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Abstract

A stationary storage process with Brownian input and constant
service rate is studied. Explicit formulae for quantities related to busy
periods (excursions) are derived. In particular, we compute the distri-
butions of the occupation times the process spends above and below,
respectively, the present level during the on-going busy period, and
make the surprising observation that these occupation times are iden-
tically distributed.

1 Introduction

Reflected Brownian motion (RBM) with negative drift entered queueing the-
ory in 1960’s in works of Kingman and others in the role of a general heavy
traffic limit process. Later, Harrison [10], and references therein, and Abate
and Whitt in a series of papers, see especially [1], [2], [3], [4], and [5]) started
considering the process and its more complex relatives as mathematical mod-
els of their own right, interesting also without an explicit justification as
heavy traffic limits of “real” queueing or storage systems. Moreover, much



work has been done to analyze queueing networks and multiclass service
stations with Brownian input; for this see Harrison and Williams [11] and
references therein.

Although the literature on these processes is already quite extensive as re-
gards solutions to difficult and sophisticated problems on queueing networks
and various queueing disciplines, there seems to be no concise presentation
of what is known in terms of explicit formulae about the very simplest case,
a storage with unbounded buffer and Brownian input. In comparison to any
other storage system (probably even M/M/1 included) this one has most,
and often beautiful, explicitely known properties; it could be used more often
as a prototype model for simple queues, even in textbooks.

We have not found very many results in the literature concerning espe-
cially on-going busy periods (excursions) of the Brownian storage in station-
ary state (see, however, the above cited papers by Abate and Whitt, where
the remaining length of the on-going busy period, also called the busy period
distribution, is carefully studied). The aim of this paper is to fill a part of
this gap by presenting explicit expressions for some basic distributions re-
lated to on-going busy periods. Some of the results are rather interesting
and surprising. For example, we show that during the on-going busy period,
the occupation times the process spends above and below the present level
are identically distributed! It is observed that this common distribution is
also the distribution of the remaining length of the on-going busy period.

The paper is organized as follows. In the next section we define and discuss
the concept of the stationary Brownian storage process on the time parameter
set IR. In particular, we prove the reversibility of the storage process by
exploiting symmetry of the transition density. Although the result is well-
known we believe that the presented simple proof based on the symmetry
of the transition density is not widely known. This symmetry property is
also a key to a partial explanation of the equality in distribution of the
considered occupation times (see Proposition 3.11). We also point out, as
a concequence of reversibility, in Corollary 2.11 an interesting counterpart
(in which the future infimum of the Brownian motion with drift is used) of
the classical construction of RBM based on Skorohod’s reflection equation
(see Harrison [10]). Section 3 is devoted to the analysis of busy periods
(excursions). In sections 3.1 and 3.2 we characterize the law of the stationary
on-going busy period. In the first (obvious) characterization, a busy period is
described via two conditionally independent and identically distributed killed
Brownian motions with drift, the first one running forward and the second



one backward in time, respectively. Although the first characterization is very
practical from the point of view of computations, it is natural to explain —
and this is done in section 3.2 — the structure of a busy period with (only)
forward running time. In section 3.3 we present the results on occupation
times and lenghts of busy periods advertised above. Finally, the distribution
of the maximum within a busy period is determined in section 3.4. It seems
to us that the results concerning the whole on-going busy period are in a
sense simpler than the corresponding results on the remaining busy period.

2 Definitions and preliminaries

2.1 Storage process

Since we are mainly interested in the stationary storage process, we consider
a Brownian motion in which the time parameter attains values on the whole
real line. In a sense this is equivalent to considering two independent Brow-
nian motions starting from 0, the first one running forward in time and the
other one backward in time. However, to fix ideas we use the following

Definition 2.1 Brownian motion on the time axis IR passing through 0 at
time u € IR is a continuous Gaussian process W) = {Wt(“) :teR}in R
such that for all ¢ and s

(i) Wi =,
(i) EW™ =0,
(i) EWMw =

s(jt—ul+[s—u| — [t —s|).

The process W is denoted by W.

We have the following basic result which is much used below. The proof
is a straightforward computation and is left to the reader.

Proposition 2.2 For any u € IR the process {Wt(u) - WO(“) : teR}isa
BM passing through 0 at time 0.

Let us consider an unlimited storage (buffer) with one input and one
output. Harrison [10] models the net input (netput) process in time interval



[0,%], that is, the input to a buffer minus the potential output (the realized
output will be less because the buffer is sometimes empty), as a Brownian
motion with negative drift. To make our intuition a bit more fixed, let us
here consider W as the input process and ¢t +— ut, with x > 0, as the
potential output process, i.e. we consider a fluid queue with constant service
rate. The main object of this paper is now defined in terms of W.

Definition 2.3 The stationary storage process V = {V; : t € IR} with
standard Brownian input, constant service rate u, and unbounded buffer,
the Brownian storage, is defined as

Vii= sup {W,—W,—put—-s)}, telR, p>0.

