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687�9;:=<>:@?A9CBED@B	F@GEHJILK"MONQPRITSVUXWYK"Z�[]\$D*^CZ2_JZ�ILPYMOZ`MOaLZ2[bZ"M�PdcEWYeQe8cfHLIJK"M]NgPRIL[

X 7→ Ch8i
CX jlk Z�mOZ X NQ[4WYI/WYm h NgMOm]WYm i [bZ"M j ^CZn_LZ"oXIJZ

f + g : x 7→ f(x) + g(x),
Fqpsrt[OHLuwvxPdc

f
WYIJ_

g
\$y

cf : x 7→ cf(x),
FzpsrtULmOP{_LHLK$MbvxPdc

f
WYIL_/WwK�PRIJ[bM|WdI}M

c ∈ C
\ j

~�aLNg[�u�Wd�YZ�[
CX W/�Y�|�$�t�����t�J�{�|� j

�����X���*�@6�BXDg��D
`2(Z)

K"PRIL[ONg[bMO[�PYc�WYeQe�cfHLIJK"M]NgPRIL[�Fqp�[bZ��}HLZ"ILK�Z"[&NQI�M]aLNg[�K�WY[OZ�\
f : Z 7→ C � aLNgK|a�[OWdM]Ng[bc i M]aLZnK�PYIL_LNgMONQPRI

‖f‖2 =
∞∑

n=−∞
|f(n)|2 <∞.

� egM]Z"mOIXW�M]Ng�YZxILPYM]WdM]NgPRI�F@[bZ��}HLZ�IJK�Z \¢¡
{f(n)}∞n=−∞

j£tI	M]aLNg[�[OUXWYK"Z � Zn_LZ"oLILZ1MOaLZ¥¤=¦X¦§�$�2�A�]��¨Y©E�$�

〈f, g〉 =

∞∑

n=−∞
f(n)g(n),

WYIJ_	MOaLZ¥¦§���¢ª
‖f‖ =

√

〈f, f〉 =
(

∞∑

n=−∞
f(n)g(n)

)1/2
.

~�aLZ"[OZ1[]WdMONQ[«c i ¡
¬ ­



Fz®¯\/®;PR[ON°M]N°�VN°M i ¡
‖f‖ > 0

N°c
f 6= 0

y
‖0‖ = 0

y
F k \ k Z�mbu±N°M]N²WdI�¡ 〈f, g〉 = 〈g, f〉

y
Fz³;\/³�NgILZ�WYmbNgM i ¡

〈αf + βg, h〉 = α〈f, h〉 + β〈g, h〉 j
5
687�9;:=<>:@?A9�BXDQ´�D � Iµ¤=¦X¦§�$�¶�A�]��¨Y©E�$�¶NQ[�W�cfHLILK"MONQPRI � aLNQK|a·u±WYUL[¸MOaLZwUXWYNgm (f, g)NgI}MOP-W±I}HLu h Z�m

〈f, g〉 � aLNQK|a/aXWY[¶ULmOPYU¹Z"mbM]NgZ�[ºFz®¯\¢y»F k \4WYIL_�Fz³;\�W h P>�YZ j � �RZ"K"MOPRm
[bUXWYK�Z � aLNgK|a	aXWY[4WYI	NQIJILZ�m(UJmOP{_LHLK"M4Ng[(K�WdeQeQZ"_	W¼©V¦X¤=�q�Y�¢½¥�t�J�{�|�¥F@PRm�¤=¦X¦§�$�2�A�|��¨Y©X�$��t�J�{�|� \ j £¾M4Ng[4W
¿�¤=À°Á$�$�¢�l�t�J�{�|�nN°c;NgM4NQ["yLNQI/WY_J_LNgMONQPRIC�|��ª��AÀQ�$�t� jÂ ��ª��AÀQ�$�t�nu±Z�WYIL["¡

limn,m→∞‖fn − fm‖ = 0 =⇒
MOaLZneQNgu±N°M

limn→∞ fn = fZ¢ÃJNg[bMO[ j
Äl6{�Å���ÆBXD°Ç�D

`2(Z)
¤Q�T�w¿�¤=À°Á$�$�¢�¯�t�J�{�|�

È`�]� �ÊÉ"Ë � IXWYe i [bNQ[�£O£
�����X���*�@6ÌBXDgÍ�D

`2(N)
NQ[�MOaLZÎ[]WYu-ZµWY[

`2(Z)
y h HJM�M]aLZCrtNQIL_LZ¢ÃÏ[bZ"MbvÅNQ[

N =
{1, 2, 3, . . .} j ~�aJZ1NgILILZ"m�ULmOP{_LHLK$M¸Ng[�ILP �

〈f, g〉 =

∞∑

n=1

f(n)g(n).

�����X���*�@6�BXDQÐ�D
L2(R)

K�PRIL[bNQ[«M][
PYc1WYege¸u-Z�Wd[OHLmOW h eQZ/cfHLILK$M]NQPYIL[
R 7→ C � aJNQK|a[OWdM]Ng[bc i

‖f‖2
L2 =

∫ ∞

−∞
|f(x)|2dx <∞.

~�aLZnNgILILZ�m�UJmOP{_LHLK"M¶Ng[
〈f, g〉 =

∫ ∞

−∞
f(x)g(x)dx.

