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�������! #"%$'&)(�*+(-,/.10�,2*+.3,�$'�4 #,/.#,5&3 #,/67$8�9 #"%,1:3;<$8�4 =6>$'&3 #.#$8?%@> A$8;<�9;+BC #"%,�D�*FEG$'D2@>D
$8�%H/.3,I*+&3,
*+�%6J6%,5H/.#,/*+&#,�BK;<.2*7&3 L*M�%6�*+.36ON�.#;P01�%$Q*M�JD�;+ #$';<�SRCBK;<.2&3"%;<.3 TNVUXWZY�,5 
@%&)&3 A*+.3 101$[ A"!&3;<DT,��>;+ L*M #$';<�SW\Y�,5 

Ω := C(R+,R)
?-,� #"%,�&#(�*+H5,�;+BCH/;<�4 #$'�]@%;<@%&

BK@%�>H5 A$8;<�%&
ω : R+ 7→ R

*+�%6
Xt(ω) = ω(t), t ≥ 0,

 #"%,�H/;^;<.36%$'��*F A,�D�*+(%(%$8�%_<&/W
` $[ A"a,5b+,/.dc

ω
0\,T*+&3&#;^H/$'*M A,2$[ A&�e8$8BK,� A$'DT,

ζ(ω) ∈ (0,∞]
*+�%6fH/;+�%&#$86%,/.

Xt
 #;�?�,

6%,�g��%,56hBK;<.
t < ζ(ω). i "%,7&3 A*+�%6�*M.#6h�>;+ L*M #$';<� Ft

$'&T@%&#,56hBK;<.j A"%,
σ k *Me'_<,5?%.A*_<,5�%,/.#*M A,56l?4c� #"%,mH/;^;<.#6>$'��*M #,mDn*M(%(%$'�>_<&V@%(
 A;� A$8D�,

t,
*+�%6
0\,�&#,� F := F∞.o @%.3 #"%,/.5R

Pµ
x

*+�%6
Eµ

x

6%,5�%;+ #,� #"%,�(%.#;<?%*+?%$'e8$8 �c�D�,/*+&#@>.#,�*+�%6� A">,p,qE>(-,/H� L*M #$';<�
;<(-,/.#*M A;+.m;<�

(Ω,F)
@%�%6%,5.�01">$'HL"X #"%,jH/;^;<.#6>$'��*M #,�(%.#;^H/,5&#&

X = {Xt : t ≥ 0}$8&�*XN\.#;P01�%$'*+�hDT;+ #$';<�J01$8 #"h6%.3$8Br 
µ
&d L*+.d A,56hBK.#;<D

x,
BK;<.T&#">;<.3 nNsUut

µ v W o ;<.
&3$'DT(%e'$8H/$8 �c+R

Px
*+�%6

Ex
&3 A*+�%6
BK;<.V A">,�H5;<.#.3,/&3(�;<�>6%$'�%_j;<?]:3,/H5 #&)BK;+.1NsUXW

i "%,�Dn*wE>$8D2@%Dx$'�%H5.#,/*+&#,�?-,5BK;<.3,� A$'DT,
t
$'&s6%,�g��%,/6!*+&

D+
t := sup

0≤u≤v≤t
(Xv −Xu)

t Å W Å v
*+�>6yRz*+��*+e8;<_<;<@>&#e8c+R^ #"%,�Dn*wE>$8D2@%Dx6%,/H5.#,/*+&#,

D−
t := sup

0≤u≤v≤t
(Xu −Xv)

t Å W|{ v
} ;+ A$8H/,� A"%*M IR%,MW~_>W8R

D−
t = sup

0≤v≤t

(
sup

0≤u≤v
Xu −Xv

)
.

t Å W~� v
� &#$'�>_j #"%,�Y��5b]c
$'&3;<D�;+.#(%"%$8&#D9RG$�W~,MW8R>@%�%6%,5.

P0

{X+
v := sup

0≤u≤v
Xu −Xv : v ≥ 0} (d)

= {|Xv| : v ≥ 0}, t Å W~� v
01"%,5.#, (d)

=
DT,I*+�%&��� A;
?�,T$'6>,/�4 A$8HI*+e�$8��e'*I0�01$8 #"G�LR�$[ mBK;<e'e8;w01&�BK.3;<D�$86%,/�4 A$[ �c�t Å W|� v #"�*M 

P0(D
−
t > a) = P0(Ha ∧H−a < t)

t Å W�� v01$[ A"
Hb := inf{t : Xt = b}, b ∈ R, #"%,sg�.#&d �">$8 # #$'�%_� #$'DT,V;+B
b
t�$8�� A"%,1HI*M�%;<�%$8HI*+e%&3,5 3 A$'�>_ v 01$8 #"j #"%,1@%&#@%*+ezH/;<�4b<,5�4 A$';+� #"�*M 

Hb = +∞ $8Bs #"%,�&#,� j$'�� #"%,�?%.A*MH/,/&�$8&2,/DT(> �c+W o .#;+D� #"%,�,5�^@%*+e'$[ �c�t Å W�� v
{



*+(>(%e8c^$'�>_%R>,MW~_%W[R�� ��� Å W~�>W��>W�{2(yW�{ Å {GR�*+�%69�>W Å W Å W �T(SW��+�<�20\,�;<?> A*+$'�

P0(D
−
t > a) =

+∞∑

k=−∞
(−1)k

∫ t

0

ds
(2k + 1)a√

2πs3/2
e−(2k+1)2a2/2s

= 1 − 1√
2πt

+∞∑

k=−∞
(−1)k

∫ a

−a

dx
(
e−(x+4ka)2/2t − e−(x+4ka+2a)2/2t

)
.

} ;+ A$8H/,�*Me'&#;� A"�*F V6%@%,= A;� #"%,�&3c^DTD�,� A.dc�;MB�&3 L*M�%6�*+.36
N\.#;P01�%$'*+��DT;+ A$8;<�T0�,�"�*Ib+,

{D−
t : t ≥ 0} (d)

= {D+
t : t ≥ 0},

*+�>6� #"%$'&�"%;<e86%&m@%�%6>,/.
Px

BK;<.�*+�4c
x ∈ R.

` ,j.#,5BK,5.� #;���;<@�*+6Gc<R�,5 �*+e W��
	���BK;<.
.3,/&#@>e8 A&�H/;<�%H5,/.3�%$'�%_7 #"%,�6%$8&3 A.3$'?%@G A$';+��;+B)D�*FEG$'D2@%D $8�%H/.3,I*+&3,
*+�%6J.3,/eQ*F A,/6uBK@>�%H k #$';<��*Me'&V@%(� #;n*2g>EG,/69 A$8D�,�$8�� A"%,�HI*M&#,�;+BCN\.#;P01�%$'*+�
D�;+ #$';<�SW

o ;<.mN\.3;P01�%$Q*+�aDT;+ #$';<�!01$[ A"a6%.3$8Br � #"%,�.#,5&#@%e[ �H/;<.3.#,5&#(-;<�%6%$8�%_� A;Xt Å W~� v &3 L*F A,/& #"�*M �@%�>6%,/.
Pµ

x

 #"%,�(%.#;^H/,5&#& {X+
v : v ≥ 0} $'&�*7.3,
��,5H5 #,/6ON\.#;P01�%$'*+� D�;+ #$';<�

;<�
R+

01$8 A"�6%.3$8Br −µ, BK;<.j&#"%;<.d ��)NsUut −µ v R�tK&#,/,MRs,+W _%W[R���*+.3.#$8&#;<�������=(SW ���>R
*+�>6 UlH��m,/*+�������V(yW�� Å v RZDT;<.3,�(%.3,/H5$'&#,5e8c+R�$8 p$'&2*l6%$���@%&#$8;<�u;<� R+

01$8 #"u?�*+&3$'H
HL"�*M.A*+H� A,/.3$'&d A$'H5&n*M&n_<$[b<,/�O$'��� ��� � Å W Å 	X(yW Å {��>W i "%,l(%.#;<?%*+?%$'e8$8 �c�D�,/*+&#@%.3,!;<�
(Ω,F)

*M&#&#;^H/$'*M A,56T01$[ A"
X+ tK@%�%6%,5.

Pµ v $8& 6%,/�%;M A,/6�?4c P−µ,+. ! e',/*+.#e[c<R<0�,="�*Ib+,BK;<.1*�_<$[b<,5�
a > 0

P
µ
0(D

−
t > a) = P

−µ,+
0 (Ha < t).

t Å W�	 v
" $8D�$8eQ*+.3e8c+R46%,5g��>$'�%_

X−
v := Xv − inf

0≤u≤v
Xu

$[ �"%;<e'6>&�@>�%6%,/.
Pµ  A"�*F � #"%,T(%.#;^H/,5&#& X− $8&�*#�)NsUut

µ v W�Y�,5 # #$'�%_ Pµ,+ 6%,5�%;+ A,
 #"%,�D�,/*+&#@%.3,�*+&#&3;GH5$Q*M #,/6�01$8 #"

X− 0�,�"�*Ib<,
P

µ
0(D

+
t > a) = P

µ,+
0 (Ha < t).

t Å W$� v
o ;<.�*M��,�EG(%e'$8H/$[ Z,�EG(%.3,/&3&#$';+��;+Bz #"%,

Pµ k 6%$'&d A.#$8?%@> #$';<�2;MB D−
t

R<&#,5,%��;<DT$'�%�&�~���G01"%,/.3,
 #"%, D�,� A"%;^6�?�*+&#,56p;+�p&3(�,5H5 A.#*+e4.#,5(%.#,5&#,5�] A*M A$8;<�%&�$'&�@%&3,/6yW	���2Ul*+_<6%;<� k ��&#D�*+$8e+,5 /W|*Me W�
'��yBK;<.3D2@%e'*+&\BK;<.V #"%,�D�,/*+�
;+B

D−
t

*+.3,m6%,/.3$8b+,/6yW
(y� � �>BK;<.d A@%��*F A,/e[c�0�,2*+.3,p�%;M �*M?%e',� A;T6%,5 #,/.3D�$8�%,�,�EG(%e'$8H/$[ Ae8c� A"%,�6%$8&3 A.3$'?%@G A$';+�9;MB
(D+

t , D
−
t ),

?>@> j.#,5(%eQ*+H5$'�%_
t
?4c

T,
 A"�*M 2$'&/R *+�J,qEG(�;<�>,/�4 A$'*+e'e[c�6%$8&3 #.#$'?>@> A,56J.A*+� k6%;+D bM*+.3$Q*+?>e',9$'�%6%,5(�,5�%6%,5�] �;+B

X
01$8 #" D�,/*+�

1/λ,
*+e8e';P01&n@>&n A;�g%�%6  A"%,

P k6%$8&3 #.#$'?>@> A$8;<��;+B
(D+

T , D
−
T ),

&#,5,*)�.3;<(�;+&#$8 #$';<���>W��GW ` ,�.#,5Dn*+.,+� #"�*M s A">,�D�*+.3_<$'��*Me
�



Pµ k 6%$8&3 A.3$'?%@G A$';+�%&�;+B D+
T

*M�%6
D−

T

*+.#,�,/*+&#$8e8c�H/;+D�(%@G A,/6JBK.3;<D t Å W�� v *+�%6 t Å W�	 v R.3,/&#(-,/H� A$[b<,/e[c<Wp���%6%,/,56yR�@%&#$8�%_�&3 A*+�%6�*M.#6f6%$���@%&3$';<�! #"%,/;+.3ca*M�%6a&#;<DT,�,�EG(%e8$'H5$8 �BK;+. kD2@>eQ*+&�tK&#,5,p,MW~_%W%� ����(yW Å 'j*+�>6 Å {�� v c^$',5e'6
P

µ
0(D

−
T > a) = E

−µ,+
0 (exp(−λHa)) = 1/ψλ(a;−µ)

t Å W�' v
*+�>6

P
µ
0(D

+
T > a) = 1/ψλ(a;µ)

t Å W�� v01$[ A"

ψλ(a; ν) := e−νa

( HL"
(a

√
2λ+ ν2) +

ν√
2λ+ ν2

&#"
(a

√
2λ+ ν2)

)
.

���2;<@>.Z*+(%(>.#;4*+HL"2BK;+.�g��>6%$'�%_) A"%,�:3;<$'�4 	6%$'&d A.#$8?%@> #$';<��0\,\H/;<�%&3$'6%,5.	g�.3&3 	 A"%,VH/*+&#,
01"%,5.#,� #"%,�$8�>g�D2@>D $8&�*F # L*M$'�%,56!?-,5BK;<.3,p A">,�&#@>(%.#,5D2@%D9W����! #"%$'&=HI*+&3,2$8 =$'&)H/e8,I*+.
 #"�*M � A"%, D�*FEG$'D2@>D $8�%H/.3,I*+&3,�$8&��%;+ A">$'�%_1?%@> � A">, 6>$���,/.#,5�%H/, ;+B^ A"%, &3@%(%.#,5D2@%D *+�%6
 #"%,�$'�>g%D2@%D9Ry*+�%6SR�$8�f*�&#,5�%&#,MR�0�,j"�*Ib<,j.#,56%@%H/,56� #"%,j(%.#;+?%e',5D  #;
 #"%,�(%.3;<?%e',5D
BK;<.jg��%6>$'�%_� A"%,l6%$'&d A.#$8?%@> #$';<��;+B� #"%,!D�*FEG$'D2@>D 6%,/H5.#,/*+&#,MW i "%,7;+(%(�;+&#$8 #,lH/*+&#,01"%,5.#,� A"%,p&#@%(%.3,/D2@>D $8&=*F # L*M$'�%,56!?-,5BK;<.3,� #"%,�$8�>g�D2@%D $8&=H5e',/*+.#e[c� A.3,I*M #,/67@%&3$'�%_
&dcGDTDT,5 A.dc<W

�� p$'&���*M #@%.A*+e�01"%,5�� A">,�$8�>g�D2@%D $'&�*M # A*+$'�>,/6�?�,�BK;<.#,j A"%,T&#@>(%.#,5D2@%D  A;l6%, kH5;<D�(-;<&3,� A"%,�,�EG(-;<�%,5�] #$Q*+e8e8cn&3 A;+(%(�,56!N�.#;P01�%$Q*M�9(%*M A"9$'�4 A;2 #"%.#,5,p(%*+.3 #&��
◦  A"%,mg�.3&3 )(�*+.d =$8&s@%(� A;j A"%,�"%$[ # #$'�%_� #$'DT,�;+B	 A"%,�$'�Gg�D2@%D9R
◦  A"%,p&#,/H5;<�%6f(�*+.d �$8&=BK.3;<D  A"%,�"%$8 3 A$'�>_T #$'DT,�;MB� A"%,p$'�>g�D�@%D  A;� #"%,�">$8 # #$'�%_
 #$'DT,�;+B� A"%,�&3@%(%.#,5D2@%D

◦  A"%,� #"%$'.36a(�*+.3 �$8&�BK.#;<D  A"%,�">$8 # #$'�%_� A$'DT,2;+B  A">,�&#@%(%.3,/D2@>D  A;� A">,T,qEG(�; k�>,/�4 A$'*+eS A$8D�,MW
` ,j(%.#;Pb<,j$8� i ">,/;<.3,/D �>W|�n A"�*M m #"%,/&3,� A"%.3,/,T(�*+.3 #&�*+.#,jH5;<�%6%$[ A$';+��*+e'e[c
$'�%6>,/(-,/� k6%,5�4 �_<$8b+,/�� #"%,�$8�>g�D2@%D *M�%6� A">,�&#@%(>.#,/D�@%DlRZ*+�%6ug��%6X A"%,5$'.�6>$'&3 #.#$8?%@> A$8;<�%&�$'�
 #,/.#DT&�;+Bm #"%,! #"%.#,5,a6%$'DT,/�%&3$';<�%*+e)N\,/&3&#,/em(>.#;^H/,/&3&#,5&
01$[ A"�6%.3$8Br /W���@%.�*+(%(>.#;4*+"
$8&�D�*+$'�%e[ca?�*+&3,/6J;<�X A"%,

h k  A.A*M�%&3BK;<.3D  A,/HL">�%$'�]@%,5&/R ,�EGH/@>.#&#$8;<�u A">,/;<.dcu*+�>6J(�*M A"
6%,5H/;<DT(-;<&#$[ A$';+�%&V;+BCN\.#;P01�%$'*+�
D�;M A$';+��01$8 A"
6%.3$8Br /W

i "%,1*+?-;Pb<,s6%,5&#H5.#$'?-,/6�(%*M A"�6%,5H/;<DT(-;<&#$[ A$';+��@%(� A; T (-,/.3D�$[ A&C@>&C A;m6%,� A,5.#DT$'�%,
 #"%,n:3;<$'�4 
6%$8&3 A.3$'?%@G A$';+� ;MB

(D+
T , D

−
T )

&#$'�>H/,��%;P0
D+

T = ST − IT
*+�%6yR�@>�%6%,/.

