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Gaussian random field By(t), t € R, 0 < H < 1
1
Cov(BH(s), Bu(t)) = 5(\5|2H + [t — |e = s|*)

{Bu(ct)} 4 {c"By(t)}  self-similarity prop

e Well-balanced representation
Bu(t) = Cun [ (It x"~#12 ~ [x|"~#/%) M(ax)
Rd

M(dx) Gaussian measure with control measure dx
M(A) ~ N(0,|A]), M(ANB)=0, ANB=10

e Harmonizable representation

efit-x —1

, W(Ml(dx) + iMy(dx))

Bu(t) = CH/

R
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Random balls representation

Put B(x,r)={y € RY: |x —y| < r}
e 0<H<1/2

Bu(t) = CH/ (5:(B(x, ) — So(B(x, r))) M (dx, dr)

RIXR,
Mp(dx, dr) Gaussian with control dx r=9+2H=1gr
(2, H)-Takenaka field By(t) = Mp(V:), where

V; = {all spheres separating 0 and t}
={(x,r): |x| < r}A{(x,r) : |[x—t| < r}

[Samorodnitsky, Tagqu 1994]
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Consider the Gaussian, isotropic, generalized random field Wj, such that
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Extension to any H
Forany H# Zifd >2and H # 3Z if d = 1, Dobrushin (1979) obtains

a Gaussian, self-similar, istropic random field By such that

Cov(Bu(), Bu(1)) = Cn / OOl de, s wesS

Theorem (Biermé, Estrade, 1K 2010)

Put m=[H+1/2] and By =d —2(H—m). Thend —1 < 8y <d or
d<pBy<d+1,and

fdd
)=

Br(¢) = We,((—A)"™%¢), ¢ €S

For H> —d/2,

Cov(Bi(é). Bu(u)) = Cu [ Iy =y Poly)uly’) dydy’
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Two examples

Recall

m=[H+1/2, fu=d=2H-m), Bu(®)< Ws,((~8) ")

e 0<H<1/2. Then m=0, By =d—2H. Also, u = 9; —dp € M is
an admissible measure. Thus

Be) = Way(5: = 80) = [ (5= 80)(B(x. 1)) M (.o

e 1/2<H<1 Nowm=1and 8y =d—2H+2. Also, taking
¢e(y) dy = 0:(dy) — do(dy),

(—A)2(¢,) = (|t — ey |y‘7(d—1)) dy

1 1
Bt ::/ / - dy Mg, (dx, dr
() RIXR, JB(x,r) (|t — y|d—1 |y‘d—1) BH( )
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Replace Mgs(dx, dr) by compensated Poisson point measure

Klg(dx, dr) = N(dx, dr) — dxr=?1dr

As above, ford —1 < g <d,d< g <2d

ps o) = Co [ (Bcu) Ws(c o)

and, for non-integer (non-half-integer) H,

Pr(¢) = s, ((—A)""/¢)

Also,
Cov(Pr(¢), Pu(v)) = Cov(Br(¢), Bu(v))
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Fractional Poisson motion

In particular, for t € Rd,
e 0<H<1/2

P(t) = Js, (6: — 50) = / (8 — 0)(B(x, r)) N, (dx, dr)

RIX R,
e 1/2<H<1

Pu(t) ::/R . |B(x, r)N]o, L‘]|IT/5H(dx7 dr), d=1

1 1 ~
Pult ::/ / - dy Ng, (dx, dr
H RIXR, J B(x,r) <|t—y|d—1 |y|d—1) 1 ( )



Fractional Poisson motion, d =1
1/2<H<1 Put

/f(x)PH(dx):/R ] /B( )f(y)dyK/QH(dx,dr)
Then

o~ 0* fly) - Fyi)
log E exp {9/ f(x) PH(dx)} = Z o /Rk G0 — ya)20 dyr ... dyk
k=2
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Here,
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Fractional Poisson motion, d =1
0<H<1/2 Recall

Pu(t) = / (6 BB, 1) Ny . )

Here,
(6e = 0)(B(x,r)) = 1{0<><7r<t} — Lio<xtr<t}

This is (a version of) Mandelbrot's Fractal sum of pulses (1995):
M, = / (1{0<X7r<t} - 1{0<x+r<t}) NBH(an dr)7
RX Ry

which is shown to be approximated by FBM, see also [Marouby, 2011].

Indeed,
{C’HPH(ct)} = {Bu(t)}, c¢—
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Fractional Poisson motion, d =1

O<H<1/2
Avraram and Glynn (2011) consider Scheduled traffic:

Scheduled arrival times: j € Z
Actual arrival times: j + U;, where P(U > x) ~ x=#

Take H = (1 — 8)/2 € (0,1/2) and put

Zet — [ct]

Z; = #actual arrivals in [0, t], Xt(c) = =7

Then
{(X(t)} = {Bu(t)}

“Proof”

Zi—t= / (1{0<x+u<t} - 1{O<x<t}) N,BH(dX7 du) = Pu(t)
Rx Ry
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