~ � P
cfHLIJK"M]NgPRIL[nWYmbZwK�PRIJ[ONQ_JZ�mOZ"_&M]P h ZºrtZ��}HXWYeÑvºNgclM]aLZ i WYmbZwZ��}HXWYe*rÊWYeQu-PR[«M�Z$�RZ�m i8Ò
� aLZ"mOZ¢v±FqpÓNQÔRILPYmOZ�M]aJZn�dWYegHLZ�[�NgI/W¥[bZ"M¸PYc*u±Z�WY[OHLmbZnÕ�Z�mbP}\ j
5
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f ⊥ g ⇐⇒ 〈f, g〉 = 0 j
�����X���*�@6CBXDQØ�D

f = xe−x2 Ng[4PRmbMOaLPRÔRPRILWYe¹MOP
e−x2

= g
yJ[ONQIJK�Z

〈f, g〉 =

∫ ∞

−∞
f(x)g(x)dx =

∫ ∞

−∞
xe−x2

︸ ︷︷ ︸ÙbÚOÚ e−x2

︸︷︷︸Û=ÜÊÛfÝ dx = 0.

¬R¬
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{ψn}
∞
n=1

PYcè�YZ�K"MOPRmO[�NQI&W k NQe h Z"mbM¶[OUXWdK�Z H NQ[¥���¢é
�=êX��¦§���¢ª-�YÀ*N°c

〈ψn, ψm〉 = δm
n =







1, n = m,

0, n 6= m.
£¾M4Ng[4WYI�PYmbM]aJPRILPRmbu�WYe�Á|���$¤Q�1NgcÊyVNQI/WY_L_LN°M]NgPRI

〈ψn, f〉 = 0 =⇒ f = 0.

~�a}HL["y¶���¢�fêX��¦§���¢ª-�YÀ¯u±Z�WYIL[
‖ψn‖

2 = 1
y
∀n
y»WdIL_

ψn ⊥ ψm
cfPRm

n 6= m j	ë ���$¤Q�ª��O�Y¦J�R¡�PRILe i
f = 0

NQ[�PYmbM]aJPRÔRPRIXWde¹M]P-Z"�YZ�m i
ψn
j

5
687�9;:=<>:@?A9æ��DQ��D � k Nge h Z�mbM2[OUXWdK�ZnNQ[¸� �t�J�Y�b�8Á�ÀQ��Ngc;NgM2aXWY[¶WYI
PRm«M]aLPRIJPRmOu±WYe h WY[ONg[ j
ìºí 6}?Eî>6V� ��Dg´�D±ï�êX�èÉ���À=ÀQ��ðè¤=¦{ñ¼�|��¦A¨Y¤=�z¤q��¦J�º�Y�]���Oò�©{¤=���YÀQ�$¦X�qó
ô ¤öõ

{ψn}
∞
n=1

¤Q�º�Y¦����¢�=êX��¦§���$ª-�YÀ�Á|���$¤Q�1¤=¦
H
Ë

ô ¤=¤öõÅ÷1�
f
¤Q�w���¢�=êX�Oñ{��¦A�YÀ��t�
�$�Y�$�¢½

ψn ø �Y¦A¨
k∑

n=1

|ck|
2 = ‖

k∑

n=1

cnψn‖
2
H

É����1�YÀ=À
k
�Y¦A¨¼�YÀ=À

c1, c2, . . . , ck ∈ C
Ë ô ï�ê{¤Q�n¤Q�-ùQÈ`½d�=êJ� ñ{���b���n�fêX�|���]�$ª	úfËûõ

ô ¤=¤=¤öõ
‖ψn‖ = 1

É����1�YÀ=À
n ø �Y¦A¨

‖f‖2
H =

∞∑

n=1

|〈ψn, f〉|
2, f ∈ H

ô ù ë �|�|� �$ÀOü �T�Oò�©J�YÀý¤=�z½VúfËûõ
ô ¤=�Oõ

{ψn}
∞
n=1

¤Q�TPRmbMOaLPRILPRmbu�Wde ø �Y¦A¨

f =

∞∑

n=1

ψn〈ψn, f〉, f ∈ H.

È`�]� �ÊÉ"Ë(r � IXWYe i [ONQ[�£b£qvxPRm`r k Nge h Z�mbM([OUXWYK"Z�[Êv j
¬>þ



�����X���*�@6���D°Ç�D
� \

ψn = 1√
T
e2πint/T y n = 0,±1,±2, . . .

Ng[¯WYI±PYmbM]aJPRILPRmbu�WYe h WY[ONg[lNQI
L2(0, T ) jS{Z�Z1ÿ»ÃLWdu±ULegZ ¬ j ¬ PYI�UXWdÔRZ�� j

��\
ψn = 1√

N
e2πink/N y n = 0, 1, 2, . . . , N − 1

NQ[2WYI
PRmbMOaLPRILPYmOu±WYe h WY[ONg[2NgI
CN jS{Z�Z1G�G»~ F@K"PRHLmO[bZºPYI�GXPRHJmONQZ"m � ILWYe i [ONg[|\ j

�/?E<�6T��DgÍ�D�~�aLZlcfPRmOu�HJe²WY[ � aJNQK|aTNgI8�RPRe°�RZ(�$©VªT�¯NgIxM]aLZlNQI8MOmOP4K�WYI h Z¯NgI8M]Z�mbULmOZ$M]Z"_TWY[rtZ$ÃVUXWYIL[bNQPRIJ[ � NgMOa¼mOZ"[OUAZ�K$M(M]PTWYI¼PRm«M]aLPRIJPRmOu±WYe h WY[bNQ[«v j ~�aLPR[bZ�NQI8�YPReg�{NQIJÔ±¤=¦X�t�qñY�b�YÀö�aXW��YZ�Wn_LN��¹Z�mbZ�I8M¯IXWYu-ZY¡»~�aJZ i WYmOZ(rÊmbZ�[bPReQHJMONQPRIJ[èPYc§MOaLZ4NQ_LZ"I}MONgM i v � aLNgK|a¼WYmbZ h WY[OZ"_PRI�rtHLILNgM]WYm i u�WdULULNQIJÔR[ h Z"M � Z�Z�I�M � P k Nge h Z�mbM([OUXWYK"Z�[Êv j
������� ßà'*);á
â	�ºâºã	.1!�
Ï'*â
��%40¯)� "âºã	3
5
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H
WYIL_

K
h Z4M � P k Nge h Z�m«Ml[OUXWYK"Z�[ j � cfHLILK$M]NgPRI

A : H 7→ KNg[4W	Àý¤=¦§�O�Y�T�|�X�$�b�Y�t����Ngc
W8\

A(αu) = αA(u), u ∈ H, α ∈ C

h \
A(u+ v) = A(u) + A(v), u, v ∈ H.