 #"%$'&�6%,/H5;<DT(�;<&3$8 #$';<�yR
D−

T

$'&� A"%,�Dn*wE>$8D2@%D�;MBV A"%,�Dn*wE>$8D2@%D�6>,/H/.3,I*+&3,/&2;MBV A"%,
 #"%.#,5,nH/;+�%6%$8 #$';<�%*+e'e[c7$'�>6%,/(-,/�%6>,/�4 2BK.A*M_<D�,5�4 A&/W i ;!g��%6u #"%,n6%$8&3 #.#$'?>@> A$8;<�X;MBV A"%,

�



D�*FEG$'D2@>D 6%,5H/.3,I*+&3,�BK;<.m A">,jg%.#&3 �*+�%6f A">,j #"%$'.36X(%*+.3 �$8&�B�*M$'.#e[c!&d A.#*+$'_<"4 3BK;<.30\*+.#6
6%$ �S@>&#$';+�! A"%,5;<.3c+W i ;
H/;<DT(%@> #,� A"%,�D�*FEG$'D�@%D 6>,/H/.3,I*+&3,�BK;<.� A">,�&#,/H5;<�%6�(�*+.d m$'&
,5�^@>$8bM*+e',5�4 �BK;<.)g��%6%$8�%_� A"%,�6%$'&d A.#$8?%@> #$';<�9;+B  A"%,�Dn*FEG$8D2@%D 6%,5H/.#,/*+&#,2BK;+.�*n A">.#,/,
6%$8D�,5�%&#$8;<��*+eSN\,/&3&#,5e�(>.#;^H/,/&3&)01$[ A"
6%.3$8Br IW

��e[ A"%;+@%_<"� #"%,)6%$'&d A.#$8?%@> #$';<��*+�%6T A"%,=6%,/�%&3$8 �cjBK@%�%H� A$8;<�n;+B
(D+

T , D
−
T )

*+.#,=H/;<D k(%e8$'H/*M A,56�$[ �$8&�(-;<&3&#$'?>e',1 A;�6>,5 A,5.#DT$'�%,)?4cj A"%,=&#HI*Me'$'�>_p(%.3;<(-,/.3 �cT;+B�NsU  A">,�H/;PbM*+.3$ k*+�>H/,�?�,� �0\,5,/�
D+

t

*M�%6
D−

t

*M�%6� A"%$8&s$'&1_<$8b+,/�
?4c
E(D+

t D
−
t ) = (1 − 2 log 2 + 2β(2)) t,

01"%,5.#,
β(2) :=

∞∑

k=0

(−1)k (2k + 1)−2 = 0.91596...

$8& ! *M L*MeQ*+��� &mH/;+�%&3 A*+�4 IW �=,5�%H/,MR� A"%,jH/;+.#.#,5eQ*M #$';<�!H/;^,��TH/$8,/�4 ρ ?-,5 �0�,/,5� D+
T

*+�%6
D−

T

$8&s,I*+&3$'e8cn;<?> A*+$'�%,56� A;j?�,

ρ :=
E(D+

t D
−
t ) − (E(D+

t ))2

Var(D+
t )

= −0.47936....

�y� ���%,=D�;M A$8bM*M #$';<�� #;�&3 #@%6>cT A"%,=Dn*wE>$8D2@%D 6%,5H/.3,I*+&3,m*+�%6�$8�%H/.3,I*+&3,�H5;<D�,5&�BK.3;<D
D�*M A">,/D�*M A$8HI*+e g���*+�>H/,
01"%,/.3,9 #"%,
Dn*FEG$8D2@%D�6%,/H5.#,I*M&#,+RV*+e'&3;�H/*+e'e8,/6JD�*FEG$'D2@>D
6%.#*I016%;P01� t U � � v R�$'&)@%&#,56! A;��^@%*+�4 A$8Brc� #"%,�.3$'&,+]c^�%,5&#&�;MB *�&d A;^H +9;+.�*+�4c
;+ #"%,/.*+&3&#,� IW �),5eQ*M #,/6aDT,I*+&3@%.#,5&�@%&3,/6f"%,/.3,/?4cf*+.3,2,+W _%Wm A">,2.#,5H/;Pb<,5.3c7 #$'DT,pBK.#;+D U#� �
*+�>62 A"%,V6>@%.A*M #$';<��;+B�U � ��W �m@>.Z$'�4 A,5.#,5&3 Z #;� A"%,\(%.#;<?>e',/D 6%$8&#H/@>&#&#,56j$'�� #"%,s(�*+(-,/.
0\*+&=*+.#$8&#,/6
?4c���*+?�;+. "�� ,
++,/e[c
01"%;n*M& ++,56lBK;<.)*+�9,�EG(%.3,/&3&#$';+�lBK;<.V #"%,pH5;Pb+*M.#$Q*M�%H/,
?-,5 �0�,/,5�

D+
t

*+�%6
D−

t .	�� i ">,=(�*M(�,5.�$'& ;<.#_<*+�%$'&3,/6j&#;� A"%*M $'�� A"%,1�%,qE^ \&3,/H5 #$';<�j0�,)g��>6T #"%,=6>$'&3 #.#$8?%@> A$8;<�;+B� #"%,mDn*wE>$8D2@%Dx6%,/H5.#,/*+&#,�;+BC*2&3 #;<(%(-,/6lN\.#;P01�%$'*+��D�;M A$';+�n01$8 #"�(�;<&3$8 #$8b<,m6>.#$8Br /W
���7B�*+H� IRS0�,�H/;+D�(%@G A,� #"%$'&=6%$'&d A.#$8?%@> #$';<�l@%�%6%,5.� A"%,2.3,/&d A.#$8H5 #$';<�! #"�*M � #"%,2(%.3;GH5,/&3&
6%;^,/&��>;+ "%$8 C&#;<DT,s�%,5_4*M A$[b<,se8,5b<,5e R4*M�%6j(%.#;^H/,5,/6jBK.#;<D "%,/.3,s A;� A">,s6%$'&d A.#$8?%@> #$';<�2;MB
 #"%,pD�*FEG$'D�@%D 6%,5H/.3,I*+&3,pBK;<.)*� A"%.3,/,�6%$'DT,/�%&3$';<�%*+e�N\,5&#&#,5e	(>.#;^H/,/&3&=01$[ A"96%.#$[Br IW ���
 #"%,s A"%$8.#6j&#,5H5 A$8;<�j(�*M #"�6%,5H/;<DT(-;<&#$[ A$';+�%&�*+.3,s6%$'&3H/@%&3&#,/6SW i ;�(%.#;Pb<,1;<@>. D�*+$8��(�*M A"6%,5H/;<DT(-;<&#$[ A$';+� i "%,5;<.#,5D �>W|�GR^0\,�g�.3&3 s(>.#;Pb<,�*�6>,/H/;+D�(-;<&#$[ A$8;<�n;+B� #"%,mN\.3;P01�%$Q*+�
 #.A*w:3,5H5 A;+.3c {Bt : t ≤ T} H5;<�%6%$[ A$8;<��*+e8e8c�;+� IT tK&#,/, i "%,/;<.3,/D �>W|{ v W i "%,�BK;<@>.3 A"&3,/H5 #$';<�
$8&s6%,5b+;+ A,56! A;jH/;+D�(%@G L*M #$';<�
*+�>6l*M��*+e8c^&3$'&s;+B� A"%,�e'*P0 ;+B

(D−
T , D

+
T ).

�



� � ���n��� ��� 
��1���	�1��
���
F����
y���������1
����C��� ���5�p��� ���
���5�p� � ����� 
��	��
F�

�sH5H/;<.36%$'�%_� #;�t Å W|{ v Ry #"%,�D�*FEG$'D2@%D 6%,5H/.#,/*+&#,T@%(a A;� #"%,2g�.#&d �"%$8 3 A$'�>_n A$8D�,p;+BV*
_<$[b<,5�9e8,5b+,/e

β
$8&

D−
Hβ

:= sup{Xu −Xv : 0 ≤ u ≤ v ≤ Hβ}.
���j A"%$8&�&#,5H5 A$8;<��0\,)H/;+�%&#$86%,/.� A">,

Pµ k 6%$8&3 #.#$'?>@> A$8;<�2;+B D−
Hβ

@>�%6%,/. &3;<D�,)*+6>6%$8 #$';<��*Me
H5;<�%6%$[ A$';+�%&s*+�%69H/;+�%6%$8 #$';<�>$'�%_%W �),5HI*+e8eS A"%*M 

Sµ(x) :=
1

2µ
(1 − e−2µx)

t {GW Å v
$8&V A"%,�&#H/*+e',�BK@>�%H5 #$';<�
;+BCNsUut

µ)
*+�%6
BK;<.

a < x < b

Pµ
x(Ha < Hb) =

Sµ(b) − Sµ(x)

Sµ(b) − Sµ(a)
.

t {GW|{ v
��� �"!#�"$&%(' %)�"* (y�����,+.- /�02131.45- 4645798:0<;>=@?A7

α, β,
024"B

u

P
µ
0 (D−

Hβ
< u , Hβ < H−α) =





exp

(
− β

S−µ(u)

)
, u ≤ α,

Sµ(α)

Sµ(u)
exp

(
−β + α− u

S−µ(u)

)
,

α ≤ u ≤ α + β,
Sµ(α)

Sµ(α + β)
, α+ β ≤ u,

C 4ED�02/�;>=GFAHI1(0J/�K

P
µ
0(D

−
Hβ

< u) = exp

(
− β

Sµ(u)

)
.

+.- /ML�;@024"B<02/�BONP/Q-2R#4S=(024UT�-:;G=G- 45KV=XWY7AWYK
µ = 0,

;>Z57[0S\6-I? 7E]X- /^T�HI1(0JL_Z5- 1)B`R#=@;GZ
S0(u) = u.

acb9dAdfehg1` ,�*+&#&3@%D�,m #"�*M 
X0 = 0,

*+�>6l6%,�g��%,�BK;<.
a > 0

Ha+ := inf{t : Xt > a}.

	



o ;<.1*�_<$[b<,/�
a > 0,

$8�� A"%,�HI*M&#,
Ha+ > Ha,

e8,5 
Ξ+

a (u) := a−Xu+Ha
, 0 ≤ u < Ha+ −Ha,

*+�>6yRS$[B
Ha+ = Ha,

 A*�++,
Ξ+

a := ∂
RS01"%,5.#,

∂
$'&=&#;<DT,pg%H5 A$8;<@%&jtKH/,5D�,� L*+.dc v &3 A*M A,MW

i "%,�(%.3;GH5,/&3&
Ξ+ = {Ξ+

a : a ≥ 0}$8&�HI*Me'e',56! A">,2,�EGH/@>.#&#$8;<�f(%.#;^H/,5&#&5R�*+&#&3;GH5$Q*M #,/6!01$[ A"
X,

BK;<.�,qEGH/@%.3&#$';+�%&�@%�%6%,5.� A"%,
.3@%�%�%$8�%_jDn*FEG$8D2@%D9WZY�,5 /R%BK@%.3 #"%,/.5R

Ma := sup{Ξ+
a (u) : 0 ≤ u < Ha+ −Ha}.

�=�l;<?4b^$';+@%&s?%@> )$'DT(-;<.3 A*+�4 VB�*+H5 1$8&V A"�*F 
D−

Hβ
= sup

a<β
Ma.

t {GW~� v
���4 A.3;G6>@%H/,�*+e8&#;�BK;<.

u > 0

ξu := inf{a ≥ 0 : Ma > u},
*+�>6

ξ◦u := inf{a ≥ 0 : a−Ma < −u}.
i "%,5�l$[ 1"%;<e86%&VBK;<.s(-;<&#$[ A$8b+, α, β, *M�%6 u

{D−
Hβ

≤ u} = {∀ a ∈ (0, β) : Ma ≤ u} = {ξu ≥ β},
*+�>6

{Hβ < H−α} = {∀ a ∈ (0, β) : a−Ma > −α} = {ξ◦α > β};"%,5�%H/,MR�BK;<.
0 < u < α+ β

P
µ
0(D

−
Hβ

< u , Hβ < H−α) = P
µ
0(ξu > β , ξ◦α > β).

t {^W~� v
" $8�%H/,

X+ @%�>6%,/.
Pµ $'&�$86%,/�4 #$'HI*MeV$'� eQ*I0x01$8 #" �)NsUut −µ v $8 �BK;<e8e';P01&� #"�*M � A">,,qE>H5@%.#&3$';<�a(>.#;^H/,/&3&
Ξ+ $'&=$'6%,5�4 A$'H/*+e�$'�!e'*I0 01$8 A"l A"%,2@>&#@�*+e	,�EGH/@>.#&#$8;<�a(%.3;GH5,/&#&m;MB

�)NsUut −µ v BK;<.2,�EGH5@%.#&3$';<�%&�BK.3;<D �7 A;��GW ! ;<�%&3,/�]@%,5�] #e8c+RV&#,5,#)�$[ AD�*+�J*+�%6�� ;<.� Å�Å ��R
Π = {(a,Ma) : a ≥ 0}

�



$8&1*j">;<D�;+_<,/�%,5;<@%&%)	;+$'&#&3;<�9(�;<$8�4 s(%.#;^H/,5&#&101$8 #"
 #"%,�HL"�*+.#*+H5 #,/.#$8&3 #$'HmDT,I*+&3@%.#,
ν(da, dm) = da n(dm),

01"%,5.#,�BK;<.
m > 0

n((m,+∞)) = 1/S−µ(m).���4 A.3;G6>@%H/,m A">,�&3,5 #&
A := [0, β) × [u,+∞) and B := {(a,m) : 0 ≤ a < β , a−m < −α},

*+�>69e8,5 
N
6%,5�%;+ #,� #"%,�H/;<@%�4 #$'�%_jDT,I*+&3@%.#,�*+&3&#;^H/$Q*F A,/6�01$[ A"

Π.
} ;w0 0\,�"�*Ib+,

P
µ
0(ξu > β , ξ◦α > β) = P

µ
0(N(A ∪B) = 0)

= exp (−ν(A ∪B)) .
�� �$'& &3 #.A*+$8_<"4 #BK;<.d0V*+.36� #;�H/;+D�(%@G A,

ν(A∪B)
BK;<. 6%$���,/.3,/�4 \bM*+e8@%,/& ;<�

α, β,
*+�%6

u,*+�>6�0\,�e8,I*Ib<,� #"%$'&  A;2 #"%,�.#,/*+6%,5./W ! ;<�%&3,/�]@%,5�] #e8c+R�?]cat {GW � v RG A">,�H/e'*+$'DT,/6TBK;<.#D2@>eQ*$8&s;<?> L*M$'�%,56yW
��?4bG$8;<@%&3e8c<R

D+
Hβ

≥ β
*+�%6
BK;<.

z > 0

{D+
Hβ

− β < z} = {Hβ < H−z}.

