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J ≥ 0

ba�W_
j ≥ 0

Ä
aP×�½��J���\¬­`BcS��dI¬­�¢_��@�S¾\�«�«�@¿�ba¬­�[���#���

k
ÂÃ¾\�I©l�

hj,k(x) = 0
����©

x 6∈ [0, 1)
Ä

ÌH©l�«����Ä¯§;my�}kÝ³�k���pa�¢tyk�k(pa��|2za{�jl|}k¯³\pat�fut¶{��}h}�Ijlfuzah}tHfit¶k(fijy|}k(m
= 0

{�z�m4parir
x ∈ [0, 1)z�m

= 0
{�z�mvparur

x 6∈ [0, 1) � pqt¯riz�h}²,pat j ≥ 0
pqh}£

J ≥ 0
¤I¥
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�H~h5�k�ßBßBpáÊ�¥ � fufufÙ¤ Ü k�n�k�m�~�{��}h¢��jlfiz�h f ∈ L2(R)

�(pahý³�k�pa�¢�}myz ¡ fußBpqjlk�£ Ü �vfijy|}fuhpahápamy³}f�jlmypam�~2jyz�ruk�mlpah¢�(k
ε Ü ³N~áp,{��}h}��jyfuz�h�fuh�t�z�ß�kJza{Pjy|}kJt��\pa��k Vj � jl|}kÿt�ß�pqruruk�mjy|}k

ε Ü jl|}k@³}fi²�²�k(mC�Hk@|\p�n�k@jlz,��|}z�z�tyk j
¤I¥

�H~�§/|}k�z�myk�ß Æ ¥ � z�h��\pq²�k6Ê Õ Ü jy|}k(m�kÝfit^pqri�^p«~�t^p2íI���I�¶pa�}�¢myz ¡ fußBpqjlfiz�h fj ∈ Vjjyz
Vj � jy|}k6zah}k%jy|\pqjÝßBfih}fuß�fuÞ�k(t ‖f − fj‖

¤ Ü pah}£�³N~	§/|}k�z�myk�ß Æ ¥ � pah}£�§/|}k(zamyk(ßÊ�¥ � Ü jy|}k@³�k�t�jÝpa�}�¢myz ¡ fußBpqjlfiz�h2fut/²afin�k�hw³N~

fj = Pjf =
∞∑

k=−∞

〈f, pj,k〉pj,k � ÊT¤

� �v|}k(m�k pj,k

pamykªjy|}k%Ò�p�pqm/ty��pqrufuh¢²ÿ{��}h}��jyfuz�h¢t¯zq{Ãz�m�£}k(m
j
¤
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LNMPO;QSRTQVUWOð¼sZVX[ZvÑ�k���pqrur�jl|}k�z���k�mlpqjyz�m
Pj

£}k   h}k(£ fih � Ê«¤@jl|¢k�bI�N�W©l��Ó�cSÀ�ba�°ce������\�I©�ba����©ÿza{±z�my£}k�m
j � fih}£}�}��k(£�³N~2jl|}k%ÒÝp�pam/t�~�tojlk(ß�¤I¥è6é LxU[êTL�· ¼sZi¦sZJÔs¾\�ÝbI�N�W©l��Ó�cSÀ�ba�Vce�������\�I©�ba����©l�

Pj

¾¢b��¯�S¾\������¬S¬u��Â�cS��®/�W©l���\�I©F�Vce���]\
cÁ×

Pj

cu�6�S¾\�B��©F�S¾\�y®����Wba¬¢�W©��"j���dI�Vce���¸���
L2(R)

���\���B�S¾\�,bI�N�W©l��Ó�cSÀ�ba�Vce�������¢b�d��
VjcScÁ×
Pjf = f

ÂÃ¾\�I���I¿a�I©
f ∈ VJ

����©ª�«��À��
J ≤ jcScScÁ×

limj→∞ Pjf = f
����©6ba¬S¬

f ∈ L2(R)

cS¿y×
limj→−∞ Pjf = 0

����©6ba¬S¬
f ∈ L2(R)