~�aLNg[�PRUAZ�m]W�M]PRm�Ng[1Á$��©V¦A¨{�O¨
Ngc;M]aLZ"mOZnNQ[�[bPRu-ZxK�PRIL[«M|WYI8M
M ∈ R+

[OP¥M]aXW�M
‖Au‖K ≤M‖u‖H, u ∈ H.

5
687�9;:=<>:@?A9	´�Dg��D � F h PRHLIL_LZ"_E\§eQNgILZ�WdmVÉ¢©{¦§�$�z¤q��¦A�YÀ}PRI
H
NQ[§MOaLZè[]WYu-ZèWY[�W1F h PRHJIL_LZ�_X\

egNQILZ�WYm(PRUAZ�mOWdM]PRm(cfmbPRu
H
M]P

C
FfN j Z j y K = C

\ j
�����X���*�@6µ´�Dg´�D4³�Z"M

h ∈ H j ~�aLZ�I�M]aLZ-u±WYULULNgILÔ F (u) = 〈u, h〉 (= h∗u)
Ng[ºW

h PRHLIL_JZ�_/eQNQIJZ�WYm2cfHJILK"MONQPRIXWde�PRI
H j

È`�]� �ÊÉ"Ë¸³�NQIJZ�WYmbNgM i Z�WY[ i j �`PRHLIL_LZ"_LILZ"[O[¼cfPRegeQP � [wcfmOPRu S{K|a � WYm«M]Õ&NQIJZ��}HXWYegNgM i Ff[OZ�Z
h Z�egP � \ j
ìºí 6}?Eî>6V� ´�DÑÇ FzSVK|a � WYm«M]ÕºNQILZ"�{HLWYeQN°M i \¢D��$¦C�$�Y�$�¢½w¿�¤=À°Á$�$�¢�è�t�J�{�|� H ð2�xêJ�Y�Y�

|〈f, g〉H| ≤ ‖f‖H‖g‖H

ð»êX�$�]�
‖f‖H =

√

〈f, f〉
�Y¦A¨

‖g‖H =
√

〈g, g〉
Ë

È`�]� �ÊÉ"Ë � IXWYe i [bNQ[�£O£ j
¬ �
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H
WYIL_

K
h Z k NQe h Z"mbM1[OULWYK�Z"[�ylWYIL_�eQZ"M A h Z�W h PRHLIL_LZ"_

egNQILZ�WYm(PRUAZ�mOWdM]PRm
H 7→ K j ~�aLZ"I

i) N (A) =
MOaLZ�rÊ�dZ�mOIJZ�e°v�PYc

A

=
MOaLZ�rÊI}HLeQe§[OUXWYK"Z$vnPdc

A

= {u ∈ H | Au = 0},

ii) R(A) =
MOaLZ�rÊmOWYILÔRZ¢vxPYc

A

= {y ∈ K | y = Au
cfPRm�[OPRu-Z

u ∈ H}.

5
687�9;:=<>:@?A9Ó´�DgÐ�D � I�PRUAZ�mOWdM]PYm
P : H 7→ H

NQ[1W¼�A�|�����|�$�@¤q��¦µPRI
H
Ngc
P 2 = PF=M]aXWdM�NQ["y�Ngc � ZwmOZ"U¹Z�WdM P M � P
M]Ngu±Z"[�Wdc=MOZ�m¸Z�WYK|a·PYMOaLZ�m"y§M]aLZ"I&M]aLZ�[bZ�K"PRIL_&M]Ngu±ZºNgM_LP{Z�[nILPdM]aLNgILÔ}\ j £¾M1NQ[����¢�=êX�Oñ{��¦A�YÀ`NgI N (P ) ⊥ R(P )

N j Z j y�Z"�YZ�m i u ∈ N (P )
NQ[

PRm«M]aLPYÔRPRIXWYeAM]P-Z"�YZ�m i
y ∈ R(P ) j

ìºí 6}?Eî>6V� ´�D²×¹D����$�
H
Á$�1�/�$ÀQ� � �O¨¥�$©LÁ$�t�J�{�|�T�ÊÉ

K
ô Á$���fê
¿�¤=À°Á$�$�¢�l�t�J�{�|�|�tõYË

¤öõÏï�êX�$�]�n¤Q�1�Y¦����$�=êX�Oñ{��¦A�YÀV�A�]�����|�$�@¤q��¦
P
ð»ê{¤q�|ê	ª-�$�X�

K
��¦X�Ê�

H
Ë

¤=¤öõ��(¤=�Y�$¦¼�Y¦X½
y ∈ K ø �fêX���Y�|�$�Ê��� u ¤=¦ H ð»ê{¤q�|ê�Àý¤q�|��K�egPR[OZ"[bM¸�Ê�

y
ô ¤=¦¼�=êX�(� �$¦J� �

�=êJ�Y�
‖u− y‖

¤Q�1���x�$ª-�YÀ=À����(�X� �|�$¤@Á�ÀQ�tõ¥¤Q�
u = Py

ô ðè¤=�fê
P
���1¤=¦�¤öõ|õYË

¤=¤=¤öõ��=É
H
êJ���º�Y¦����¢�=êX��¦§���$ª-�YÀ�Á|���$¤Q�

{ψn}
∞
n=1 ø �fêX�$¦ u ¤=¦&¤=¤öõ¥¤Q��ñY¤=�Y�$¦&Á�½

u =
∞∑

n=1

〈y, ψn〉ψn.