! ;<�>&#,/�]@%,5�4 Ae8c+RG0�,="%*Pb+,=BK.3;<D )�.#;<(-;<&3$8 A$8;<�T{GW Å  #"%,sBK;<e'e8;P01$'�%_mH5;<.#;<e8eQ*+.dc�_+$8b^$'�%_�*+�
,qE>(>.#,/&3&#$8;<�lBK;<.V #"%,\:3;<$'�4 s6>$'&3 #.#$8?%@> A$8;<��;+B

D+
Hβ

*M�%6
D−

Hβ
.
} ;+ #$'H/,� #"�*M 

D−
Hβ

≤ D+
Hβ

≤ D−
Hβ

+ β
,qE>(>eQ*+$8�%$'�%_p A"%,m A">.#,/,�HI*M&#,/&)?-,/e';P0�W
� � � �������S��� (y��(y�	� dJb

v ≥ β 
���
 µ ≥ 0

P
µ
0(D

−
Hβ

< u , D+
Hβ

< v) =





exp

(
− β

S−µ(u)

)
, u ≤ v − β,

Sµ(v − β)

Sµ(u)
exp

(
− v − u

S−µ(u)

)
,

v − β ≤ u ≤ v,
Sµ(v − β)

Sµ(v)
, v ≤ u,

� dJb���� 
���
�
 b 
�� b d�� ����
���� d�� � d ����� g���g � µ = 0,
�� �� 
�! d�"�� e&dJb �$#&%'
 �( d %'
 � � �) 

S0(u) = u.

'



` , (>.#;^H/,/,56�?4c�6%,�b<,/e8;<(%$8�%_) #"%, .#,5&#@%e[ 	$8� ) .3;<(-;<&#$[ A$';+��{GW Å BK;<.�*)� k 6>$'DT,/�%&3$';<��*MeN\,5&#&3,/e%(%.3;GH5,/&3&C01$8 #"26%.#$[Br 
µ > 0

R+BK;<.�&#">;<.3 N�� " t
3, µ v W ` ,\.#,/H/*+e'e4 #"�*M �N�� " t 3, µ v$8&1*je8$'�%,/*+.V6%$ �S@>&#$';+��01$8 A"
 A">,�_+,/�%,5.A*M #;<.

GR,µ =
1

2

d2

dx2
+ µ coth(µx)

d

dx
, x > 0.

t {^W�� v
i "%,��%;+ A*M A$8;<� Qµ

x

$'&1@%&3,/69BK;<.s A"%,�(%.3;<?�*+?%$8e'$[ �cnDT,I*+&3@%.#,�;<�
 A"%,�HI*M�%;<�%$8HI*+e�&3(�*+H/,
Ω
*+&3&#;^H/$Q*F A,/6�01$[ A"
N�� " t

3, µ v 01"%,/�
&d L*+.d A,/6�BK.3;<D x ≥ 0.
���
 #"%,�H/*+&#,

µ = 0
 #"%,

H5;<.#.3,/&#(-;<�%6>$'�%_�DT,I*+&3@%.#,�$8&m&#$8D�(%e[c96%,/�%;M A,/6f?4c
Qx

*+�>6f #"%,�_<,5�%,/.#*M A;<.�$'&�_<$[b<,5�
?4c

GR =
1

2

d2

dx2
+

1

x

d

dx
, x > 0.

t {^W�	 v
i "%,sBK;<e8e';P01$'�%_)e',5D�D�*�$8&�*�B�*+$'.3e8c�0�,/e'e +^�>;w01�j,qE%*MD�(%e8,V;<� h−  A.A*M�%&3BK;<.3D�&5W i ;D�*�++,2 #"%,j(%.#,5&#,5�] A*M A$8;<�fD�;+.#,2&3,/e8B�H/;+�] A*+$'�>,/6a0\,j_<$[b<,j*�&#">;<.3 �(%.3;G;+B Wp�� �$'&�*+e8&#;

$8�] #,/.3,/&3 #$'�%_� #;TH5;<DT(�*+.#,� #"%,�.#,5&#@%e[ )01$[ A"9Y�,/DTDn*��GW Å $'�� #"%,��%,�E^ )&#,5H5 A$8;<�yW
������� � (�� �y�
	 7 ;

0 < x < y
\67�8 =@? 794�W���Z57_NP/�-2R#4S= 024 T�-:;G=G- 4UR#=X;>Z B / =3]f;

µL�;@02/�;f7�B ](/Q- T
x > 0, 
 = 131G7�B�06;�;GZ57��S/ L�;,ZS=@;^;>=3468 ;>=3T�7�- ]

y,
0245B�Fh- 45B =X;>=)- 457�B ; -

ZS=X;
y

\67 ]X- /Q7�� = L�=GBS794";>=GFQ021V= 4 1 0 R R#=@;>ZU0����fB =3T�794SL =)- 4 021 N 7 L LQ7 1#D5/�-:F�7 L^L�R#=@;GZ
B /^= ]f; |µ| L&;X02/&; 7�B[](/�- T

x
024"B 
 = 131G7hBE06; ;>Z57��S/^L&;#ZS=X; ;>=3468�;G= T�7�- ]

y.

acb9dAdfehg ���7;+@%.�H/*+�%;<�%$8HI*+e�&3(�*+H/,�;+B H/;<�4 #$'�]@%;<@%&)BK@%�%H� A$';+�%&=01$[ A"
X0 = x

0\,2"%*Pb+,
BK;<.1*�_<$[b<,5�

t > 0

{t < Hy < H0} = {t < Hy ∧H0 , Hy ◦ θt < H0 ◦ θt},
01"%,5.#,

θ·
$8&� #"%,7@%&3@�*+e�&3"%$8Br n;<(�,5.A*M #;<./Rs$�W~,MW8R

Xs ◦ θt = Xs+t.
�=,5�%H/,MR)BK;+.�*+�4c

At ∈ Ft,

Pµ
x(At , t < Hy |Hy < H0)

= Pµ
x(At , t < Hy ∧H0 , Hy ◦ θt < H0 ◦ θt)/P

µ
x(Hy < H0)

= Eµ
x(h1(Xt) ; At , t < Hy ∧H0)/h1(x)

?4c� #"%,pU!*+. +M;Pb
(%.#;<(-,/.d �c<R%01"%,5.#,

h1(x) := Pµ
x(Hy < H0) =

Sµ(x) − Sµ(0)

Sµ(y) − Sµ(0)
=

1 − e−2µx

1 − e−2µy
.

�



! ;<�>&#,/�]@%,5�4 Ae8c+R	 #"%,j6%,/&3$'.#,56�H5;<�%6%$[ A$';+�%$'�%_nHI*+��?�,T.#,/*+e'$ � ,56�?4c7 A*�+]$'�%_� #"%, �=;G;<?
h−  A.#*+�%&3BK;+.#D tK01$8 #"

h = h1 v ;MBs A"%,nN\.#;P01�%$'*+�uDT;+ A$8;<�X01$[ A"�6>.#$8Br µ +]$'e8e',56u*M 
Hy ∧H0. i "%,�_<,/�%,5.A*M #;<.1;+B� A"%, h−  A.A*M�%&3BK;<.3D $'&

Gh1 :=
1

2

d2

dx2
+ µ

d

dx
+
h′(x)

h(x)

d

dx
,

01"%$8HL"l$8&s,I*+&3$'e[c�&#,5,/�
 A;TH/;<$8�%H/$86%,�01$8 #"Xt {GW|� v 01$8 #" |µ| $8�%&3 #,I*+69;+B µ.
� ��� �6��� (y� 	���� 4 021)-A86-:HIL^1�� 02L�0S\S-I?A7�K#=X; F�024 \67�D5/�-I? 7hB ;>Z 06; N��	�

µ 
 L�;@02/�;f7hB
](/Q- T

x > 0
024"B F�- 4"B =@;G=G- 457hB�45-:;�;f- ZS=@;
�M= L =GBS794";>=GFQ021 = 4 1(0 R�R#=@;GZ N���
�� � K |µ| 
L�;@02/�;f7�B[](/�-AT
x.

��� �"!#�"$&%(' %)�"* (y���y�,+.- /
β > u > 0

Q
µ
0 (D−

Hβ
< u) =

S−µ(β)

S−µ(u)
exp

(
− β − u

S−µ(u)
− 2µ(β − u)

)
.

+.- /�;GZ57����fB =3T�794SL =)- 4 021cN�79L L�791PD5/�-:F�7 L^L�R#=@;>Z"-:HS;_B / =3]f;fKc=@W 7 W K
µ = 0,

;GZ57 0S\S-I?A7
]X- /^T�HI1 0�Z5- 1)B L�R#=@;>Z

S0(u) = u.

acb9dAdfehg=} ;+ A,m A"%*M 1@%�%6%,5.
Q

µ
0 ,
$[ s"%;<e86%&)*>W &/W�;<� {D−

Hβ
> u}  #"�*M 

D−
Hβ

= D−
Hβ

◦ θHu
.

i "%,5.#,�BK;<.#,MRz*+(%(%e[cG$8�%_� A"%,�&d A.#;+�%_�U!*+. +M;Pb
(%.#;<(-,/.d �c
*M s #$'DT, Hu
c^$',5e'6%&

Q
µ
0(D

−
Hβ

> u) = Qµ
u(D−

Hβ
> u),

*+�>6
BK.3;<D Y�,/DTD�*j{GW|�
Qµ

u(D−
Hβ

> u) = Pµ
u(D

−
Hβ

> u |Hβ < H0)

= Pµ
u(D

−
Hβ

> u , Hβ < H0)/P
µ
u(Hβ < H0)

= P
µ
0(D

−
Hβ−u

> u , Hβ−u < H−u)/P
µ
0(Hβ−u < H−u).

i "%,�(%.3;G;MBC$8&s�%;P0 ,I*M&#$'e[c�H5;<D�(>e',5 #,/6�BK.#;+D )�.#;<(-;<&3$8 A$8;<�9{GW Å W

Å �



� � �m��� 
��1�\��� �a��
��q��������


i "%,�D�*+$'�
(�*M #"l6>,/H/;+D�(-;<&#$[ A$8;<�
.#,/&3@%e8 #&=(>.#,/&3,/�4 A,567$'�
 A">$'&1&#,5H5 A$8;<�7*M.#,�&3 A*M A,56!$'�
i "%,5;<.#,5D�&1�GW�{2*+�>6l�GW��GWC���
 #"%,�g�.3&3 1;<�%,�0�,�H/;<�>&#$'6>,/.\ #"%,m6%,/H5;<DT(�;<&3$8 #$';<��*F V A"%,_<e8;<?�*+e�$8�>g�D2@>D *M�%6! A">,�&#,5H/;<�>6a;<�%,2_<$[b<,5&/RS.3;<@%_<">e8c
&#(-,I*�+^$8�%_%R- A"%,p6%,/H5;<D�(-;<&3$ k #$';<��;+B� A">,�(-;<&d =(%*+.3 1;+B� A">,�(>.#,5b^$8;<@%&16%,/H5;<DT(�;<&3$8 #$';<�
*M 1$[ A&s_<e8;<?�*+e�&#@%(>.#,/D�@%DlW

` ,�?-,/_<$8�l01$8 #"!?4cl&3 L*F A$'�>_� A">,pBK;<e8e';P01$'�%_je8,/DTDn*201"%$8HL"7$'&)(%.#;Pb+,/6a&#$8D�$8eQ*+.3e8c
*+&)Y�,/DTD�*j{GW|�GW
������� � �y���z�
	 7A;

0 < x < y
\S7�8 =X? 794�W ��Z"7MNc/�-2R#4S=(0J4�T�-:;G=G- 4 L&;@0J/&;f7hB ](/�- T

x > 0, 
 =31 1)7�B 06; ;>Z57 �S/ L�;�Z6=@; ;G= 468 ;G= T�7 -A]
y,

0245B F�- 45B =@;>=)- 457hB \ � ;>Z57 7 ?A7 4";
Hy < H0 ∧ T,

R#Z57 /Q7
T

= L�024 7�� D - 45794";>=(0J1 1�� B =3L&;>/^= \6H6;f7�BE/90245BS- T ?h0J/ =(06\21G7�R#=@;GZ
D�0J/ 02T�7 ; 7 /

λ
=345BS7fD 7 4"BS7 4";�- ]�;>Z57 Nc/�-2R#4S=(0J4OT�-:;>=)- 45K = L�=GBS7945;G=GFQ021 = 4 1 0 R R#=@;>Z

N���
�� � K√
2λ 
 L&;X02/&; 7�B[](/�- T

x
0245B 
 = 131G7hB[06; ;>Z57��S/^L&;#ZS=X; ;>=3468 ;>=3T�7 - ]

y.

acb9dAdfehg1` ,m*+6�*M(> V A">,�(%.#;^;+B�;+B�Y�,5D�D�*2{GW~�� A;�;<@%.V�%,�0 &#$8 #@�*M #$';<�yW o ;+.
t > 0

0�,
"�*Ib+,

{t < Hy < H0 ∧ T} = {t < Hy ∧H0 ∧ T , Hy ◦ θt < (H0 ∧ T ) ◦ θt}.
�),/�%H5,+Rz@%&#$8�%_� A"%,�DT,/DT;<.3c^e8,/&#&s(>.#;<(-,/.d �c�;+B

T
0�,p_<,� sBK;<.

At ∈ Ft

Px(At , t < Hy |Hy < H0 ∧ T )

= Ex(h2(Xt) ; At , t < Hy ∧H0 ∧ T )/h2(x)

01$[ A"
h2(x) = Px(Hy < H0 ∧ T ) = Px(Hy < H0 , Hy < T )

= sh(x
√

2λ)/sh(y
√

2λ)

tK&#,/, � ��� Å W~�>W��>W��>t�? v (yW|{ Å { v W
! ;<�%&3,/�]@%,5�] #e8c+R+ A"%, 6%,5&#$'.3,/6pH/;<�%6>$8 A$8;<�%$8�%_VHI*M��?-, .3,I*+e8$ � ,/6�?]cm A*�+]$'�%_s #"%, �=;G;<?

h−  A.#*+�%&3BK;+.#D tK01$[ A"
h = h2 v ;+By*pN\.3;P01�%$Q*+�jDT;+ A$8;<� +]$'e'e8,/6j*M  #$'DT, Hy ∧H0∧T.i "%,�_<,/�%,5.A*M #;<.V;+B� #"%, h−  A.#*+�%&dBK;<.#D HI*+��?-,�H5;<D�(>@> A,56�$'�� #"%,�@%&3@�*+e-0V*Ic<Rz*M�%6�$'&

&3,/,/�9 A;jH/;+$'�%H5$'6%,�01$[ A"� A"%,�_<,5�%,/.#*M A;+.s;+BZN�� " t
3,
√

2λ v t�&3,/,nt {GW|� v#v W
` ,�e',� IR4 A">.#;<@%_+"%;<@>  A"%,)(�*+(-,/.5R

T
6>,/�%;+ #,�*+��,�EG(-;<�%,/�4 #$Q*+e8e8c201$[ A"n(%*+.A*+DT,5 #,/.

λ
6>$'&3 #.#$8?%@> A,56
.A*+�%6>;<D bM*+.#$'*+?%e8,�$'�%6>,/(-,/�%6%,5�4 =;MB

X
@%�%6%,5.

P0,
*+�%696%,5g��>,

IT := inf{Xt : 0 ≤ t ≤ T} , ST := sup{Xt : 0 ≤ t ≤ T}
Å�Å



*+�>6
HI := inf{t : Xt = IT} , HS := inf{t : Xt = ST}.} ,�E^ �0�,n6%$8&#H5@%&#&� #"%,n(%*M A"X6%,/H5;<D�(-;<&3$8 A$8;<�X*M p #"%,n_+e';<?�*Me�$'�>g�D�@%D�BK;<.�N\.#;P01� k$'*+�ODT;+ #$';<� +]$'e'e8,/6�*M 

T.
��B��%;+ A">$'�%_X,/e'&3,l$8&�&d L*M #,/6h #"%,!H5;G;+.#6%$8��*M A,9(%.3;GH5,/&#&�$'&

H5;<�%&#$86%,/.3,/69@%�%6%,5.
P0.