¿y×
PjPJf = PJPjf = PJf

ÂÃ¾\�I���I¿a�I©
J ≤ j

Ä
ÌH©l�«����Ä
fÙ¤
§/|¢futC{�z�riruz«�vtC{�myz�ßõ§/|}k(zamyk(ß Æ ¥ � � �}pa²�k#Ê Õ ¤Cpqh}£w§/|¢k(z�m�k(ß�Ê�¥ � � �\pa²ak Å�� ¤I¥fufS¤�ÉÛ{

f ∈ VJ

jl|¢k(h
f ∈ Vj � �^k%|\p�n�k VJ ⊂ Vj

{�z�m
J ≤ j

¤I¥4Ñºk%ãxh}z«� jl|\pqjv{�z�mpqrur
f ∈ Vj

�Hk6|}p«nak
f =

∞∑

k=−∞

〈f, pj,k〉pj,k

� tyk�k¯§/|¢k(z�m�k(ß Ê�¥ � Ü �\pa²ak Å�� Ü pah}£,§/|}k�z�myk�ß Å ¥ Æ Ü �\pa²�k@Ê Å ¤F¥Ã§/|}k¯myfi²�|Nj E |\pah}£t�fu£}kgfit
Pjf

¥�§/|x�}t Ü Pjf = f
f�{

f ∈ VJ

{�zam/tyz�ß�k
J ≤ j

¥
fufifS¤k�4~l5ûk(ß�ß�p2Ê�¥ � � �\pq²�k ÅqÕ ¤ Ü jl|}k�myk%futvp#tyk�âx�}k(h}��k gj ∈ Vj

tyz,jl|}pqj
‖gj − f‖ → 0

pat
j → ∞.

§/|¢kÿ{��}h}��jyfuz�h
fj = Pjf

fut¯jl|}k�íI���I�Ýpa�}�¢myz ¡ fußBpqjlfiz�hwjyz f
fuh

Vj Ü tyz ‖fj −
f‖ ≤ ‖gj − f‖

¥,§/|}k(m�k�{�z�m�k�parityz
‖fj − f‖ → 0

pat
j → ∞

¥,§/|}fut@fitªjl|}ktypaß�kªjl|}fih}²�pat
lim
j→∞

fj = f.

fin¢¤<�4~
§/|}k(zamyk(ß Å ¥ B z�h	�\pa²ak ÅmB Ü {�z�m/k(pa��| J Ü
f = PJf +

∞∑

k=−∞

∞∑

j=J

〈f, hj,k〉hj,k

Æ Ê



t�z
PJf = f −

∞∑

k=−∞

∞∑

j=J

〈f, hj,k〉hj,k.

�4~ §/|}k(zamyk(ß Å ¥ B � �\pq²�k Å�B ¤#pah}£»§/|}k(zamyk(ß Å ¥ Æ fin¢¤ � �}pa²�kýÊ Å ¤Jjl|¢k�m�fu²�|Nj|}pah}£	tyfi£}kgjlk(h¢£}t¯jyz,Þ(k(m�z�pqt
J → −∞

¥�§/|��¢t
PJf → 0

pat
J → −∞

¥
n¢¤ Ç fuh}��k

PJf ∈ VJ

f�j6{�z�riruz«�vtg{�myz�ß�fifS¤Ýjy|\pqj
PjPJf = PJf

¥
ÉÛjÿmyk�ß�pqfuh}tgjlzt�|}z«� jy|\pqj6parut�z
PJPjf = PJf

¥��H~�§/|¢k(z�m�k(ß Å ¥ 7 �^k,|\p�n�k,j��Hzw£¢f)I�k(myk�hNjk ¡ �}myk�tytyfiz�h}tv{�z�m f
´

f = PJf +
∑

l≥J
−∞<k<∞

〈f, hl,k〉hl,k

= Pjf +
∑

l≥j
−∞<k<∞

〈f, hl,k〉hl,k.