È`�]� �ÊÉ"Ë � IXWYe i [bNQ[�£O£`PRm k Nge h Z�m«M�[OUXWdK�Z�[ j
������� �Æ "ã
 $)�% �±â��¼'* "%('���'».ºã	3��dân'»ä
5
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T
[«M|WYIL_J[2cfPRm`MOaLZ�mbZ�WYeAeQNgILZYy � aLZ"mOZ � Z�NQ_JZ�I8M]N°c i WdI i M � PwU¹PYNQI8M][

x
WYIL_

y � aLNQK|a-_LN��¹Z�m h}i WYI¥NQI8M]Z"ÔRZ�m j ~�a}HL[�yRr x Ng[�Z��}HLN°�dWYeQZ"I}M � N°M]a y v2N°c y = x+ncfPRm�[bPRu-ZxNQI8M]Z"ÔRZ�m
n ∈ Z j

5
687�9;:=<>:@?A9�Ç�DQ��D�~�aLZ�cfHJILK"MONQPRI&[bUXWYK�Z"[
C(T)

y
Lp(T)

F
p = 1, 2,∞

\4K�PRIL[bNQ[«M][xPYc
cfHLIJK"M]NgPRIL[ � aLNgK|a/WYmOZ��X�$�¢¤q��¨Y¤q� � NgM]a
UAZ�mbNQP{_
PRILZ-FfN j Z j y f(x) = f(y)

Ngc
x− y

NQ[4WYI
NgI}MOZ�ÔRZ"m|\¢yXWYIL_ h Z"eQPRIJÔweQP{K�WYege i M]P

C
PRm
Lp yXZ"MOK j
¬! 
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687�9;:=<>:@?A9 Ç�DQ´ F@~�aLZ&G*NQILN°M]Z�GEPYHLmONgZ�m-~*mOWYIL[bcfPYmOu�\$D�GXPRm±Z�WYK|a
f ∈ L1(T) � Z_LZ$oXILZnM]aLZ-F=oXILN°M]Z \�GXPRHLmbNQZ"m2M]mOWYIL[bcfPYmOu Pdc

f
h8i

f̂(n) =

∫ 1

0

e−2πinxf(x)dx, n ∈ Z.

ìºí 6}?Eî>6V� Ç;DÑÇ F#"4NQZ"u�WYIJI Ò ³�Z h Z�[bÔRHLZ±³�Z�u-u�W8\¢D��fÉ
f ∈ L1(T)

�=êX�$¦
f̂ ∈ c0(Z)�Y¦A¨

‖f̂‖`∞ ≤ ‖f‖L1 ø ¤@Ë@��Ë ø
¤öõ

|f̂(n)| ≤
∫ 1

0
|f(t)|dt ø n ∈ Z ø �Y¦A¨

¤=¤öõ
f̂(n) → 0

���
n→ ±∞

Ë
ìºí 6}?Eî>6V� Ç�DgÍ�Ff£tI}�YZ�mb[ONQPYI�~�aLZ"PRmOZ"u � \$D$�fÉ

f ∈ L1(T)
�Y¦A¨

∞∑

n=−∞
|f̂(n)| <∞ ( ⇐⇒ f̂ ∈ c0(Z)),

�=êX�$¦
f(x) =

∞∑

n=−∞
e2πinxf̂(n)

É����1�YÀýª�� �$�2�YÀ=À
x
Ë

ìºí 6}?Eî>6V� Ç�DgÐ�Ff£tI8�RZ�mb[ONgPRI�~�aJZ�PRmbZ�u%��\¢D&�=É
f ∈ L1(T)

�Y¦A¨±¤ É�É������ ��ª��
x0 ∈ Rð2��êJ�Y�Y�

∫ x0+ε

x0−ε

∣
∣
∣
f(x) − f(x0)

x− x0

∣
∣
∣dx <∞

É����x� ��ª��
ε > 0,

�=êX�$¦
f(x0) = lim

N→∞

N∑

n=−N

e2πinxf̂(n).

¬('



ìºí 6}?Eî>6V� Ç�D²×ÆF)�(WY[ONgKn®èmOPRUAZ�m«M]NQZ"[|\¢D
f ∈ L2(T) ø τ ∈ R ø k ∈ Z ø k 6= 0

(a) g(x) = f(x− τ) ⇐⇒ ĝ(n) = e−2πinτ f̂(n), n ∈ Z

(b) g(x) = e2πikxf(x) ⇐⇒ ĝ(n) = f̂(n− k)

(c) g(x) = f(−x) ⇐⇒ ĝ(n) = f̂(−n)

(d) g(x) = f(x) ⇐⇒ ĝ(n) = f̂(−n)

(e) g(x) = kf(kx) ⇐⇒ ĝ(n) =







f̂(n
k
),

¤ É n
k

¤=¦X�t�qñ{�$� ø
0,

���fêX�$�¢ðè¤Q� �
(f) g ∈ L1(T)

�Y¦A¨
h = f ∗ g =⇒ ĝ(n) = f̂(n)ĥ(n)

(g)
f
�8Á$��Ën�|��¦X�qËx�Y¦A¨

f ′ = g ∈ L1(T)






=⇒ ĝ(n) = 2πinf̂(n).