��� � � � � � �y��(��������  ����"b9d�� � � ��� � {Xt : 0 ≤ t < HI} 
���
 {XT−t −XT : 0 ≤
t < T −HI} 
 b � �)��
 �	��� ��
 � � � 
���
 ��
 � � � � � 
�%)%�
 
�� ���Gb ��! # � � 
 g(y�
� � "�� � IT = a

� g �� ����"b ���
HI

�"b9d�� � � � {Xt : 0 ≤ t < HI} 
���
 �� ���� d������ HI

�"b9d�� � � � {XHI+t :
0 ≤ t < T −HI} 
 b � �)��
 �	��� ��
 � � �Xg

� g �) ����"b ���
HI

�"b9d�� � � � � � ��
 � � � � � 
�% �)� %'
 � � � �� 
 ����� −√
2λ �����)%)% � 
 �  �� � � � � �)� a,

� g �) ���� d������
HI

�"b9d�� � � � � � ��
 � � � � � 
�% �)� %'
 � � � �) �� �� 
�� � # � � d � Z ��� 
 b � � 
 eQb9d �
a 
���
  
 " �)��� �� �� � � � ��b 
 � dJb

GZu(x) =
1

2
u′′(x) +

h′3(x− a)

h3(x− a)
u′(x) − λ

h3(x− a)
u(x),

t��GW Å v
�  ���b �

x > a 
���


h3(y) := Py(T < H0) = 1 − e−y
√

2λ, y > 0.
t��>W�{ v

� dJb � d�"���b � Z � � �) ��! _dAd ! h � �Gb 
�� �)e&dJb � � � �� h = h3(· − a)
dfe ���"���)%)% � 



 � � �)� � T ∧Ha.

acb9dAdfehg 0 
 ` ,�"%*Pb+,� �0�;�6%$ �S,5.#,5�] �(%.3;G;MBK&��� A"%, g�.3&3 	;<�%, $'&$#56%$8.#,5H5 %#�$'�p*1&#,/�>&#,� #"�*M 0�,�H5;<D�(>@> A,� A"%,pH/;<�>6%$8 #$';<��*MeSg��%$[ A,�6%$'DT,/�%&3$';<�%*+ey6%$8&3 A.3$'?%@G A$';+�%&/R% #"%,�&3,/H/;+�%67;<�%,
.3,/e'$8,/&);<�a,�EGH5@%.#&3$';<�7 #"%,/;<.dc!;MB N\.#;P01�%$'*+�7DT;+ A$8;<�yW o .3;<D ;<@%.=(�;<$8�4 �;+BZb^$8,50  A"%,
?-;+ A"�(%.#;^;+BK& H/;+�] A*+$'��$'�4 A,5.#,5&3 A$8�%_�,/e',5D�,5�4 A& 01"%$'HL"�DT;+ #$8bM*M A,5&Z A"%,=(%.#,5&#,5�] A*M A$8;<�n;MB
?-;+ A"
;+B� A">,/&#,MW
\ 
 ` ,�?�,5_<$'��01$[ A"� A"%,MB =3/�7hF ; D./�-:- ]�;+B	H/e'*+$'D {GW ��,5g%�%,�BK;+.

s < t

Is,t := inf{Xu : s ≤ u ≤ t}, It := I0,t

*+�>6
HIs,t

:= inf{u ∈ (s, t) : Xu = Is,t}, HIt
:= HI0,t

.

Å {



Y�,5 
u, v,

*+�%6
t
?�,m_+$8b<,5�
&#@%HL"
 A"�*F 

0 < u < v < t.
o ;<.�(�;+&#$8 #$8b+,m$'�4 A,5_<,/.3&

n
*+�%6

m
$'�4 A.3;G6%@>H/,

0 < u1 < · · · < un < u
*+�>6

0 < v1 < · · · < vm
01$8 #"

vm + v < t.��,�g��%,p*+e'&3;
An := {Xu1

∈ dx1, . . . , Xun
∈ dxn},

t��GW|� v*+�>6
Bm := {Xv1

∈ dy1, . . . , Xvm
∈ dym}.

t��GW~� v
! ;<�>&#$'6>,/.1�%;P0 BK;<.

u < s < v

P0(An, It ∈ da,HIt
∈ ds, Bm ◦ θv, Xt ∈ dz)

= P0(An, Iu > a, Iu,v ∈ da,HIu,v
∈ ds, Iv,t > a,Bm ◦ θv, Xt ∈ dz)

= P0

(
An, Iu > a;P0

(
Iu,v ∈ da,HIu,v

∈ ds, Iv,t > a,Bm ◦ θv, Xt ∈ dz | Fu

))
.

o @%.d A"%,5./R
P0

(
Iu,v ∈ da,HIu,v

∈ ds, Iv,t > a,Bm ◦ θv, Xt ∈ dz | Fu

)

= P0

(
Iu,v ∈ da,HIu,v

∈ ds;P0 (Iv,t > a,Bm ◦ θv, Xt ∈ dz | Fv) | Fu

)

= P0

(
Iu,v ∈ da,HIu,v

∈ ds;P0 (Iv,t > a,Bm ◦ θv, Xt ∈ dz |Xv) |Xu

)

?4c  #"%,XU!*+. +M;Pb�(%.#;+(�,5.3 �c<WxY�,5 3 A$8�%_
p+ 6%,/�>;+ A,a A">,f #.A*+�>&#$8 #$';<��6>,/�%&3$8 �c tr01$8 A"

.3,/&#(-,/H� = #;
2 dx v ;MBZNsU +]$'e8e',/6�01"%,/�l$8 1"%$[ A&

a
*M�%6�01.#$8 #$'�%_

Xv = z2
0�,p"�*Ib+,

P0 (Iv,t > a,Bm ◦ θv, Xt ∈ dz |Xv)

= p+(v1; z2, y1) 2dy1 · · · · · p+(t− v − vm; ym, z) 2dz

=: Fv1,...,vm,t−v(z2, y1, . . . , ym, z) 2dy1 . . . 2dz.

���4 A.3;G6>@%H/,
ηx(a, α) := Px(Ha ∈ dα)/dα,

t��>W|� v*+�>69.3,/H/*+e'eS #"%,mBK;<.#D�@%eQ*26%@>,� #;TY���b]c
Px(Iβ ∈ da,HIβ

∈ dα,Xβ ∈ dz)

= ηx(a, α) ηz(a, β − α) dα 2dz da, α < β.
t��GW�	 v

�=(%(%e8c^$8�%_9t��>W�	 v *+�>6l(%@G # A$8�%_ Xu = z1
0�,p;<?G L*+$8�

P0

(
Iu,v ∈ da,HIu,v

∈ ds;P0 (Iv,t > a,Bm ◦ θv, Xt ∈ dz | Fv) | Fu

)

=

∫ ∞

a

2dz2 ηz1
(a, s− u) ηz2

(a, v − s) da ds

×Fv1,...,vm,t−v(z2, y1, . . . , ym, z) 2dy1 . . . 2dym 2dz,

Å �



*+�>6yR%g���*+e8e8c+R
P0(An, It ∈ da,HIt

∈ ds, Bm ◦ θv, Xt ∈ dz)
t��>W$� v

=

∫ ∞

a

2 dz1

∫ ∞

a

2 dz2 p
+(u1; 0, x1) 2dx1 · · · · · p+(u− un; xn, z1)

×ηz1
(a, s− u) ηz2

(a, v − s) da ds

×Fv1 ,...,vm,t−v(z2, y1, . . . , ym, z) 2dy1 . . . 2dym 2dz

=

∫ ∞

a

2 dz1

∫ ∞

a

2 dz2 Fu1,...,un,u(0, x1, . . . , xn, z1) 2dx1 . . . 2dxn

×ηz1
(a, s− u) ηz2

(a, v − s) da ds

×Fv1 ,...,vm,t−v(z2, y1, . . . , ym, z) 2dy1 . . . 2dym 2dz.
�1,/(%e'*+H/$8�%_1$'��t��GW�	 v  #"%,�6>,5 A,5.#DT$'�%$8&3 #$'HZ A$8D�, β 01$8 A"� A">,�,qE>(-;<�%,5�4 A$Q*Me] #$'DT, T c^$',5e'6%&BK;<.

a < 0
*+�>6

a < z

P0(IT ∈ da,HI ∈ ds,XT ∈ dz)

= η0(a, s)λ e−λs Ez

(
e−λHa

)
ds 2dz da,

t��>W�' v
*+�>6yR%BK@%.3 #"%,/.5R

P0(IT ∈ da,HI ∈ ds) =
√

2λ e−λsη0(a, s) da ds.
t��>W�� v

` ,�;<(-,/.#*M A,�&3$'DT$'e'*+.#e[c�$'�ft��>W�� v RG$ W ,+W[R>$'�4 #.#;^6%@%H/,= A"%,m,qE>(-;<�%,5�4 A$Q*Me� A$8D�, T $8��(%e'*+H/,
;+B
t.
�=Br #,/.� A"%$8&p0�,�$'�4 A,5_<.A*F A,n;Pb+,/.

z,
*+�%6�6%$8b^$'6>,�01$8 #"X #"%,�,�EG(%.3,/&3&#$';+�J;<�� A">,

.5W~"yW &/W $8��t��>W�� v *+�%6
;<?> A*+$'��BK;<. u < s < v

P0(An, Bm ◦ θv | IT = a,HI = s)

= F̂u1,...,un
(x1, . . . , xn; a, s) 2dx1 . . . 2dxn

t��>W Å � v
× Ĝv1,...,vm

(y1, . . . , ym; a; s, v) 2dy1 . . . 2dym,01$[ A"
F̂u1,...,un

(x1, . . . , xn; a; s)
t��>W Å�Å v

= p̂+(u1; 0, x1) · · · · · p̂+(un − un−1; xn−1, xn)
η̂xn

(a, s− un)

η̂0(a, s)*+�>6
Ĝv1,...,vn

(y1, . . . , yn; a; s, v) =
η̂y1

(a, v − s+ v1)√
2λ

t��GW Å { v
×p̂+(v2 − v1; y1, y2) · · · · · p̂+(vm − vm−1; ym−1, ym) h3(ym − a),

Å �



01"%,5.#,
h3

$8&1*+&s$'�Xt��GW�{ v *M�%6
p̂+(α; x, y) := e−λ α p+(α; x, y), η̂x(a, α) := e−λ α ηx(a, α).

N\,5HI*+@>&#,
η̂x(a, α) = Px(Ha ∈ dα, Ha < T )/dα$[ 2$'&p&#,5,/�JBK.#;<D t��>W Å�Å v  #"�*M F 6%,/&3H/.3$'?-,/&2 A">,ng��%$[ A,�6%$8D�,5�%&#$8;<��*+e 6%$8&3 #.#$'?>@> A$8;<�%&

;+B
X
H5;<�%6%$[ A$';+�%,/67 #;�"%$8 

a
*M m #$'DT,

s
?�,�BK;<.#,

T.
o ;<.= A"%,�H5eQ*+$8D H5;<�%H5,/.#�>$'�%_� A">,

(-;<&3 k (%.3;GH5,/&3& 0�,1.#,5Dn*+.,+�g%.#&3  #"�*M )t��>W Å { v _<$8b+,/&Zg��>$8 A,s6>$'DT,/�%&3$';<��*MeG6%$8&3 #.#$'?>@> A$8;<�%&;+B� A">,p*M�%�%;<@%�>H/,/6
h k  #.A*+�%&dBK;<.#D &3 L*M.3 A,569BK.3;<D

a
&#$8�%H/,

η̂y1
(a, v − s+ v1)√

2λ
= lim

x↓a

p̂+(v − s+ v1; x, y1)

h3(x− a)
.

} ,�E^ ��>;+ A$8H/,� A"�*F �(%.#;^H/,5,/6%$8�%_!*M&�*+?-;Pb<,j0\,THI*M��*+e8&#;9H/;<DT(%@> #,� A"%,jH/;+�%6%$8 #$';<�%*+e
(%.3;<?�*+?>$'e'$[ A,5&�BK;<.

An
*+�%6

Bm ◦ θv
&#,5(�*+.#*M A,5e8c
*+�>6l6%,56%@%H5,

P0(An, Bm ◦ θv | IT = a,HI = s)
t��>W Å � v

= P0(An | IT = a,HI = s)P0(Bm ◦ θv | IT = a,HI = s).

�=&)$8&s&#,5,/�lBK.3;<D t��>W Å { v  A">,��]@�*M�] #$8 �c
P0(Bm ◦ θv | IT = a,HI = s)

$8&s*�BK@%�%H� A$';+��;+B� A"%,m6%$ �S,5.#,5�%H/,
v − s

;<�%e[c<R>*+�%6�0�,�g%�%6� A"%,m6%,5&#$8.#,/6
6%,5&#H5.#$'(G A$';+�
;+B  #"%,j(�;<&d k (%.#;^H/,5&#&�?4cae',� # A$8�%_ v ↓ s t�*+�%6�*+(>(%e8c^$'�>_� A"%,TY�,/?-,/&3_<@%,j6%;<DT$'��*F A,/6H5;<�4b<,/.3_<,/�>H/,! #"%,/;<.3,/D v W i ;�.#,5D�;Pb<,
 A">,lH5;<�%6%$[ A$';+�%$'�%_701$[ A"�.#,5&#(-,/H5 � A;

HI
$'�

t��>W Å � v ;<?%&3,/.3b+,�BK.3;<D t��>W�� v  A"�*F 

P0(HI ∈ ds | IT = a) =
η̂0(a, s)

e a
√

2λ
ds

*+�>6yR�"%,/�>H/,+R
P0(An | IT = a) = p̂+(u1; 0, x1) 2dx1

× · · · · p̂+(un − un−1; xn−1, xn) 2dxn
e−(xn−a)

√
2λ

e−a
√

2λ
,

01"%$8HL"uDT,I*+�%&� A"%*M p #"%,T(%.#, k (%.3;GH5,/&#&�$'&�*+&�&d L*M #,/6yRC*+�%6yRCD�;<.3,/;Pb<,5./R� A"%,�H/eQ*M$'DT,/6H5;<�%6%$[ A$';+��*+eS$8�%6%,5(�,5�%6%,/�>H/,�"%;<e'6>&/W
Å �



�� T$'&�(-;<&#&3$'?%e8,� A;f(%.3;wb+,
H/eQ*M$'D Å *+e8&#;7b^$Q*a6%$8.#,5H5 jH/;+D�(%@G L*M #$';<�%&201$[ A"Jg��%$[ A,
6%$8D�,5�%&#$8;<��*+e�6%$'&d A.3$'?%@> #$';<�>&��V"%;P0�,5b+,/./R�0\,96%;��%;+ T(%.#,5&#,5�] T A">$'&j(%.#;^;+B=&#$8�%H/,MR\*+&
&3,/,/�l?�,5e';P0�R> #"%,�.#,/&3@%e8 1$8&1$'�� A">,�H5;<.#,�;+B� A">,p*M(%(%.#;<*+HL"901$[ A"
,�EGH5@%.#&3$';<�%&5W
F 
 � �"FAHI/ L^=G- 4 ;GZ57�- /Q7 ;G=GF�0J1 D./Q-<- ]fW i "%,s,�EGH5@%.#&3$';<�j(%.3;GH5,/&#& *+&3&#;^H/$'*M A,56201$8 A"2 #"%,V,qE kH5@%.#&3$';<�%&�*+?-;Pb<,  A"%, .#@>�%�%$'�>_)DT$'�>$'D2@%D $'&�6>,5g��%,562&#$8D�$8eQ*+.3e8c)*+&� #"%,�H5;<.#.3,/&3(�;<�>6%$'�%_
(%.3;GH5,/&3&)01$[ A"
.#@%�>�%$'�%_jD�*FEG$'D2@>D $8� " ,/H5 #$';<�l{GW����>6%,/,56yRze',5 sBK;+.

a < 0

Ha− := inf{t : Xt < a},
*+�>6yR�$8B

Ha− > Ha,

Ξ−
a (u) := Xu+Ha

− a, 0 ≤ u < Ha− −Ha.

i "%,5�9 #"%,�(%.#;^H/,5&#&
Ξ− = {Ξ−

a : a ≤ 0}$8&=*T"%;<DT;<_<,5�%,/;<@>& )	;+$'&#&3;<�!(-;<$8�] )(%.3;GH5,/&3&/Ry*M�%6!$8&=H/*+e'e8,/6
 A"%,p,�EGH/@%.3&#$8;<�!(%.3;GH5,/&3&
BK;<.�,qE>H5@%.#&3$';<�>&C*+?-;Pb<,  A"%, .#@>�%�%$'�>_=DT$'�%$8D2@%D9W ` ,�.3,/D�*+. +� #"�*M 

Ξ− $8&�$'6%,5�] #$'H/*+e<$'�e'*P0O01$8 #"j #"%,),�EGH/@%.3&#$8;<�n(%.3;GH5,/&3& BK;<. ,qE>H5@%.#&3$';<�>& BK.3;<D ��;+B�*�.#, ��,/H� A$'�>_�N\.3;P01�%$Q*+�
DT;+ A$8;<�yW i "%,)�� A;�,qEGH/@%.3&#$';+�nDT,I*+&3@%.#,=*+&#&3;GH5$Q*M #,/6j01$8 #" Ξ− $'& 6%,/�>;+ A,56n?4c

n− tKBK;<.
6%$ �S,5.#,5�] 16>,/&#H5.#$8(> A$8;<�%&1;+B

n−,
&3,/,*�),�bG@ � *M�%6 � ;+. � Å {�� v WY�,5 

F1
*+�>6

F2
?�,jDT,I*+&3@%.A*+?>e',2D�*+(%(%$8�%_<&�BK.3;<D C(R+,R)

 #;
R+.

