ%1)=G(+4>*½135B?<1�4>5D$#C £ , ¤ £ 5I4>,>/P=G=$B&0/2$O?<Y)5ä1)5B?¶?P`Ò?P`���&)4>?<5I4>J k c�¨¬Y)*I4>8Ú1)5I?<1 465I$#C £ , ¤ (+"²/%,>5BY3,>(_/2=m7R/bC ¤ cO��&XY)*6W�(+`$B&)4A?P$'&)465�1)5B?P1 465I$'(+4>*F(G"�ó94;¼0")(�$'(G?P"	ô3cö«L&)?P=G8�W3$B&)4>"

(c) ⇐⇒ |ϕ̂(0)| = 1£ (+`
ϕ ∈ L1(R) ¤ c�!#"�JH/P"�CE,b/2*B4>*R(+$-(G*MJLY),.&�4>/P*B(+4>5-$B?¬,.&)46,.·H$B&0/2$ |ϕ̂(0)| = 1

$B&)4>"$B?%,.&34>,.· £ , ¤ 8)(G5I4>,6$B=+CPc ñ 4>4f{A5I(G1�4>"XK�4>5B@
%ª*�")?2$'4�`¦?<5¡$'&34�1)5B?¶?P`]c
g ��Î Î±�¶� �u������� ð *BY0/P=+=+CZ?<")4A*I$'/P")80/P5I8)(GÓ64>*

ϕ̂(0)
$B?%K�4

ϕ̂(0) = 1£ *B(GJ%1)=�CZ5I4>1)=G/P,>4
ϕ
K�C ϕ

ϕ̂(0)
¤ c

ü3¨