È`�]� �ÊÉ"Ë+*2PRHJmO[OZ1PRI/GXPRHLmbNQZ�m � IXWYe i [ONQ[ j¯k Z�mbZ

(f ∗ g)(x) =

∫ 1

0

f(x− y)g(y)dy,

WYIJ_¼r
f
W h [bPReQHVM]Z�e i K"PRI8M]NQI}HLPYHL[¶WYIL_

f ′ = g
vxu-Z�WdIL[(M]aXW�M

f(x) = f(a) +

∫ x

0

g(y)dy,

� aLZ"mOZ g Ng[�eQP{K�WYege i NQI8MOZ�ÔRmOW h eQZ jìºí 6}?Eî>6V� Ç�DgØ�F@®leQWYILK|aLZ"mOZ"e-,û[¸GXPRmbu�HLeQW8\$D��fÉ
f ∈ L2(T)

�=êX�$¦
f̂ ∈ `2(Z) ø �Y¦A¨

‖f̂‖2
`2(Z) =

∞∑

n=−∞
|f̂(n)|2 =

∫ 1

0

|f(x)|2dx = ‖f‖2
L2(T).

.����]�|���Y�$� ø �$�Y�$�¢½ an ∈ `2(Z)
¤Q�-�fêX�0/;��©{�$¤q�$�w�@�b�Y¦J�fÉ����¢ª��ÊÉ�� ��ª���É¢©{¦§�$�z¤q��¦

f ∈
L2(T)

Ë
ìºí 6}?Eî>6V� Ç�D�1�F@®»WYmb[OZ"�dWYe#, [¶GXPRmbu�HLe²WR\$D��fÉ

f, g ∈ L2(T) ø �=êX�$¦

〈f̂ , ĝ〉`2(Z) =
∞∑

n=−∞
f̂(n)ĝ(n) =

∫ 1

0

f(x)g(x)dx = 〈f, g〉L2(T).

ìºí 6}?Eî>6V� Ç;D@B32æF
L2
Ò _LZ"mON°�YW�M]Ng�YZ�[]\$D ô-4 �|�2�J� ñ{��54É������=êX�º¨{�76l¦X¤=�@¤q��¦·�ÊÉ

W k,2(T)
õYË

/;���1�YÀ=À
k ∈ Z+

ó
f ∈ W k,2(T) ⇐⇒ (2πin)kf̂(n) ∈ `2(Z).

¬98



�����;: ��â<�
'* $%(' �Aã¥)�%=�n'».1!"3
5
687�9;:=<>:@?A9ÆÍ�D@BED¯£¾c

f ∈ L1(R)
yVMOaLZ�I
MOaLZnGXPRHLmONgZ�m¯M]m]WdIL[bcfPRmbu

f̂
PYc
f
Ng[2ÔRN°�RZ"I h8i

f̂(ω) =

∫ ∞

−∞
e−2πiωxf(x)dx, ω ∈ R

ìºí 6}?Eî>6V� Í�DQ��F)"¶NgZ�u±WYILI Ò ³�Z h Z"[OÔRHJZT³�Z�u-u±W8\$D$�fÉ
f ∈ L1(R) ø �=êX�$¦ f̂ ∈ C0(R)�Y¦A¨

‖f̂‖ >@?-A ≤ ‖f‖L1 ø ¤@Ë@��Ë ø
¤öõ

|f̂(ω)| ≤
∫ ∞
−∞|f(x)|dx ø ω ∈ R ø �Y¦A¨

¤=¤öõ
f̂(ω) → 0

���
ω → ±∞

Ë
ìºí 6}?Eî>6V� Í�Dg´ Ff£tI}�YZ�mb[ONQPYIÆ~�aJZ�PRmbZ�u � \$D+�fÉ¼Á$���fê

f ∈ L1(R)
�Y¦A¨

f̂ ∈ L1(R)�=êX�$¦
f(x) =

∫ ∞

−∞
e2πiωxf̂(ω)dω

É����1�YÀýª�� �$�2�YÀ=À
x
Ë

ìºí 6}?Eî>6V� Í�DÑÇÎFf£tI8�RZ�mb[ONgPRI±~�aJZ�PRmbZ�uB��\¢DC�fÉ
f ∈ L1(R)

�Y¦A¨T¤ É�É����|��� ��ª��
x0 ∈ Rð2��êJ�Y�Y�

∫ x0+ε

x0−ε

∣
∣
∣
f(x) − f(x0)

x− x0

∣
∣
∣dx ≤ ∞

É������ ��ª��
ε > 0,

�=êX�$¦
f(x0) = lim

Ω→∞

∫ Ω

−Ω

e2πiωx0 f̂(ω)dω

¬(D



ìºí 6}?Eî>6V� Í�DgÍ�F)�(WY[ONgKn®èmOPRUAZ�m«M]NQZ"[|\¢D
f ∈ L2(T) ø τ, λ ∈ R ø λ 6= 0

(a) g(x) = f(x− τ) ⇐⇒ ĝ(ω) = e−2πiωτ f̂(ω)

(b) g(x) = e2πiτxf(x) ⇐⇒ ĝ(ω) = f̂(ω − τ)

(c) g(x) = f(−x) ⇐⇒ ĝ(ω) = f̂(−ω)

(d) g(x) = f(x) ⇐⇒ ĝ(ω) = f̂(−ω)

(e) g(x) = λf(λx) ⇐⇒ ĝ(ω) = f̂(ω
λ
)

(f) g ∈ L1(T)
�Y¦A¨

h = f ∗ g =⇒ ĥ(ω) = f̂(ω)ĝ(ω)

(g) g(x) = −2πixf(x) ∈ L1(R) =⇒ f̂ ∈ C1(R)
�Y¦A¨

ĝ(ω) = f̂ ′(ω)

(h)
f
�8Á$� ��Àý©{�Ê�$Àý½
�|��¦X�z¤=¦X©X��©8�

�Y¦A¨
f ′ = g ∈ L1(R)






=⇒ ĝ(ω) = 2πiωf̂(ω).