} ;w0 0\,
H/*+�901.3$8 #,
∆ := E (F1(Xu : u ≤ HI)F2(XHI+u − IT : u ≤ T −HI))

= E

(
∑

a<0

F1(Xu : u ≤ Ha) F2(Ξ
−
a (u) : u ≤ T −Ha) 1{Ha≤T<Ha−}

)
,

01"%,5.#,� A"%,p&#@%D $'&);Pb<,5.�*+e8e�(�;<$8�4 A&);+B
Ξ− tK?%@> =&#$8D�(%e8$8g�,5&/R%BK;<.),5b+,/.dc

ω
*>W~&5W8R-;<�%e[c

 #;l;<�>,j #,/.3D v W�Y�,� E 6%,/�%;M A,j A"%,j,�EGH5@%.#&3$';<�X&#(�*+H5,n*M�%6
ε
*9_<,5�%,/.3$'Hj,�EGH5@%.#&3$';<�yW

N�cn A"%,�H/;+D�(-,/�%&#*M A$8;<��BK;<.3D2@%eQ*�BK;+. )	;<$8&#&#;+�l(-;<$'�4 s(>.#;^H/,/&3&#,5&�t�&3,/,pN\,/.d A;<$8���|{�� v
∆ =

∫ 0

−∞
da E0

(
F1(Xu : u ≤ Ha) 1{Ha<T}

×
∫

E
F2(εu : u ≤ T −Ha) 1{T−Ha<ζ}(ε) n

−(dε)
)

=

∫ 0

−∞
da E0

(
F1(Xu : u ≤ Ha) e−λHa

) t��>W Å � v
×
∫

E
n−(dε) E0

(
F2(εu : u ≤ T ) 1{T<ζ}(ε)

)
,

Å 	



01"%,5.#,j A"%,��>;+ L*M #$';<�
ζ(ε)

$'&�BK;<.� #"%,je'$8BK,� A$8D�,�;+B
ε
*+�%6f$'�a A">,T&3,/H5;<�%6�&d A,5(� #"%,

B�*+H� � A"%*M 
T
$8&�*+�a,�EG(-;<�%,5�] #$Q*+e8e8cl6%$'&d A.3$'?%@> #,/6a.#*+�%6%;<D bM*+.#$'*+?%e',p$'�%6>,/(-,/�%6%,5�4 p;MB

X
$'&s@>&#,/6SW } ;+ A$8H/,� A"%*M pt��>W Å � v c^$8,/e'6>&/R>01"%,5�!HL"%;^;<&3$'�%_ F1 ≡ 1,

E0 (F2(XHI+u − IT : u ≤ T −HI))

=
1√
2λ

∫

E
n−(dε) E0

(
F2(εu : u ≤ T ) 1{T<ζ}(ε)

)
.

N�c�*+?%&#;+e'@> #,mH/;<�4 A$8�]@%$8 �c+R

E0

(
F1(Xu : u ≤ Ha) e−λHa

)
= E−

√
2λ

0 (F1(Xu : u ≤ Ha)) ea
√

2λ

*+�>6yR�&#$8�%H/, −IT $8&s,�EG(-;<�%,/�4 #$Q*+e8e8c�6%$'&d A.#$8?%@> #,/6�01$8 #"9(%*+.A*+DT,5 #,/. √
2λ
R>0\,�"�*Ib<,

∆ =

∫ 0

−∞
da E−

√
2λ

0 (F1(Xu : u ≤ Ha)) P(IT ∈ da)

× 1√
2λ

∫

E
n−(dε) E0

(
F2(εu : u ≤ T ) 1{T<ζ}(ε)

)
.
t��>W Å � v

! ;<�>&#,/�]@%,5�4 Ae8c+RG #"%,1(%.#;^H/,5&#&#,5& {Xu : u ≤ HI}
*+�%6 {XHI+u− IT : u ≤ T −HI}*+.3,�$8�%6%,5(�,5�%6%,/�4 2*+�%6yRZ">,/�%H5,+R�*+e8&#; {Xu : u ≤ HI}

*+�%6 {XT−t − XT : u ≤
T−HI}

*+.3,V$'�>6%,/(-,/�%6>,/�4 IW Ul;+.#,/;Pb+,/./R {Xu : u ≤ HI}
_<$[b<,/�

IT = a
$8&C$'6>,/�4 A$8HI*+e

$8�Xe'*P0�01$8 A"�NsUut −√
2λ v +]$'e8e',56�*M � A">,Tg�.3&3 �"%$8 3 A$'�>_
 #$'DT,j;+B a. i ;l(%.#;Pb<,� A"�*M 

{XT−t − XT : u ≤ T − HI}
_<$[b<,5�

XT − IT = b
$'&j$'6%,5�4 A$'H/*+es$'� e'*P0 01$8 #"

NsU�t −√
2λ v +]$'e'e8,/6
*M s #"%,mg�.#&d )"%$8 3 A$'�>_� A$8D�,m;+B −b ;<?%&3,/.3b+,�g%.#&3 1 #"�*M 
∫

E
n−(dε) E0

(
F2(εu : u ≤ T ) 1{T<ζ}(ε)

)

= λ

∫ ∞

0

dt e−λt n−(F2(εu : u ≤ t) 1{t<ζ}(ε)).

} ,�E^ 10\,�H/e'*+$'D  A"�*F 
∫ ∞

0

dt e−λt n−(F2(εu : u ≤ t) 1{t<ζ}(ε)).

= 2

∫ ∞

0

db Eb

(
e−λH0 F2(XH0−u : u ≤ H0)

)
.
t��>W Å 	 v

���%6>,/,/6SR t��>W Å 	 v BK;+. λ = 0
$'&=BK;<.#D2@>eQ*��n$8�fN\$Q*M�%,2*+�>6 � ;+. �~��� i "%�5;<.��5D�, 	>W Å (yW����*+�%6! #"%,pbM*+e8$'6%$[ �cnBK;<.

λ > 0
$8&=,/*+&#$8e8c�b+,/.3$8g�,56a?]c9$8�%&#(-,/H� A$'�>_� A">,�(%.3;G;+BZ$'� � ���
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(yW ���>W �=,5�%H/,MR-?4c
&3(�*M A$'*+ey&dcGDTDT,5 A.dc<R
E0 (F2(XHI+u − IT : u ≤ T −HI))

=
√

2λ

∫ ∞

0

db Eb

(
e−λH0 F2(XH0−u : u ≤ H0)

) t��>W Å � v
=

√
2λ

∫ ∞

0

db E0

(
e−λH−b F2(b+XH−b−u : u ≤ H−b)

)
.

�1,5b+,/.#&3$'�%_T"%,5.#,m A$8D�,m*M�%6l@>&#$'�>_�*M?%&#;<e8@> A,mH5;<�4 A$8�^@>$8 �c�c^$',5e'6
E0 (F2(XT −XT−u : u ≤ T −HI))

=
√

2λ

∫ ∞

0

db E0

(
e−λHb F2(Xs : s ≤ Hb)

)

=
√

2λ

∫ ∞

0

db E
√

2λ
0 (F2(Xs : s ≤ Hb)) e−b

√
2λ

01"%$8HL"l(>.#;Pb<,5&) #"%,mg�.#&d =H5eQ*+$8D ;MB	 #"%,m A"%,5;<.#,5DlW
�� ).#,5Dn*+$8�%&\ #;jb+,/.3$8Brc�H5eQ*+$8D {
t�$8$'$ v W o ;+.1*�gGE>,56 t > 0

0�,�;+?> L*+$8��BK.#;<D�t��>W Å � v
∆̂ := E0

(
F2(XHI+u − IT : u ≤ t) 1{t≤T−HI}

)

=
√

2λ

∫ ∞

0

db Eb

(
e−λH0 F2(XH0−u : u ≤ t) 1{t≤H0}

)
.

�sH5H/;<.36%$'�%_2 #; ` $'e8e'$Q*MD�&��< A$'DT,�.3,5b+,/.#&#*+ey A">,/;<.3,/D  #"%,m(%.3;GH5,/&#& {XH0−u : 0 ≤ u <
H0}

@%�%6%,5.
Pb

$8&�$86%,/�4 #$'HI*Me�$'��eQ*I0�01$[ A"XN�� " t�� v &3 A*+.3 #,/6�BK.#;<D �l*+�%6 +]$'e'e8,/6�*M 
 #"%,�eQ*+&d =,qEG$8 1 A$8D�,m*F 

b. ! ;<�%&3,/�]@%,5�] #e8c+R�e8,5 # #$'�%_ γb
6%,/�>;+ A,� A"%,�eQ*M&3 1,�EG$[ ) #$'DT,�0\,

"�*Ib+,

∆̂ =
√

2λ

∫ ∞

0

db Q0

(
e−λγb F2(Xu : u ≤ t) 1{t≤γb}

)

=
√

2λ e−λ t

∫ ∞

0

db Q0

(
F2(Xu : u ≤ t)QXt

(
e−λγb 1{γb>0}

) )

?4ca A">,nUl*+. +M;wbf(>.#;<(-,/.d �c<W i "%,�6>$'&3 #.#$8?%@> A$8;<�a;+B γb
$8&�0�,/e8e +]�%;P01��t�&3,/, )�$8 AD�*+�

*+�>6 � ;+.*� Å ��� v *+�%6
$[ 1"%;<e'6>&

Qr

(
e−λγb 1{γb>0}

)
=

1

r
√

2λ

&#"
((b ∧ r)

√
2λ) e−(b∨r)

√
2λ.
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` ,�"�*Ib<,��%;P0

∆̂ =
√

2λ e−λ t Q0

(
F2(Xu : u ≤ t)

∫ ∞

0

db QXt

(
e−λγb 1{γb>0}

))

= e−λ t Q0

(
F2(Xu : u ≤ t)

1 − e−Xt

√
2λ

Xt

√
2λ

)

= Q0

(
F2(Xu : u ≤ t)

h3(Xt)

Xt

√
2λ

1{t≤T}

)
,

01"%,5.#,
h3

$8&\*+&�$'�ft��>W|{ v W �=,5g��%, h4(x) := h3(x)/x
BK;<.

x > 0
*M�%6

h4(0) :=
√

2λ,*+�>69�>;+ A$8H/,m A"�*F 
h4

$'&s.3$'_<"4 1H5;<�4 A$'�]@%;+@%&)*M %�>W ! ;<�%&3,/�]@%,5�] #e8c+R
E0

(
F2(XHI+u − IT : u ≤ t) 1{t≤T−HI}

)

= Q0

(
F2(Xu : u ≤ t)

h4(Xt)

h4(0)
1{t≤T}

)
.
t��>W Å ' v

�� 1$8&s,I*+&dc� A;�b<,5.#$8Brcn A"�*M sBK;+.
x > 0

GRh4(x) − λh4(x) = −λ
x
< 0,

01"%,5.#, GR $8&V A"%,m$8�>g��%$[ A,/&3$'D�*+ez_<,/�>,/.A*F A;<.s;+B	N�� " t�� v R�&3,/,Tt�{GW�	 v W � &3$'�%_��� �� � &1BK;+. kD2@>eQ*7$8 j$8&�&#,5,/�O #"�*M 
h4

$8&
λ k ,�EGH/,5&#&3$8b<,9BK;<.jN�� " t�� v W ! ;<�%&3,/�]@%,5�] #e8c+R\ A"%,9(-;<&3 

HI k (>.#;^H/,/&3&�$8&j$'6%,5�] #$'H/*+es$'��eQ*I0 01$[ A"  A"%,#��;^;<?
h k  A.A*M�%&3BK;<.3D 01$8 #"

h = h4
;MB

,qE>(-;<�%,5�4 A$Q*Me'e8c�+]$8e'e',56�N�� " t�� v W i "%,�_+,/�%,5.A*M #;<.p;MBs A"%$8&� #.A*+�%&dBK;<.#D H/*+�J?�,�H/;<D k(%@G A,/6
$8�� A"%,m@%&3@�*+eS0\*Ic<Rz*+�>6�$'&V&3,/,/�
 A;�H5;<$'�>H/$'6>,�01"%,/�
a = 0

01$8 #" GZ _<$8b+,/��$'�
t��>W Å v W
� ��� �6��� �y� �y�s��� C 4S]X- /^T 02131��IK 8 =X? 7 4

IT = a
;>Z57 D - L&; �

HI
� D./Q-<Fh7 L L =3L#=GBS7945;G=GFQ021S= 4

1 0 R R#=@;GZ�0 NP/�-2R#4S= 024 T�-:;>=)- 4 
 = 1 1)7�B 06; ;>=3T�7
ζ := T ∧Ha

0245B F�- 45B =@;>=)- 457hB \ �
;GZ57M7 ?A7 4";

Xζ− > a.
	 7 ;

PZ BS7 45- ;f7 ;GZ57�D./Q-<\ 0S\2=31 =X; � T�7Q02L&HI/Q7�02L^L�-:F =(0<;f7�B�R#=@;>Z
;GZ57 B =��	HIL^=G- 4

Z
= 4";G/�-:B"H:F�7hBM=34 ��Z57�-A/�7 T �:W��<W ��Z57 4 ]X- /V024 � �S4S=@; 7VL&; -�DSD.=3468E;>= T�7

U
0J45B

ΛU ∈ FU
=X; Z5- 1GB L

PZ
x (ΛU) =

1

h3(x− a)
Ex (h3(XU − a); ΛU , U < T ∧Ha)

= Px (ΛU , U < T ∧Ha |Xζ− > a) .

��Z57 B =�� H2L =G-A4
Z

FQ024O021@; 7 / 4 06;>=X? 7 1 � K	0JL�=3L�L�7h7 4 06; ;>Z57 7945B -A] ;GZ57_0S\6- ?A7 D./�-:- ]XK
\67 BS79L�F /^= \67�BO02L ;>Z57���-<-<\

h
�^;>/9024SL ]X-A/ T R#=@;>Z

h = h4
-A] 7 �ID#-A457 4";>= 021 1 � 
 = 1 1)7�BN���
�� � 
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(y��+ /Q- T ��Z57h- /�79T �:W �E=X;V=3L�F91G7�0J/_;GZ 06; {Xt : 0 ≤ t < HI}
0J45B {XHI+t − IT :

0 ≤ t < T − HI}
02/�7 = 4"BS7fD 7 45B67 4"; W C 4 D�0J/&;>=)F HI1 02/�K

XT − IT
0245B

IT
02/�7

=345BS7fD 7 4"BS7 4"; W ��ZS=3L�1 02L&;�D5/�-�D 7 /�; � = L�0213L�- 7�02L^= 1 � ? 79/ = �57�B�\ � 024 021 � � = 468 ;GZ57���- = 4";
B =3L&;G/ = \<HS;>=)- 4 - ]

XT
0245B

IT

P0(IT ∈ da,XT ∈ dz) = 2λ e2a
√

2λ e−z
√

2λ da dz, a < 0, a < z,

R#ZS=)F Z =3L -<\6;X02= 4"7�B ](/�- T � �:W�� 
 \ � =345; 798 /906;>=3468 R#=X;>Z /�79L@D 7�F ; ;f-
s.

