Fourierserier. 25.5.2012

Uppgift 5 p& baksidan. (English version on the second sheet).

‘1. Definiera ftljande begrepp:

a) Fouriertransformen av en periodisk funktion f € L(T'), dir T be-
tecknar intervallet [0,1). Ge ocksa formeln for den inversa transformen.
Vilka tillaggsvillkor bor stillas pa f och dess fourierkoefficienter for att
fourierserien for f skall konvergera likformigt mot f pa intervallet T'7

b) Fouriertransformen av en funktion f € L!(R), dir R = (—o0, 00).
Ge ocksa formeln for den inversa transformen.

¢) Den (periodiska) diskreta fouriertransformen i IIy, dér IIy dr méngden
av alla periodiska foljder med perioden N. Ge ocksa formeln for den
inversa transformen.

2. a) Beriikna fourierkoefficienterna fér den periodiska funktion f € L(T),
(med period 1), vars restriktion till intervallet [—1/2,1/2) ges av

f(t) =cos(2nzt), ze€R\Z.

b) Utnyttja resultatet fran del a) for att etablera summeringsformeln

1

| i 1 _ 2n°z + wsin(27z)

= , eER\Z.
(z? — n?)? 4q3 sin®(mrz) \

n=-—oc

3. Antag att funktionen f € L'(T) och bevisa Riemann-Lebesgues Lem-
ma: limy_,+o0 f(n) = 0. Hér betecknar f(n) den n:te fourierkoefficienten
for f. Om du bevisar lemmat under antagandet att f € C(T'), vilket
innebdr att f har en kontinuerlig derivata, (som ocksa &r periodisk med
perioden 1), s& dr uppgiften vérd 3p. ‘

4. Redogér kortfattat, utan bevis och hérledningar, om foljande: Hur kan
den (periodiska) diskreta fouriertransform i ITy anvéindas for att erhélla

approximationer F(m) av fourierkoefficienterna f(m) for en periodisk
~ och kontinuerlig funktion f € C(T)7 Vilken roll spelar den snabba
fouriertransformen (FFT) i denna process? Om vi dessutom antar att

S |F(k)| &r konvergent, hur kan vi uttrycka felet F(m) — f(m)
med hjilp av de exakta fourierkoefficienterna. f (k)?

1

5. Definiera funktionerna f och g tillhérande L*(R) genom

1—|t], om [t <1, 1, om |t| <1/2,
0, om [¢| > 1, 0, om |t|>1/2.

Visa att f = g* g, (déir » betecknar faltning (konvolution) i L*(R)),
och anvind detta till godo for att berdkna fouriertransformen av f.




Fourier Series. 25.5.2012

Turn page for assignment 5. (Aven svensk version tillginglig).

1. Give the definition of the following concepts:

a) The Fourier transform of a periodic function f € L!}(T'), where T
is the interval [0,1). Give also the formula for the inverse transform.
Under which additional assumptions on f and its Fourier coefficients
can vi guarantee uniform convergence to f of the Fourier series of f7?

b) The Fourier transform of a function f € L*(R), where R = (—o0, 00).
Give also the formula for the inverse transform.

c) The (periodic) discrete Fourier transform in Iy, where Iy is the
set of all periodic sequences with period N. Give also the formula for
the inverse transform.

. a) Compute the Fourier coefficients of the periodic function f € L!(T)
with period 1, whose restriction to the interval [—1/2,1/2) is given by

f(t) = cos(2mzt), zeR\Z.

b) Use the result from part a) to establish the summation formula

o0 2 . 2
Z( 1 _27ra:-|—sm(7r:v)’ s ER\Z.

el Gl n?)? 423 sin’(nz)
. Suppose that f € LY(T) and prove the Riemann-Lebesgue Lemma:
limp— 100 f(n) = 0. Here f(n) is the n:th Fourier coefficient of f. If you
prove the lemma assuming that f € C!(T'), that is assuming that f
has a continuous derivative, (which is also periodic with period 1), the
assignment is worth 3p.

. Give a short description, without proofs and deductions, of the following:

How can the (periodic) discrete Fourier transform in Il be used to
obtain approximations F(m) of the Fourier coefficients f(m) of a pe-
riodic and continuous function f € C(T")? What is the role of the fast
Fourier transform (FFT) in this process? If we further assume that
% . |f(K)| is convergent, what kind of error estimate do we get for

F(m) — f(m) expressed with the exact Fourier coefficients f(k)?

3

5. Define the functions f and g in L'(R) by

1—|¢, iflf <1, 1, if ] < 1/2,
f(t) = o, it 2 and  g(t) = iffe] <1/
0, if Jt| > 1, 0, if [¢t] > 1/2.

Show that f = g % g, (where x denotes convolution in L!*(R)), and use
this fact to calculate the Fourier transform of f.
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