È`�]� �ÊÉ"Ë¸GXmOPYu�M]aJZ/K"PRHLmb[OZ	PRIÆGXPRHLmONgZ�m � IXWYe i [bNQ[ j f W h [OPYeQHJMOZ�e i K�PRI8MONQI}HLPRHL[-WYIJ_
f ′ = g

u-Z�WYIJ[(M]aXWdM
f(x) = f(a) +

∫ x

0

g(y)dy

F � aLZ�mbZ g NQ[�egPVK�WYeQe i NgI L1 \ j
(f ∗ g)(x) =

∫

R

f(x− y)g(y)dy.

ìºí 6}?Eî>6V� Í�DgÐ/Fz®èe²WYIJK|aLZ�mbZ�e-,û[;GXPRmOu�HJe²W8\¢D��fÉ
f ∈ L1(R)∩L2(R) ø �=êX�$¦ f̂ ∈ L2(R) ø�Y¦A¨

‖f̂‖2
L2 =

∫ ∞

−∞
|f̂(ω)|2dω =

∫ ∞

−∞
|f(x)|2dx = ‖f‖2

L2.

�=Éxð2�º¨Y�]�|���fêX�w�|��¦A¨Y¤=�@¤q��¦
f ∈ L1(R)

�fêX�$¦&ð2�w�O�Y¦/�$�z¤=À=À;¨{�76l¦§�

f̂(ω) = lim
M→∞

∫ M

−M

e−2πiωxf(x)dx

ô ð»êX�$�]�1�=êX�w�|��¦X�Y�$�qñ{�$¦§�|�x¤Q�T¤=¦&�=êX�
L2 éq� �$¦J� �tõYË�E�É¢�t�$�º�=ê{¤Q�¥��FR�Ê�$¦J�$¤q��¦&�=êX��/*��©{�¢¤q�$��@�b�Y¦J�fÉ����$ª ª-�$�X�

L2(R)
PYILZ Ò M]P Ò PRILZxPRI8M]P

L2(R)
Ë

ìºí 6}?Eî>6V� Í�D²×ÆF@®»WYmb[OZ"�dWYe#, [¶GXPRmbu�HLe²WR\$D��fÉ
f, g ∈ L2(R) ø �=êX�$¦

〈f̂ , ĝ〉L2(R) =

∫ ∞

−∞
f̂(ω)ĝ(ω)dω =

∫ ∞

−∞
f(x)g(x)dx = 〈f, g〉L2(R).

¬9G



ìºí 6}?Eî>6V� Í�DgØ F
L2 Ò _LZ"mONg�dWdMONg�YZ�[|\¢D ô-4 �|���J� ñ{�051É������=êX�-¨{�76l¦X¤=�@¤q��¦Æ�ÊÉ W k,2(R)

õYË
/;���1�YÀ=À

k ∈ Z+ ó
¤öõ
f ∈ W k,2(R) ⇐⇒ (2πiω)kf̂(ω) ∈ L2(R)

¤=¤öõ
(−2πix)kf(x) ∈ L2(R) ⇐⇒ f̂ ∈ W k,2(R)

Ë

������H ��â<�
'* $%('�+-%('* "%43
5
687�9;:=<>:@?A9�Ð�D@BED4£¾c

{an}
∞
n=−∞ ∈ `1(Z)

y»MOaLZ�ICM]aLZ±GXPRHLmONgZ�mxM]mOWYIL[«cfPRmOu PYc
an

NQ[
ÔRN°�RZ"I h8i

â(ω) =

∞∑

n=−∞
e−2πiωnan, ω ∈ R.

Äl6{�Å���CÐ�DQ��D&�fÉ
{an}

∞
n=−∞ ∈ `1(Z) ø �fêX�$¦ â ∈ C(T) ø �Y¦A¨

‖â‖sup = sup
ω
|â(ω)| ≤

∞∑

n=−∞
|an| = ‖a‖`1 .

ìºí 6}?Eî>6V� Ð�Dg´ÏF@£tI8�RZ"mO[bNQPRI�~�aLZ�PYmOZ�u�\$DI�=É
{an}

∞
n=−∞ ∈ `1(Z)

ô ���¥ª����]�1ñ{�$¦§�$�¢é
�YÀ=Àý½ ø ¤ É an ∈ `2(Z) J � �|�TÁ$�$ÀQ��ð§õ ø �=êX�$¦

an =

∫ 1

0

e2πiωnâ(ω)dω, n ∈ Z.

ìºí 6}?Eî>6V� Ð�DÑÇ F)�(WY[ONgKn®èmOPRUAZ�m«M]NQZ"[|\¢D
an ∈ `1(Z) ø τ ∈ R ø k ∈ Z

(a) bn = an−k ⇐⇒ b̂(ω) = e−2πiωkâ(ω)

(b) bn = e2πiτnan ⇐⇒ b̂(ω) = â(ω − τ)

(c) bn = a−n ⇐⇒ b̂(ω) = â(−ω)

(d) bn = an ⇐⇒ b̂(ω) = â(−ω)

(e) bn =







an/k, n/k
¤=¦X�t�qñ{�$�

0,
���fêX�$�¢ðè¤Q� � ⇐⇒ b̂(ω) = kâ(kω), (k ∈ Z+)

(f) bn ∈ `1(Z)
�Y¦A¨

c = a ∗ b =⇒ ĉ(ω) = â(ω)b̂(ω)

(g) bn = −2πinan ∈ `1(Z) =⇒ â
�8Á$��Ën�|��¦X�qË��Y¦A¨

b̂(ω) = â′(ω).

¬9K



¿1�$�]�
(a ∗ b)n =

∞∑

k=−∞

an−kbk

ìºí 6}?Eî>6V� Ð�DgÍ�F@®leQWYILK|aLZ"mOZ"e-,û[¸GXPRmbu�HLeQW8\$D��fÉ
{an}

∞
n=−∞ ∈ `1(Z)

�=êX�$¦

‖â‖2
L2(T) =

∫ 1

0

|â(ω)|2dω =

∞∑

n=−∞
|an|

2 = ‖a‖2
`2 .