� -A/�7�-I?A7 /�K
XT − IT

0245B −IT
02/Q7cL�7�794 ; - \67c=GBS7945;G=GFQ021 1 �[B =3L&;G/ = \<HS;f7hB�;GZ57 F�- T T�-A4�B = L&;G/ =@\6H �

;G=G- 4O\S79= 468 ;>Z"7�7�� D - 45794";>=(0J1#B = L&;G/ =@\6HS;>=)- 4 R#=@;GZ D�02/902T�7 ;f79/ √
2λ

�)F ]fW 0213L�- � �:W � � 
\67 1)-IR 
 W
�y����-:;G=GFh7 021 LQ- ;GZ57�]G0 FA;�;GZ 06;

HI
0245B

T −HI
0J/�7�= 4"BS7fD 7 45B67 4";P0J45B =)BS7 4";G=GF�0J1 1��

� 02T T 0
(1/2, λ)

�fB = L&;G/ =@\6HS;f7hBSK:=@W 7 W K

P0(HI ∈ du) = P0(T −HI ∈ du) =

√
λ√
πu

e−λ u du, u > 0.

} ,qE^ )0�,�.#,/H/*+e'e� A"%,mBK;<.3D2@%eQ*M&�t�&3,/, � ���y(yW Å �+� v
P0(IT ∈ da, ST ∈ db) = λ

HL"
(1

2
(b + a)

√
2λ)HL" 3(1

2
(b− a)

√
2λ)

da db, a < 0 < b,
t��>W Å � v

*+�>6
P0(IT ∈ da) =

√
2λ
, a√2λ da a < 0.

t��>W�{�� v` ,p�>,/,/67*+e'&3;j #"%,pBK;+e'e';P01$8�%_2.#,5&#@%e[ �6>,/.#$[b<,56a*+&)*�H5;<.#;<e8eQ*+.dcn #; i "%,5;<.#,5D �>W�{�?%@> 
01"%$8HL"lH/*+�l*+e'&3;�?�,�6%,56%@%H/,56lBK.3;<D  A">,�BK;<.#D2@>eQ* Å W Å W|{�'>W|{�(SW Å � Å $'� � ��� W
� � � �������S��� �y� 	��,+.- /

a < 0 < b

P0(HI < HS, IT ∈ da, ST ∈ db)

= 2λ

( HL"
((b− a)

√
2λ) − 1

) &#"
(b
√

2λ)
&#" 3((b− a)

√
2λ)

da db.
t��GW�{ Å v

acb9dAdfehg i "%,�H/;+�%6%$8 #$';<�%*+e�$8�%6%,5(�,5�%6%,/�>H/,�&d L*M #,/69$'� i "%,5;<.#,5D �>W|{2c^$8,/e'6>&
P0(HI < HS, ST ∈ db | IT = a)

= P0(HI < HS, SHI ,T ∈ db | IT = a)

= P0(SHI ,T ∈ db | IT = a) P0(SHI
< b | IT = a),

t��>W|{<{ v
{��
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SHI ,T := sup{Xt : HI ≤ t ≤ T}.o .#;+D� #"%,�6%,/&3H/.3$'(> #$';<�J;+B1 #"%,�(%.#, k HI

(%.#;^H/,5&#&20�,9"%*Pb+,
@%&#$8�%_7 A"%,�0�,/e8e +]�%;P01�
BK;<.3D2@%e'*>RG&3,/,�,+W _%W%� ����(yW � � �>R

P0(SHI
< b | IT = a) = P−

√
2λ

0 (Ha < Hb)

=
, −a

√
2λ

&3"
(b
√

2λ)&#"
((b− a)

√
2λ)

.

� &#$'�>_j #"%,
h k  A.#*+�%&dBK;<.#D 6%,/&3H/.#$8(> A$8;<�
;+B

Z
tKH5B W �1,/D�*+. +n�>W|� v

P0(SHI ,T > b | IT = a) = PZ
a (Hb <∞)

= lim
x↓a

h3(b− a)

h3(x− a)
Px(Hb < Ha, Hb < T )

= lim
x↓a

h3(b− a)

h3(x− a)

&#"
((x− a)

√
2λ)&#"

((b− a)
√

2λ)

=
1 − , −(b−a)

√
2λ

&#"
((b− a)

√
2λ)

.
t��>W|{+� v
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Qµ
x

01$8 A"
µ, x ≥ 0

6%,5�%;+ A,5&T #"%,9D�,/*+&#@%.3,l@>�%6%,/.j01"%$8HL"O A">,
H5;G;<.36%$'�%*M A,1(%.3;GH5,/&#&

X = {Xt : t ≥ 0} $'&�*�N�� " t��>R µ v &d L*+.d A,56�BK.#;+D x
t�&#,5,�t�{GW�� vBK;<.V #"%,�_<,/�>,/.A*F A;<. v W

��� � � � � � �y���y���V- 45B =@;>=)- 4 02131���- 4
HI < HS, IT = a, ST = b

=@; Z"- 1GB L�;GZ 06;
� W�;GZ57 D5/�7 �

HI
� D./Q-<Fh7 L L {Xt : 0 ≤ t ≤ HI}

= LV=GBS794";>=GFQ021"= 4[1 0 R R#=@;>Z {b−Xt :

0 ≤ t ≤ Hb−a}
HI45BS79/

Q
√

2λ
b .

�<W�;GZ57P= 4";f79/ T�7�B = 06;f7	D./Q-<Fh7 L^L {XHI+t : 0 ≤ t ≤ HS −HI}
=3LV=)BS7 4";G=GF�0J1 = 4 1(0 R

R#=X;>Z {a+Xt : 0 ≤ t ≤ Hb−a}
HI45BS79/

Q
√

2λ
0 .

� W�;GZ57 D#- L�; �
HS
�3D./�-:F�79L L {XHS+t : 0 ≤ t ≤ T −HS}

=3Lc=)BS7 4";G=GF�0J1"=34E1 0 R�R#=@;GZ
0EB =�� H2L =G-A4

Z◦ L�;@02/�;f7hB ](/Q- T
b
0J45B Z 0 ?A=3468 ;>Z57�8679457 /906;f- /

GZ◦

u(x) =
1

2
u′′(x) +

g′(x)

g(x)
u′(x) − λg(x) − 1

2
g′′(x)

g(x)
u(x),

{ Å



R#Z"7 /�7
a < x < b

0245B

g(x) =
&3"

((b− a)
√

2λ) − &3"
((b− x)

√
2λ) − &3"

((x− a)
√

2λ),
t��>W|{M� v

� W�;GZ57 D5/�7 �
HI
� D./Q-<Fh7 L LQKV;>Z"7�= 4";f79/ T�7�B = 06;f7,D./Q-<Fh7 L L 0245B ;>Z"7�D#-AL&; �

HS
� D./Q-<Fh7 L L

0J/�7�= 4"BS7fD 7 45B67 4"; W
acb9dAdfehg=o .#;+D i "%,5;<.#,5D �>W|{GR%@%&3$'�%_�&dcGDTDT,5 A.dc�;+BCNsUXR>$8 s$8&s&#,/,5�9 #"�*M 1H5;<�%6%$[ A$';+� k*+e8e8c�;<�

ST = b

) Å W� #"%,2(%.3;GH5,/&3&#,/& {Xt : 0 ≤ t ≤ HS}
*M�%6 {XHS+t : 0 ≤ t ≤ T − HS}

*+.#,
$8�%6%,5(�,5�%6%,/�4 /R

) {GWJ #"%,l(>.#, k HS k (%.3;GH5,/&#& {Xt : 0 ≤ t ≤ HS}
$8&T6>$'&3 #.#$8?%@> A,56�*+&nNVUut √

2λ v&d L*+.d A,569BK.3;<D �j*+�%6�+]$'e8e',/6�01">,/�9$8 1.#,/*+HL"%,5&
b,

) �>W� A"%,s(-;<&d k HS k (%.#;^H/,5&#& {XHS+t : 0 ≤ t ≤ T−HS}
$8&�*�6%$���@%&3$';<�

Z↓ &d L*+.d A,56BK.3;<D
b
*+�%69"�*IbG$8�%_� A"%,�_<,5�%,/.#*M A;+.

GZ↓

u(x) =
1

2
u′′(x) +

h′(b− x)

h(b− x)
u′(x) − λ

h(b− x)
u(x).

t��>W|{<� v
o ;<.! #"%,u(%.3, k HS k (>.#;^H/,/&3&70\, *M(%(%e8c  A">,J(�*M A" 6%,5H/;<DT(-;<&#$[ A$';+�  A">,/;<.3,/D ;MB

N\.3;P01�%$Q*+�XD�;M A$';+��01$[ A"�6>.#$8Br p*+&p_<$8b+,/�u$8� i *+�%.3��*+�%6�� *+e'e8;<$'& � Å ��� )�.#;+(�;<&3$8 #$';<��>W|{GW i ;j.#,/H/*+e'e� A"%$8&/R�e',� 
IHb

:= inf{Xt : 0 ≤ t ≤ Hb} and Ĥb := inf{t : Xt = IHb
}.

i "%,5�yRz@%�%6%,5. P
µ
0 ,
H/;+�%6%$8 #$';<�%*+e'e[cj;<�

IHb
= a

)��%W� #"%,2(%.3;GH5,/&3&#,/& {Xt : 0 ≤ t ≤ Ĥb}
*M�%6 {X bHb+t : 0 ≤ t ≤ Hb − Ĥb}

*+.#,
$8�%6%,5(�,5�%6%,/�4 /R

) �GWZ #"%,�(%.#, k Ĥb k (%.#;^H/,5&#& {Xt : 0 ≤ t ≤ Ĥb}
$'&s$'6>,/�4 A$8HI*+ey$8�
eQ*I0 01$[ A"9NsUut −µ v&d L*+.d A,56�BK.#;<D �>R>H5;<�%6%$[ A$8;<�%,/6� A;2"%$[ 

a
?-,5BK;<.3,

b,
*+�%6 +]$'e8e',56�01"%,5�9$[ V"%$[ A&

a.

) 	>W	 A"%,�(-;<&d k Ĥb k (%.#;^H/,5&#& {X bHb+t : 0 ≤ t ≤ Hb − Ĥb}
$8&\$'6>,/�4 A$8HI*+ez$'�neQ*I0�01$8 #"

{a+Xt : 0 ≤ t ≤ Ĥb−a}
@%�%6%,5.

Q
µ
0 .

{<{



Y�,5 
F1, F2,

*+�>6
F3

?�,�D�,/*+&#@%.#*+?%e8,�D�*+(%(%$8�%_<&=BK.3;<D C(R+,R)
 A;

R+,
*+�%6

$8�] #.#;^6%@%H5,
F1 := F1({Xt : 0 ≤ t ≤ HI}), F2 := F2({XHI+t : 0 ≤ t ≤ HS −HI}),

*+�>6
F3 := F3({XHS+t : 0 ≤ t ≤ T −HS}),01"%,5.#,�$8 s$8&1*+&#&3@%DT,/6
 A"�*M 

HI < HS.
} ;+ #$'H/,� #"�*M 

HI ≤ HS ⇔ IHS ,T := inf{Xu : HS ≤ u ≤ T} > IHS
.

t��>W|{�	 v
*+�>6

IHS ,T > IHS
⇔ IHS

= IT

! ;<�>&#$'6>,/.1�%;P0
E0 (F1F2F3 ; IT ∈ da,HI < HS |ST = b)

= E0 (F1F2F3 ; IHS
∈ da, IHS ,T > a |ST = b)

= E0 (F1F2 ; IHS
∈ da |ST = b)E0 (F3 ; IHS ,T > a |ST = b) ,

01"%,5.#,T$'�f A"%,j&3,/H/;+�%6u&3 #,/(� A"%,jH/;+�%6%$8 #$';<�%*+eZ$'�>6%,/(-,/�%6>,/�%H5,at�&3,/, ) Å v $'&�*+(%(%e8$',56yW
i "%,mg�.3&3 1 A,5.#D ;<�� #"%,�.#$'_+"] 1"%*+�%69&#$'6>,�H/*+�9?�,�*+�%*+e8c � ,569b^$'*j(>.#;<(-,/.d A$',5&%) �>R )��
*+�>6 ) 	>W�����(�*+.d A$'H5@%eQ*M./R]H/e'*+$'DT& Å *+�%69{p;+B i ">,/;<.3,/D �GW���BK;+e'e';P0 01$[ A"n #"%,�"%,5e'(�;MB
Y�,/DTD�*j{GW|�GW Ul;<.#,5;Pb<,/.5R ) Å *+�%6�)��jcG$8,/e869H5eQ*+$8D �>W

} ,qE^ 	0�, (%.#;Pb<, H/e'*+$'D �>W o ;+.y A"%$8&�e',5 
P↓

x

6%,/�>;+ A,  A"%, DT,I*+&3@%.#, $8�� #"%, HI*+�>;<�%$'H/*+e
&3,5 # #$'�%_T*+&3&#;^H/$'*M A,56
01$[ A"

Z↓ 01"%,/�l&3 A*+.3 #,/6
BK.#;<D x < b.
�),/�%H5,+R

E0

(
F3({XHS+u : 0 ≤ u ≤ t}) 1{t≤T−HS} | IHS ,T > a, ST = b

)

= E
↓
b

(
F3({Xu : 0 ≤ u ≤ t}) 1{t≤ζ} | Iζ > a

)
,

01"%,5.#,
ζ
6>,/�%;+ #,/&� A">,9e8$8BK,n #$'DT,�*+�%6

Iζ
 #"%,
_<e';<?%*+e\$8�>g�D2@%D9WJN�cX A"%,lU!*M. ++;Pb

(%.3;<(-,/.3 �c+R
E

↓
b (F3({Xu : 0 ≤ u ≤ t}) ; t ≤ ζ , Iζ > a)

= E
↓
b

(
F3({Xu : 0 ≤ u ≤ t}) 1{t<Ha} P

↓
Xt

(Iζ > a)
)
.

! e8,I*+.3e8c<R^BK;<. x ≤ b

P↓
x (Iζ > a) = P↓

x (Ha = ∞) = 1 − P↓
x (Ha <∞) ,

{+�



*+�>69H5;<DT(%@> A$8�%_T*+&s$'�Xt��>W�{M� v 0\,�;<?G L*+$8�

P↓
x (Ha <∞) =

h3(b− a)

h3(b− x)

&3"
((b− x)

√
2λ)&#"

((b− a)
√

2λ)01$[ A"
h3

*+&)$'�Xt��GW�{ v W ! ;+�%&#,5�^@>,/�4 Ae[c<Ry*FBr A,/.1&3;<D�,�,5e',/DT,/�4 A*+.3c�D�*+�%$8(%@%e'*M A$8;<�%&/R]BK;<.
x ∈ (a, b)

P↓
x (Iζ > a) = h5(x) :=

g(x)

h3(b− x)
&3"

((b− a)
√

2λ)01$[ A"
g
*+&=$8�Jt��>W�{F� v W " $'�%H5, Z↓ $'&1 A"%, ��;G;+? h k  #.A*+�%&dBK;<.#D 01$[ A"

h = h3(b − ·) ;+BNsU +]$'e8e',/6
*F s A$'DT,
T ∧Hb

$[ VBK;<e8e';P01&V A"�*F 
E

↓
b (F3({Xu : 0 ≤ u ≤ t}) ; t ≤ ζ | Iζ > a)

= E
↓
b

(
h5(Xt)

h5(b)
F3({Xu : 0 ≤ u ≤ t}) ; t ≤ ζ

)

= lim
x↑b

Ex

(
h3(b−Xt) h5(Xt)

h3(b− x) h5(x)
F3({Xu : 0 ≤ u ≤ t}) ; t ≤ T ∧Hb ∧Ha

)

= lim
x↑b

Ex

(
g(Xt)

g(x)
F3({Xu : 0 ≤ u ≤ t}) ; t ≤ T ∧Hb ∧Ha

)
,

*+�>6
 #"%$'&sc^$',5e'6%&V #"%,�6%,/&3H/.3$'(> #$';<�9�9t�* v ;MB	 #"%,�(�;<&d )(%.#;^H/,5&#&/W
� ��� �6��� �y���y�m����� � e&dJb � 
�%)%�
 � �) �� � d������ HS

�"b d�� � � � � � ��
 � � � � � 
�% �)� %'
 � � � �� 

� b9d�� ����
�� � d�� � d � ���)%)% � 
 
 � � �)� � ζ := T ∧ Ha ∧ Hb 
���
 � d ��
�� � � d � � 
 ! 
 �) ��
��"�� � � Xζ− ∈ (a, b).