� zaßB�\pqmyfuh¢²ÿjl|}k�tykgjlz�k�pa��|�zajy|}k(m/�Hk%t�k(k@jl|\p�j
Pjf = PJf +

∑

J≤l<j
−∞<k<∞

〈f, hl,k〉hl,k

︸ ︷︷ ︸n:oqpsr:tvu�w�x.psr
y w�x)o y�z�y�{ u�|}x y VJ ;r3~�~�n�ov~ y w)~��O�q� �[�
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=⇒ PJPjf = PJ




PJf +

∑
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−∞<k<∞

〈f, hl,k〉hl,k


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= P 2
Jf + 0

= PJf � ³Wk(�(pa�}tyk@�}m�z`=�k(�Ijlfiz�h[¤I¥
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k=−∞
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Qjf =
∞∑

k=−∞

〈f, hj,k〉hj,k
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hj,k

pam�kªjl|}k%Ò�papamC�Cp�nak(rukIjltÝza{Ãzamy£}k�m
j � z�m/t���parik j

¤I¥
è6é LxU[êTL�· Ï�Zi¦sZBÔs¾\�6_��I�ebacS¬
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cÁ×

Qj
cu�%��¾\�#��©F�S¾\�y®����Wba¬��W©l�"j���dI�°ce�������

L2(R)
���\���,�S¾\�J_��I�ÛbacS¬����¢b�d��

WjcScÁ×
Pj+1 = Pj + QjcScScÁ×
Pj = PJ +

∑

J≤l<j Ql Ø j > JcS¿y×
limj→∞ Qjf = 0

����©%ba¬S¬
f¿y×

limj→−∞ Qjf = 0
����©%ba¬S¬

f¿«cÁ×
QjQlf = QlQjf = 0

����©
j 6= l
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fÙ¤	È\z�riruz«�vt^{�m�z�ß §/|}k�z�myk�ß�Ê�¥ � � �\pa²�k Å�� ¤Cpah}£�§/|}k(zamyk(ß Å ¥ Õ � �}pa²�k Å�� ¤fufS¤J�4~
§/|}k(zamyk(ß Å ¥ 7 � �}pa²�k Å�B ¤ Ü {�z�mvparir f ∈ L2(R)

f =

∞∑

k=−∞

〈f, pj,k〉pj,k +

∞∑

k=−∞

〈f, hj,k〉hj,k +

∞∑

k=−∞

∑

l>j

〈f, hl,k〉hl,k

= Pjf + Qjf +
p#�\pqm�j/�v|}fi��|wfit/z�m�jy|}z�²�z�h}par�jlz

Vj+1

=⇒ Pj+1f = Pjf + Qjf
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fufifS¤k�vk(�Wk�p�jvfufS¤4tyk�nak(myparûjlfuß�k(t�¥
fin¢¤

lim
j→∞

Qjf = lim
j→∞

(Pj+1f − Pjf) � ³N~
fufÙ¤y¤
= lim

j→∞
Pj+1f − lim

j→∞
Pjf = f − f = 0.

n¢¤
lim

j→−∞
Qjf = lim

j→−∞
(Pj+1f − Pjf)

= 0 − 0 = 0.
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j 6= l
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È\z�m¶hx�}ß�k(myfi��par\��z�ß��}�¢j�p�jlfuzah}t��^k   mytoj^toj�pamoj^³N~Bpa�}�}m�z ¡ fiß�p�jlfuh¢² f
³N~�tyz�ß�kv{��}h}� Ejyfuz�h
fih

VN

{�z�m/t�z�ßBkgrupamy²ak
N
¥

f ≈ PNf. � §/|}fut/fitvp�£�~Npa£¢fu�gt�jyk(��{��}h}��jyfuz�h�¥ ¤
§/|}k�hw�Hk@ty�}rifij

PNf
fuhNjlz,t��}�(��k(tyt�finak(ri~���z��}myt�k(mÝpah}£��(za�}myt�k(m�Gop�n�k�mlpa²ak(t9H

Pjf
pah}£jy|}k@�(z�m�myk(t���zah}£}fuh¢²�£¢f)I�k(myk�h}�(k�G�£}k�jlpafurit9H�´

PNf = QN−1f + PN−1f �   m�t�j¯t�jyk(�[¤
= QN−1f +

︷ ︸︸ ︷

QN−2f + PN−2f � tyk��(z�h¢£�t�jyk(�[¤
= . . . � kIjl�a¥Á¤
= QN−1f + QN−2f + . . . + QJf

︸ ︷︷ ︸� p �M~�w�~ {q� ~�r y�� r � u�|s~ 2−j

+ Pjf
︸︷︷︸u��"~�w)u z ~ y��r � u�|s~ 2−J
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