�=É
{an} 6∈ `1(Z) ø Á�©{�l¤=�è¤Q���$�@¤=À=À§�@�$©X�x�=êJ�Y� {an} ∈ `2(Z) ø �fêX�$¦�ð2�T�O�Y¦	�$�z¤=À=À�¨{�76l¦§�

â(ω) = lim
N→∞

N∑

n=−N

e2πiωnan

ô ð»êX�$�]�&�=êX�Î�|��¦X�Y�$�zñ{�$¦§�|� ¤Q�&¤=¦
L2 éq� �$¦J� �tõYËLE�É¢�Ê�$�·�=ê{¤Q�Å��FR�t�$¦J�$¤q��¦ �=êX�M/*��©{�¢¤q�$�

�@�b�Y¦J�fÉ����$ª ª-�$�X�
`2(Z)

��¦§�$ét�t��éO��¦§�T��¦X�t�
L2(T)

Ë
ìºí 6}?Eî>6V� Ð�DgÐ�F@®»WYmb[OZ"�dWYe#, [¶GXPRmbu�HLe²WR\$D��fÉ

{an}, {bn} ∈ `2(Z) ø �fêX�$¦

〈â, b̂〉L2 =

∫ 1

0

â(ω)b̂(ω)dω =

∞∑

n=−∞
anbn = 〈a, b〉`2

ìºí 6}?Eî>6V� Ð�D²×·F
`2
Ò u-PRu-Z�I8M][]\$D ô-4 �|���J� ñ{�I5`É������=êX��¨{�76l¦X¤=�z¤q��¦/�ÊÉ

W k,2(T)
õYË=/;���

�YÀ=À
k ∈ Z+ ó

(−2πin)kan ∈ `2(Z) ⇐⇒ â ∈ W k,2(T).

�/?E<�6 Ð�DgØ�D2~�aLZºGXPRHLmONgZ�m([bZ�mbNQZ�[4_LZ$oXILZ"_ W h P �RZ1NQ[4WYegu±PR[«M2MOaLZn[]WYu-ZxM]aLNgILÔ¥WY[�M]aLZ
¤=¦X�Y�$�]� �xPdc;MOaLZnG»NgILNgMOZ�GXPRHLmbNQZ�m`~*mOWYIL[«cfPRmOu j ~�aLZnPRILe i _LNN�§Z"mOZ"ILK�ZxNg[2M]aXW�M � ZxaXW��YZmbZ�ULeQWYK�Z"_

+2πiωn
h8i

−2πiωn j
�����;O åà.ºãQP
!$ �ä  ¢)�%RP �S�	ã/0¯)� "âºã	3
5
687�9;:=<>:@?A9�×¹D@BXD � cfHLILK$M]NQPYI

f ∈ L2(R)
Ng[�Á|�Y¦A¨JÀý¤=ªw¤=�t�O¨ºNgc;F

f
Ng[»K�PYI}MONQI}HLPRHJ[èWYIL_E\

MOaLZ�mbZºNg[¸W¥I}HLu h Z�m
Ω > 0

[bHLK|a�MOaXWdM
f̂(ω) = 0

cfPRm
|ω| > Ω

2
j ~�aLZº[bu�WdeQeQZ"[bM4[bHLK|aI}HLu h Z�m

Ω
NQ[�K�WdeQeQZ"_¼M]aLZ±Á|�Y¦A¨JÀý¤=ªw¤=�`PYc

f j ~�a}HL[�yXM]aJZ h WYIL_LegNQu-NgM(Pdc f NQ[�Z"�}HXWYe�M]P

inf{Ω > 0 | f̂(ω) = 0
cfPYm1FzWYegu±PR[«M¢\2WdeQe

ω > Ω}.

þY­



�/?E<�6C×¹DQ��D(~�aJZºK"PRI8M]NQI}HLN°M i mOZ"[bM]mbNQK$M]NQPYI�PYc
f
Ng[�WdeQu-PR[bM4mbZ�_LHLIJ_XWYI8M�¡(£¾c

f̂(ω) = 0cfPRm
|ω| > Ω

2

M]aLZ"I
f̂ ∈ L1(R)

yXWYIL_
MOaLZxNQI8�RZ"mO[bZTGXPRHLmbNQZ"m`M]mOWYIL[«cfPRmOu PYc
f̂
NQ[(W¥K"PRI Ò

MONQI}HLPRHL[�cfHJILK"MONQPRI�F@[bZ�Z¶~�aLZ�PYmOZ�u-[ ' j þ Ò ' j �xPRI¥UXWYÔRZ ¬(D y8NQI8M]Z"mOK|aXWYIJÔRNQILÔxMOaLZ¶GEPYHLmONgZ�mMOm]WYIL[«cfPRmOu � NgMOaµMOaLZ	NQI8�RZ"mO[bZ�GXPRHLmbNQZ"mTM]mOWYIL[bcfPYmOu�\ � aLNQK|aÆNQ[¥WdeQu-PR[bMwZ$�RZ"m i � aLZ�mbZZ"�{HLWYe�M]P
f j ~�a}HL[�yENgc f NQ[x¦§���2K�PRI8M]NgI}HLPRHL["yEMOaLZ�I � ZºK�WYI�u±WY�dZ f K"PRI8M]NQI}HLPYHL[ h8imbZ�_LZ$oXILNQIJÔ
f
PRIÅW�[OZ$MwPYc(u±Z�WY[OHLmbZ�Õ"Z�mOP j ~�aLNg[ºcfHLIJK"M]NgPRI�Ng[TWdK"M]HLWYeQe i C∞ FzpxNgI Ò

oXIJNgM]Z"e i u�WYI i M]NQu-Z�[�_JN��¹Z�mOZ"I8M]N²W h eQZUTJ[OZ"Zº~�aJZ�PRmbZ�u ' j G PRI	UXWYÔRZ ¬9K \ j
ìºí 6}?Eî>6V� ×¹DQ´µFf~�aLZnSVaXWdILILPRI/SJWdu±ULegNQILÔ1~�aLZ"PRmOZ"u¼\¢D$�=É

f ∈ L2(R)
¤Q�xÁ|�Y¦A¨JÀý¤=ªwé

¤=�t�O¨�ðè¤=�fê/Á|�Y¦A¨JÀý¤=ªw¤=�
Ω > 0 ø �fêX�$¦ f �O�Y¦�Á$�nðè�¢¤=�z�t�$¦����

f(x) =

∞∑

n=−∞
f(n/Ω)

sin(πΩ(x− n/Ω))