� ��
 � � 
�� eQb9d �����	� � g�
Ig � �.g ��� �
Px (Xζ ∈ (a, b)) = Px (T < Ha ∧Hb)

= Ex (1 − exp(−λHa ∧Hb))

= 1 −
&#"

((b− x)
√

2λ) − &#"
((x− a)

√
2λ)&3"

((b− a)
√

2λ)

=
g(x)&3"

((b− a)
√

2λ)
.

(y��� � � 
�� ! � �"b9d�"�� 
 �� 
 � �) �� �"b9d�� � � � {XT−t : 0 ≤ t ≤ T −HS} � � g���g � �) �� � �)� �b ��"���b � 
�% dfe��) ��!� d������ HS

� �"b d�� � � � � � ��
 � � � � � 
�% �)� %'
 � � � �) {a + Xt : 0 ≤ t ≤
Hb−a} # ��
 ��b Q

√
2λ

b−a−ξ

� � �� ξ 
 b 
���
 d � " 
 b ��
�! % � �)��
 �	��� ��
 � � �,dfe
X

 
 " �)��� �) ��

 � � � � � 


fξ(x) =
√

2λ
, −x

√
2λ/(1 − , −(b−a)

√
2λ), 0 < x < b− a.

{M�



� d � ����� #&� ��� %�
�� e&dJb 0 < x < b− a

P(ST −XT ∈ dx | ST = b, IT = a,HI < HS) = fξ(x) dx.

� � ���n��� ��� �/�
���	�1��
 � �p�

 
��1���	�1��
 �

���� A"%$8&T&3,/H� A$';+��0�,7*+(>(%e8cu #"%,9.#,/&3@%e8 #&TBK.3;<D  #"%,l(>.#,5b^$8;<@%&T&#,/H� A$8;<�%&j A;Xg%�%6 *+�
,qE>(>.#,/&3&#$8;<�9BK;+.\ A"%,�:3;+$'�4 s6%$8&3 A.3$'?%@G A$';+�n;+B� A">,mDn*FEG$8D2@%Dx$'�%H5.#,I*M&#,�*+�%6� #"%,�Dn*wE>$ kD2@>D 6%,5H/.3,I*+&3,);MBSN�.#;P01�%$Q*M�TDT;+ #$';<�p@%(� A;�*+��$8�%6%,/(-,/�>6%,/�4 ,�EG(-;<�%,/�4 #$Q*+e> #$'DT,

T
W

�=&�&d L*M #,/6n$8�� A"%,)���4 A.#;^6%@%H� A$8;<�T #"%,1eQ*I0 ;MB
(D+

t , D
−
t )

@%�>6%,/.
Px

6%;^,/& �%;+ �6%,/(-,/�>6
;<�

x
*+�%6yR�"%,5�%H/,MR�0\,m01.#$[ A,�$'�� #"%,m&#,5�^@>,/e

P
$'�>&3 A,/*+6
;+B

Px.o ;<.
s < t

6%,�g��%,m A">,�D�*FEG$'D�@%D $8�%H/.3,I*+&3,�;+�
 #"%,�$'�4 A,5.3bM*+e
(s, t)

b^$Q*
D+

s,t := sup
s≤u≤v≤t

(Xv −Xu)

*+�>6yRz*+��*+e8;<_<;<@>&#e8c+R^ #"%,�Dn*wE>$8D2@%Dx6%,/H5.#,/*+&#,
D−

s,t := sup
s≤u≤v≤t

(Xu −Xv) .

` $[ A"� A"%,5&#,��%,�0 �%;+ A*M A$8;<�%&V0�,�"%*Pb+,
D−

T = D−
0,T

*+�%6
D+

T = D+
0,T .i "%,�(�*M #"96>,/H/;+D�(-;<&#$[ A$8;<��_<$8b+,/�
$'� i "%,5;<.#,5D �>W|��e8,I*+6>&s@%&) #;� A"%,mBK;<e8e';P01$'�%_

��� �"!#�"$&%(' %)�"* 	���������� � dJb −a < d < b− a

P(D−
HI
< d | HI < HS, IT = a, ST = b)

=
Sν(a+ d)(Sν(b) − Sν(a))

Sν(b)(Sν(a + d) − Sν(a))

=

&#"
((a+ d)

√
2λ)

&3"
((b− a)

√
2λ)&3"

(d
√

2λ)
&3"

(b
√

2λ)

=: f1(d; a, b),

�  ���b �
Sν � � 
 � � � g � � � � �� ν = −

√
2λ, � g���g �

Sν(x) :=
1

2
√

2λ
(e2

√
2λx − 1) =

1√
2λ

e
√

2λ x &#" (x√2λ).

{<�



(y� � dJb
0 < d < b− a

P(D−
HI ,HS

< d | HI < HS, IT = a, ST = b)

=
Sν(b− a)

Sν(d)
exp

(
−b− a− d

Sν(d)
− 2

√
2λ(b− a− d)

)

=

&#"
((b− a)

√
2λ)&3"

(d
√

2λ)
exp

(
−(b− a− d)

√
2λ

H5;+ A"
(d

√
2λ)
)

=: f2(d; a, b)

�y� � dJb
0 < d < b− a

P(D−
HS ,T < d | HI < HS, IT = a, ST = b)

=

&#"
((b− a)

√
2λ)(

HL"
(d
√

2λ) − 1)&#"
(d
√

2λ)(
HL"

((b− a)
√

2λ) − 1)
.

=: f3(d; a, b)

� dJb � d�"���b � � d ��
�� � � d ��
�%)%�
 d � IT , ST 
���
 HI < HS

�) �� " 
 b ��
�! % � � D−
HI
, D−

HI ,HS
,


���
 D−
HS ,T 
 b � �)��
 �	��� ��
 � � �@g

acb9dAdfehg � 1 02= T � W�N\,5HI*+@%&3,

D−
T = sup

0≤v≤t

(
sup

0≤u≤v
Xu −Xv

)

*+�>69&3$'�%H5,+R�H5;<�%6%$[ A$';+��*+e'e[cT;<�
IT = a, HI

$'&V #"%,mg�.#&d =">$8 # #$'�%_p A$'DT,m;+B
a
0�,�"�*Ib<,

D−
HI

= sup
0≤v≤HI

Xu − a

*+�>6yR�"%,/�>H/,+R�BK;<. −a < d < b− a

{D−
HI
< d} = {Ha < Ha+d}.

o .#;+D i "%,5;<.#,5D �>W���*+�>6lY�,5D�D�*j{GW~�T$[ VBK;<e'e8;P01&\ A"�*F 
P(D−

HI
< d | HI < HS, IT = a, ST = b)

= Q
√

2λ
b (Hb−a < Hb−a−d)

= P
√

2λ
b (Hb−a < Hb−a−d | Hb−a < H0).

{�	



" $8�%H/, {b − Xt : t ≥ 0} @%�%6%,5. P
√

2λ
b

$8&�6%$8&3 A.3$'?%@G A,/6u*+& {Xt : t ≥ 0} @%�%6%,5.
P−

√
2λ

0 ,
0�,p"%*Pb+,

P(D−
HI
< d | HI < HS, IT = a, ST = b)

= P−
√

2λ
0 (Ha < Ha+d | Ha < Hb)

= P−
√

2λ
0 (Ha < Ha+d)/P

−
√

2λ
0 (Ha < Hb)

=
Sν(a+ d) − Sν(0)

Sν(a+ d) − Sν(a)

Sν(b) − Sν(a)

Sν(b) − Sν(0)
,

01"%,5.#,s A">,VB�*+H5 Z #"�*M 
Sν $8&C A"%,s&3HI*+e8,VBK@%�%H� A$';+��;+B�NsUut −√

2λ v $8&Z@%&#,56yW ��?%&3,/.3b^$8�%_ #"�*M sBK;<.
y > x

Sν(y) − Sν(x) =
1√
2λ

e
√

2λ (y+x) &#" ((y − x)
√

2λ)

e8,I*+6%&s$8D�DT,/6>$Q*M #,/e8cj #;j #"%,�H/e'*+$'DT,/6nBK;+.#D2@%e'*>W
� 1 02= T �6W i "%$8&1BK;+e'e';P01&V6>$'.#,5H5 #e8cnBK.3;<D )�.3;<(�;+&#$8 #$';<�9{^W���*+�%6 i "%,5;<.#,5D �>W|�GW
� 1 02= T � W � &3$'�%_T*+_<*+$'� i "%,5;<.#,5D �>W|�

P(D−
HS ,T < d | HI < HS, IT = a, ST = b) = PZ◦

b (Hb−d = +∞).

N�cn A"%,
h k  #.A*+�%&dBK;<.#D 6%,/&3H/.3$'(> #$';<�
;+B

Z◦ t�H5B W �1,/D�*+.,+��>W�	 v R
PZ◦

b (Hb−d < +∞) = lim
x↑b

PZ◦

x (Hb−d < +∞)

= lim
x↑b

1

g(x)
Ex(g(XHb−d

) ; Hb−d < T ∧Hb ∧Ha)

= lim
x↑b

g(b− d)

g(x)
Ex(

, −λ Hb−d ; Hb−d < Hb)

= lim
x↑b

g(b− d)

g(x)

&#"
((b− x)

√
2λ)&#"

(d
√

2λ)
,

01"%,5.#,
g
$8&1*+&1$'�Xt��GW�{M� v R%$�W~,MW8R>BK;+. a < x < b

g(x) =
&#"

((b− a)
√

2λ) − &#"
((b− x)

√
2λ) − &#"

((x− a)
√

2λ).
t��>W Å v

"  #.A*+$8_<"4 #BK;<.d0V*M.#6�H/;+D�(%@G L*M #$';<�%&Vc^$8,/e'6
�%;P0  A"%,�H/e'*+$'DT,/6�BK;<.#D2@>eQ*>W

{ �



��(>(%e8c^$'�>_�&dc^D�DT,5 #.3cj(%.3;<(�,5.3 #$',/& ;+ByN\.#;P01�%$'*+�TD�;+ #$';<��_+$8b<,5&�@>&  #"%,sBK;<e'e8;w01$8�%_
BK;<.3D2@%e'*+&

P(D+
T < α , D−

T < β) = P(D+
T < β , D−

T < α),
t��>W�{ v

P(D+
T < α , D−

T < β , HS < HI)
t��%W~� v

= P(D+
T < β , D−

T < α , HI < HS),

*+�>6
P(D+

T < α , D−
T < β) = P(D+

T < α , D−
T < β , HI < HS)

t��%W � v
+P(D+

T < β , D−
T < α , HI < HS).

i "%,m6>$'&3 #.#$8?%@> A$8;<��*M�%6� A"%,m6%,5�%&#$[ �cnBK@%�>H5 A$8;<��;+B (D+
T , D

−
T )

01$'e8e�.3,/&#@>e8 )*+&s*2H5;<.#;+e ke'*+.3cn;+B	 #"%,��%,�E^ 1 A">,/;<.3,/D 01"%,5�7*+(>(%e8c^$'�>_2 A"%,mBK;<.3D2@%eQ*M&�t��%W|{ v R�t��%W~� v R�*+�%6�t��%W � v W
��� � � � � � 	���(y� � dJb

β > 0 
���
 ϕ : R+ 7→ R+ ! d #&��
 � 
 
���
 � � 
 � # b 
�! % � � � d %'
 �

E
(
ϕ(D+

T ) ; D−
T < β , HI < HS

) t��%W|� v
=

√
2λ

(
HL"

(β
√

2λ) − 1)2

&#" 3(β
√

2λ)

∫ ∞

β

dxϕ(x) exp
(
−(x− β)

√
2λ

H5;+ A"
(β

√
2λ)
)

+
√

2λ

∫ β

0

dxϕ(x)
(
HL"

(x
√

2λ) − 1)2

&#" 3(x
√

2λ)
.

acb9dAdfehg=} ;+ A$8H/,�g�.3&3 1 A"�*F =$[B
HI < HS

 #"%,/�
D+

T = ST − IT and D−
T = D−

HI
∨D−

HI ,HS
∨D−

HS ,T ,

*+�>6yR% A"%,5.#,�BK;<.#,MR
∆ := E

(
ϕ(D+

T ) ; D−
T < β , HI < HS

)

= E
(
ϕ(ST − IT ) ; D−

HI
< β , D−

HI ,HS
< β , D−

HS ,T < β , HI < HS

)
.

i *�+]$'�%_� A"%,2H5;<�%6%$[ A$8;<��*+e�,�EG(-,/H� L*M #$';<�701$[ A"7.3,/&#(-,/H� m A;n #"%, σ k *+e'_+,/?%.#*�_<,5�%,/.#*M A,56?4c
(IT , ST , 1{HI<HS})

*+�>6l@%&3$'�%_ )�.#;+(�;<&3$8 #$';<���%W Å 0\,�;<?> A*+$'�

∆ =

∫ 0

−∞
da

∫ +∞

0

db ϕ(b− a) f(a, b)
t��%W�	 v

×1{β>−a}
(
f1(β; a, b) f2(β; a, b) f3(β; a, b) 1{β<b−a} + 1{β>b−a}

)

{�'



01$[ A"
fi, i = 1, 2, 3,

*M&)$8��) .3;<(-;<&#$[ A$';+���%W Å *+�>6

f(a, b) = 2λ

( HL"
((b− a)

√
2λ) − 1

) &3"
(b
√

2λ)
&3" 3((b− a)

√
2λ)

= P(IT ∈ da, ST ∈ db,HI < HS)/dadb

tKH5B W ! ;<.#;+e'eQ*M.3cX�>W � v Wf���4 A.3;G6%@>H/$'�>_7$'� tK�%W�	 v �%,50xbM*+.#$'*+?%e8,/&pb^$'*
x = b − a

*M�%6
y = b

*+e8e';P01&s@%&s A;�01.3$8 A,

∆ =

∫ ∞

0

dxϕ(x) (∆1(x)∆2(x) + ∆3(x))
t��>W$� v

01"%,5.#,

∆1(x) :=
2λ (

HL"
(β
√

2λ) − 1)&#" 3(β
√

2λ)
exp

(
−(x− β)

√
2λ

H5;+ A"
(β

√
2λ)
)
,

∆2(x) := 1{β<x}

∫ x

x−β

&#" (
(y − x + β)

√
2λ
)
dy =

HL"
(β
√

2λ) − 1√
2λ

1{β<x},

*+�>6

∆3(x) :=
2λ
( HL"

(x
√

2λ) − 1
)

&#" 3(x
√

2λ)
1{β>x}

∫ x

0

&#"
(y
√

2λ) dy

=

√
2λ
( HL"

(x
√

2λ) − 1
)2

&#" 3(x
√

2λ)
1{β>x}.

i "%,�H5eQ*+$8D�,56�BK;<.#D2@>eQ*�tK�%W�� v .#,/&3@%e8 #&1�%;P0 ,I*+&3$'e[c�BK.3;<D t��>W$� v W
N\,�BK;<.#,=_<$8b^$'�>_�.#,5&#@%e[ A& BK;<.  #"%, :3;<$8�4 \6%$8&3 #.#$'?>@> A$8;<��;MB

D+
T

*+�>6
D−

T

0�,�H5;<�%&#$86%,/.
 #"%,�Dn*+.3_<$'�%*+e�6>$'&3 #.#$8?%@> A$8;<�%&V@>�%6%,/.s #"%,�H/;<�%6>$8 A$8;<�

HI < HS.

� � � �������S��� 	�� �y�	� dJb
α, β > 0

P(D+
T ∈ dα,HI < HS) =

√
2λ
( HL"

(α
√

2λ) − 1
)2

&3" 3(α
√

2λ)
dα,

t��>W�' v
{��



P(D+
T < α,HI < HS) =

HL"
(α

√
2λ) − 1

2(
HL"

(α
√

2λ) + 1)
,

t��%W�� v

P(D−
T < β,HI < HS) =

(
HL"

(β
√

2λ) − 1)(
HL"

(β
√

2λ) + 2)

2 (
HL"

(β
√

2λ) + 1)
HL"

(β
√

2λ)
,

t��%W Å � v

���


P(D+
T < α) = 1 − 1HL"

(α
√

2λ)
.

t��%W Å�Å v
acb9dAdfehg Y�,5 3 A$8�%_

β → +∞ $'�OtK�%W�� v c^$',/e86%&Tt��>W�' v W i ;lH5;<D�(>@> A,2 #"%,j6%$'&d A.#$8?%@> #$';<�BK@%�>H5 A$8;<�
$'�Xt��>W�� v �>;+ A$8H/,� A"%*M 
( HL"

(α
√

2λ) − 1
)2

&3" 3(α
√

2λ)
=

&3"
(α

√
2λ/2)

2
HL" 3(α

√
2λ/2)

*+�>69">,/�%H5,

P(D+
T < α,HI < HS) =

1

2

(
1 − 1HL" 2(α

√
2λ/2)

)

=
1

2

(
1 − 2

1 +
HL"

(α
√

2λ)

)
,

*+�>6 t��%W�� v BK;<e8e';P01&�,/*+&#$8e8c+W ! "%;G;+&#$'�>_ ϕ ≡ 1
$'� tK�%W�� v R�$'�4 #,/_<.#*M A$8�%_l #"%,/.3,/$'��*+�>6

@%&3$'�%_� #"%,1*+?-;Pb<,sH/;+D�(%@G L*M #$';<�2$[ �$'&C&3 A.#*+$'_+"] 3BK;<.30\*+.362 A;m6%,5.#$8b+,�t��%W Å � v W o ;<.Vt��%W Å�Å v@%&3,�t��%W � v R�t��%W�' v R%*+�%6�t��%W Å � v W
i "%,X(%.#;^;+B�;+B i "%,/;<.3,/D �%W|{�&3"%;P01&! A"�*F l #"%,X0\*Ic  #;h,qE>(>.#,/&3&7 A"%,�eQ*I0 ;MB

(D+
T , D

−
T )

$'��tK�%W�� v $'&�b+,/.3cf�%*M A@%.#*+e W �=;P0�,5b<,5./R�0\,j�%,5,/6X*+e'&3; #5DT;<.#,2&d L*+�>6�*+.#6 #.3,/(%.3,/&#,5�4 L*M #$';<�%&1;<?G L*+$8�%,/6�01"%,5�!HL"%;^;<&#$8�%_j$'�Xt��>W�� v ϕ(x) = 1{x<α}.
��� �"!#�"$&%(' %)�"* 	�� 	��
�  �� 
�� ���>b ��! # � � d � e #&� ��� � d � dfe

(D+
T , D

−
T , 1{HI<HS}) � � ��� "�� �e&dJb

α, β ≥ 0 ! 


P(D+
T < α,D−

T < β,HI < HS) =
1

2

HL"
((α ∧ β)

√
2λ) − 1HL"

((α ∧ β)
√

2λ) + 1

t��%W Å { v

+

HL"
(β
√

2λ) − 1HL"
(β
√

2λ)(
HL"

(β
√

2λ) + 1)

×
(
1 − exp

(
−(α− β)

√
2λ

H/;+ #"
(β

√
2λ)
))

1{β<α}.

� �



} ;+ A$8H/,� A"%*M 
HI < HS ⇔ D+

T ≥ D−
T ,

t��%W Å � v,qE>(>eQ*+$8�%$'�%_j A">,2*+(%(-,I*M.A*+�%H5,�;+BC A"%,p$'�%6%$8HI*M #;<.sBK@%�%H� A$';+�
1{β<α}

$8�JtK�%W Å { v W=Ul;<.3, k;Pb<,5./R�H5;<D2?%$8�%$'�%_9tK�%W Å { v 01$8 #"Xt��%W|{ v R�t��%W~� v R�t��%W � v R%*+�%6�t��%W Å�Å v c^$',5e'6%&
��� �"!#�"$&%(' %)�"* 	�� �y� �  �� 
�� ���>b ��! # � � d � e #&� ��� � d � dfe

(D+
T , D

−
T ) � � ��� "�� � e&dJb

α, β >
0 ! 


P(D+
T < α,D−

T < β) =

{
u(α, β), α ≤ β,

u(β, α), α ≥ β,

t��%W Å � v
�  ���b �

u(α, β) := 1 − 1HL"
(α

√
2λ)

− v(α, β)


���


v(α, β) :=
(
HL"

(α
√

2λ) − 1) exp
(
−(β − α)

√
2λ
H/;+ #"

(α
√

2λ)
)

HL"
(α

√
2λ)(

HL"
(α

√
2λ) + 1)

.
t��%W Å � v

� � � 
 b � � � #&%'
 b �
P(D+

T > α,D−
T < β) = v(α ∧ β, α ∨ β).

` ,2*+.3,2�%;P0 *+?%e8,� #;�6%,5 #,/.3D�$8�%,p #"%,26%,5�%&#$[ �clBK@%�>H5 A$8;<�!;MB
(D+

T , D
−
T ).

��$ �S,5.#,/�4 #$ k*M #$'�%_�$8�Xt��%W Å � v e8,I*+6%&1*FBr A,/.s&3;<DT,�H/*+e'H5@%eQ*F A$';+�%&� #;
��� �"!#�"$&%(' %)�"* 	����y�	� dJb

α, β > 0

P(D+
T ∈ dα , D−

T ∈ dβ) = f+,−(α ∨ β, α ∧ β) dαdβ,
tK�%W Å 	 v

�  ���b � � � �) x > y > 0

f+,−(x, y) :=
2λ

(
HL"

(y
√

2λ) + 1)2

(
2 +

(x− y)
√

2λ&#"
(y

√
2λ)

)

× exp
(
−(x− y)

√
2λ

H/;+ #"
(y

√
2λ)
)
.

� ��� �6��� 	������ � d �)� ��b � 
 ��� #&��
 ��b ��� 
���
��)��� dfe �� �� 
�� ���>b ��! # � � d � dfe
(D+

T , D
−
T )

� d�� � � � �) 
 �

P(D+
T ∈ dα , D−

T ∈ dβ |HI < HS) = 2 f+,−(α, β) 1{α>β} dα dβ.

� Å



� d � ����� # � � � %�
�� e&dJb α > 0, β > 0

P(D+
T −D−

T ∈ dα , D−
T ∈ dβ |HI < HS)

=
4λ

(
HL"

(β
√

2λ) + 1)2

(
2 +

α
√

2λ&3"
(β

√
2λ)

)

× exp
(
−α

√
2λ

H/;+ #"
(β

√
2λ)
)
dα dβ.

 ��� � � � �Pd � ��� b 
���
 d � " 
 b ��
�! % � �

X :=
√

2λ
(
D+

T −D−
T

)
/
&#"

(
√

2λD−
T )


���

Y :=

HL"
(
√

2λD−
T ).�  �� � e&dJb

x > 0, y > 1

P(X ∈ dx, Y ∈ dy |HI < HS) =
2(2 + x)

(1 + y)2
e−x y dx dy.

� � � 
 b � � � #&%'
 b � e&dJb y > 1

P(Y ∈ dy |HI < HS) =
2(2y + 1)

(y(1 + y))2
dy


���
 e&dJb u > 1

P(Y > u |HI < HS) =
2

u(1 + u)
.

o $8��*+e'e[c<Rw*+&�*+��*+(%(%e8$'H/*M A$8;<�m;+B )�.3;<(�;+&#$8 #$';<���%W�	>Rw0\, H/;+D�(%@G A,  A"%, H/;PbM*+.#$'*+�%H5, ;MB
D+

t

*+�%6
D−

t

tK@%(� A;2*�g>EG,/6� A$8D�,
t v *+�>6�6%,5 #,/.#DT$'�>,= A">,/.#,�BK.#;<D  A">,/$'.\H/;<.3.#,/e'*M A$8;<�

H5;G, ��H5$',5�] /W
� � � �������S��� 	����y�	� dJb 
�%)% t ≥ 0

E(D+
t ) =

√
2

π
β(1)

√
t =

√
π

2

√
t ' 1.25331

√
t,

E
(
(D+

t )2
)

= 2 β(2) t ' 1.83193 t,


���

E(D+

t D
−
t ) = (2 β(2) − 2 log 2 + 1) t ' 1.44564 t,

�  ���b �

β(n) :=

∞∑

k=0

(−1)k (2k + 1)−n, n = 1, 2, . . . .

�4{



� ��� �6��� 	����y�s����� 7hF�02131 ](/�- T �M\2/ 0JT�-2R#=@; � 0245B 
.; 798 HI4�� ��� D W � �	��K5;>Z 06;
β(n)

= L
FQ021 1)7�B � =3/ =GF Z61G7 ;�
 L

β
�G]fHI45F ;G=G- 4 W C 4�D�02/�;>=GFAHI1(0J/�K

β(1) = π/2
0245B

β(2) = 0.91596...=3L �#06;@021 024�
 L F�- 46L&;@0J45;^W
(y� ��Z57_?�02/ = 0245F�7 -A]

D+ = L

Var(D+
t ) := E

(
(D+

t )2
)
−
(
E(D+

t )
)2 ' 0.26113 t.

��Z57�Fh- / /Q7 1(0<;>=G-A4 F�-:7�
 F =)7 4";
ρ

\67 ;@R#7�7 4
D+

t

0J45B
D−

t

B6-<79L�4"-:;PBS7fD 7 45B - 4
t
0245B

=3L,8 =@?A7 4O\ �
ρ :=

E(D+
t D

−
t ) − (E(D+

t ))2

Var(D+
t )

' −0.47936.
tK�%W Å � v

acb9dAdfehg=o .#;+D  A">,�&3HI*+e8$'�%_�(>.#;<(-,/.d �c
;+BZNVU $[ VBK;<e'e8;P01&\ A"�*F 

(D+
T , D

−
T )

(d)
=

√
T (D+

1 , D
−
1 ).

t��%W Å ' v
" $8�%H/,

E(
√
T ) =

√
π/λ

*+�%6
T
$'&1$'�>6%,/(-,/�%6>,/�4 �;+B	 A"%,�@%�%6>,/.#e[c^$'�%_�NsU 0�,�"%*Pb+,

@%&3$'�%_ltK�%W Å�Å v
E(D+

1 ) =
E(D+

T )

E(
√
T )

=

√
λ

π

∫ ∞

0

P(D+
T > α) dα

= (
√

2π)−1

∫ ∞

0

1HL"
u
du =

√
2

π
β(1),

01"%,5.#,� A"%,m&3,/.3$',/&),�EG(�*M�%&#$8;<�

(
HL"
u)−1 = 2 e−u

∞∑

k=0

(−1)k e−2uk

$8&�@%&#,56yW i ">$'&�c^$',5e'6%&� #"%,2g�.3&3 mBK;<.3D2@%eQ*T$'�7 #"%,�&3 A*M A,5D�,5�] �;+B  A"%,�H5;<.#;<e8eQ*+.dc<W o ;<. #"%,�&#,/H5;<�%69BK;<.#D2@>eQ*p0�,pH5;<DT(%@> A,m&3$'DT$'e'*+.#e[c �

E((D+
1 )2) =

E((D+
T )2)

E(T )
= 2λ

∫ ∞

0

P(D+
T > α)αdα

=

∫ ∞

0

uHL"
u
du = 2 β(2).

} ,�E^ 10\,�6%,5 #,/.3D�$8�%,
E(D+

t D
−
t ).

o $'.3&3 Ae[c<R

E(D+
1 D

−
1 ) =

E(D+
T D

−
T )

E(T )
= λ

∫ ∞

0

∫ ∞

0

P(D+
T > α,D−

T > β) dαdβ.

�<�



" @>(%(�;+&#$'�>_
α < β

0�,p"%*Pb+,mBK.#;<D tK�%W Å � v
P(D+

T < α,D−
T < β) = 1 − 1HL"

(α
√

2λ)
− v(α, β)

= P(D+
T < α) − v(α, β)

01$[ A"
v
*+&1_<$[b<,5�l$8��t��%W Å � v W ! ;<�%&#,5�]@%,/�4 Ae[c<R

P(D+
T < α,D−

T > β) = v(α, β),

*+�>6
P(D−

T > β) − P(D+
T > α,D−

T > β) = v(α, β),01"%$8HL"l_+$8b<,5&

P(D+
T > α,D−

T > β) =
1HL"

(β
√

2λ)
− v(α, β), α < β.

�),/�%H5,p$[ s"%;<e86%&
∫ ∞

α

P(D+
T > α,D−

T > β) dβ =

∫ ∞

α

1HL"
(β
√

2λ)
dβ −

∫ ∞

α

v(α, β) dβ,

01"%,5.#,MR-?4c�,5e',5D�,5�] A*+.3c�$'�4 A,5_<.A*M #$';<�SR
∫ ∞

α

v(α, β) dβ =
(
HL"

(α
√

2λ) − 1)
&#"

(α
√

2λ)√
2λ (

HL"
(α

√
2λ))2(

HL"
(α

√
2λ) + 1)

.

N�c�&3c^D�DT,5 #.3c+R>0\,�"�*Ib<,

E(D+
1 D

−
1 ) = 2λ

(∫ ∞

0

dα

∫ ∞

α

dβ
1HL"

(β
√

2λ)
−
∫ ∞

0

dα

∫ ∞

α

dβ v(α, β)

)

=

∫ ∞

0

uHL"
u
du−

∫ ∞

0

(
HL"
u− 1)

&3"
uHL" 2u(

HL"
u+ 1)

du

= 2
∞∑

k=0

(−1)k(2k + 1)−2 −
∫ ∞

1

x− 1

x2(x + 1)
dx

= 2β(2) − 2 log 2 − 1.

�+�



� ��� �6��� 	���������� � � 
�%)% �� 
 �

E(T p/2) = λ

∫ ∞

0

tp/2 e−λt dt = Γ((2 + p)/2)/λp/2.

� � �� (�� � �	e&dJb �$# %'
$� � � � � d�� e 
�� b %�
 ���Gb 
�� �  &� e&dJb � 
 b 
 � d � d ��� � ��� �� �� p �) � d � � � �dfe
D+

1

� � ��  � b � �  % ����� � β � e #&� ��� � d � g � ��
 � � 
�� e&dJb p ≥ 1
� �  
 "��

E((D+
1 )p) =

E((D+
T )p)

E(T p/2)
=

λp/2 p

Γ(2+p
2

)

∫ ∞

0

P(D+
T > α)αp−1 dα

=
p

2p/2 Γ(2+p
2

)

∫ ∞

0

tp−1 dtHL"
t

=
2 pΓ(p)

2p/2 Γ(2+p
2

)
β(p).

�	� � *���
�� ����
 ��� �:*5' � ` ,� A"�*+� + ��*M?�;<. "�� ,
++,/e[cJBK;<.�(-;<&#$8�%_7 A"%,
(%.3;<?%e8,/D ;MB
g��>6%$'�%_1 A">,�H5;wbM*+.3$Q*+�>H/, ;+B%D�*FEG$'D�@%D $8�%H/.3,I*+&3,\*+�>6�6%,5H/.#,/*+&#,�;+B�NVUXRF*+�%6�Ul*+.#_<.3,5 
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