πΩ(x− n/Ω)

ð»êX�$�]�n�=êX�x�$©Vª �|��¦X�Y�$�qñ{�|�1Á$���fê/©{¦X¤ É����¢ªwÀý½��Y¦A¨-¤=¦
L2(R)

Ë
È`�]� �ÊÉ"ËI� i ULmOPRUAZ�m«M i F@_E\2NgI	~�aLZ�PRmbZ�u ' j ' yXN°M�[OHWV-K"Z�[¸MOP±UJmOP �RZxM]aJNQ[ � aLZ�I Ω = 1FfmOZ�UJe²WYK"Z

f(x)
h8i

g(x) = f(x/Ω)
\ j ~�a}HL["y h Z�egP ��� Z¸M|Wd�YZ Ω = 1 j � i MOaLZ4M]aLZ"PRm iNgIÎSVZ"K"M]NgPRIÅ£b£ j  y � NgM]a�M]aLZ¼GEPYHLmONgZ�mxM]mOWYIL[bcfPYmOu mOZ"ULe²WYK"Z�_ h8i M]aLZ�NQI8�RZ"mO[OZ¼GEPYHLmONgZ�m

MOm]WYIL[«cfPRmOu/y � Z1aXW��RZncfPRm4WYeQu-PR[«M4WYeQe ω ∈ [−1/2, 1/2]

f̂(ω) =

∞∑

n=−∞
cne

−2πiωn,
F ¬ \

� aLZ"mOZ cn WYmOZxM]aJZ�FfNQI8�RZ"mO[bZ \�GXPRHLmONgZ�m�K"PVZXV±K"NQZ"I}MO[4PYc f̂ yXN j Z j y

cn =

∫ 1/2

−1/2

e2πiωnf̂(ω)dω.

~�aLZ�K�PRI8�RZ"mOÔRZ"ILK�Z&Pdc F ¬ \wNQ[�Pdc
L2
Ò M i U¹Zdy4WYIL_�MOaLZ�mbNQÔRa8M Ò aXWYIJ_�[ONg_LZ�Pdc F ¬ \-Ng[�W

UAZ�mbNQP{_LNQK�cfHLIJK"M]NgPRI�y � aLPR[bZ�mbZ�[bMOmONgK"M]NgPRI·M]P [−1/2, 1/2]
K�PYNQILK"NQ_LZ"[ � N°M]a·M]aLZ-ÔRN°�RZ�IcfHLIJK"M]NgPRI

f̂ j(k P � Z$�RZ�m"y h8iZY PdM]Z D j þ W h P �RZTWYIL_ h8i M]aLZ1NQI8�RZ"mO[bNQPRI	M]aLZ"PRmOZ"u � PYI
UXWdÔRZ ¬(D y � Z1aXW��RZºWYK"MOHXWYeQe i cn = f(n)

F@[ONgILK�Z
f̂(ω) = 0

cfPRm
|ω| > 1/2

\ j ~�a{HJ[�y

f̂(ω) = χ[−1/2,1/2]

∞∑

n=−∞
f(n)e−2πiωn,

F þ \

� aLZ"mOZ¯M]aLZlK�PYI}�YZ�mbÔRZ�ILK"Z�NQ[�NQI L2[−1/2, 1/2] =⇒
K"PRI8�RZ�mbÔRZ�IJK�Z(NgI

L2(R)∩L1(R) jF k Z�mbZ χ[−1/2,1/2] = 1
Ngc
|ω| ≤ 1/2

yRWdIL_TÕ"Z�mOP¸PYM]aJZ�m � Ng[OZ�\ j\[ HLegMONQULe i M]aJNQ[ h}i e2πiωx y
þV¬



WYIJ_�NgI8M]Z�ÔYm]WdMOZwP>�YZ�m
[−1/2, 1/2] j ~�aJNQ[xÔRN°�RZ�[ h8i MOaLZ¥GXPRHLmONgZ�m�NgI8�RZ�mb[ONgPRI�cfPYmOu�HLeQWF=cfPRm4WYeQe

x ∈ R
\

f(x) =

∫ 1/2

−1/2

e2πiωxf̂(ω)dω

=

∫ 1/2

−1/2

e2πiωx
∞∑

n=−∞
f(n)e−2πiωndω

FfM]aJZ1K"PRI8�RZ"mOÔRZ"ILK�ZºNQ[4W h [bPReQHVM]ZYyJ[OP � Z1u�W i HL[OZ1GXH h NgILN-,û[(M]aLZ"PRmOZ"u¼\

=

∞∑

n=−∞
f(n)

∫ 1/2

−1/2

e2πiω(x−n)dω

=
∞∑

n=−∞
f(n)

[
1

2πi(x− n)
e2πiω(x−n)

]1/2

−1/2

=
∞∑

n=−∞
f(n)

1

π(x− n)

1

2i
[eπi(x−n) − e−πi(x−n)]

=

∞∑

n=−∞
f(n)

sin(π(x− n))

π(x− n)
.
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