—oo<s<t

From proposition 2.2 it follows that for any u € IR

Vi= sup {Wt(u) — W — pu(t—s)}. (1)
—oo<s<t
Consequently, the distribution of V; is independent of ¢. Combining this with
the fact that W has stationary increments shows, as indicated in the def-
inition, that V' is stationary. In fact, choosing in (1) t = u and using the
well-known (see e.g. [6, p. 14 and 109]) result on the maximum of a Brownian
motion with negative drift yield (see also (3) in section 2.2.1)

Proposition 2.4 The stationary distribution of V' is exponential with pa-
rameter 2y, i.e.,

P(V,>x)=¢ 2 Vu € R.

This way to define the workload (or virtual waiting time) process as a
simple supremum dates back to Reich [15]. The idea of the definition becomes
intuitively understandable by noting that the latest time before ¢ when the
buffer is empty is a value s* where the supremum is reached.

Remark 2.5 The definition is easily modified to give a non-stationary stor-
age process that is zero for ¢ < 0. Let U be a non-negative random variable
independent of W. The storage process starting from level U can be defined
as

VU= sup {A—A,—pt—s)}, t>0,

—oo<s<t

where Ay = —U - 1(_oo,0)(5) + W, - 1[0,00)(5)-



2.2 Relation to reflecting Brownian motion
2.2.1 Preliminaries on reflecting Brownian motion

To make the paper self-contained we recall here some well known properties
of reflected Brownian motion with negative drift. Much of this can be found
in [10]. On the other hand, because the process is a diffusion, it can also
be analyzed using the diffusion theory presented in It6 and McKean [12]. In
particular, we want to stress the importance of existence of symmetric tran-
sition density (see (4), (5)) which is much used below, e.g., when discussing
time reversibility. It seems to us that this fact has not been exploited when
analyzing the simple model considered here. We also remark that the exis-
tence of symmetric density is a general property which all linear diffusions
have. In [6, p. 110] some basic facts about reflected Brownian motion with
drift are listed, and many distributions can be derived from the correspond-
ing distributions of reflecting Brownian motion without drift, using absolute
continuity.

One way to construct reflected Brownian motion with drift —u (2 > 0)
is to use Skorokhod’s reflection equation (see Rogers and Williams [17, p.
117] or [10, p. 19]). This generalizes the classical construction of reflected
Brownian motion due to Lévy (see e.g. [12, p. 40]). Because Skorokhod’s
result is of key importance in our approach we recall it in the next

Theorem 2.6 The stochastic equation
Xe =Wy —put+Y, t>0,
where X and Y are unknown has a (strong) unique solution such that
(i) X; >0, t— Y} is increasing, and Yy = 0,
(i) fy Lix,50dY; = 0.
The process Y is given by Y; = —infoc,<,{W, — ps}.

Moreover, it can be proved (see [10, p. 81]) that X is a strong Markov
process, and so a diffusion. Let P, denote the probability measure associated
to X when started at x. In [10, p. 49-50] it is stated that the transition density
of X

0
(ta "L') = p(t;x,y) - 3_y Pw(Xt S y)



solves the differential system

1
’U,;(t, ‘T) = iugz(tv ‘T) - /,Lu;(t, -T)a z >0,
ul(t,0+) = 0.

In view of the diffusion theory, it is therefore natural to call X a reflected
Brownian motion with drift —u, RBM(—pu), for short.

Using the joint distribution of W; and Y; the transition probability is
computed in [10, p. 49]:

—y+x—ut 9 -y —x+ ut
P.(X; > :qJ(—>+e “yfb(—), 2
(Xi > y) i i (2)
where @ is the standard normal distribution function. Letting here t — oo
(cf. [10, p. 94]) we have for all (non-negative) z and y

P.(X;>y) — e 2y (3)

and it is easy to check that the stationary probability distribution of X is
exponential with parameter 2u. Another approach to this matter is to use
diffusion theory and deduce that m(dz) = 2ue ?**dx can be taken to be the
speed measure of X with respect to which the transition probability has a
symmetric density p (see [12, p. 149]):

Py (X, € dy) = p(t; 2, y) m(dy) = p(t; y, z) m(dy). (4)
Consequently, m is an invariant probability measure, in other words, the
stationary distribution of X.

The Laplace transform of p is computed in [6, p. 110] (with a slightly
different normalization, though) to be

Gs(z,y) = /0 e P p(t; . y)dt

— e me (7 — 'ue(7+u)y + T+t “e—(v—u)y)’
ply —p)\ 2y 2y
where v := /2 + p?. The formulae (12) and (15) in Erdélyi [8, p. 246-247]
for inverse Laplace transforms give us
. 1 A ) L e —y —x + ut
by = L o (o ) (TR g
p(t 2, y) ez v (5)

This expression for p is also (of course) obtained from (2) by differentiation.
(We remark that in [6, p. 110] another, more complicated, expression is
presented.)




2.2.2 V as a reflecting Brownian motion with negative drift

As stated in the introduction, our starting point is Reich’s intuitively appeal-
ing formula. In this section we prove that Reich’s definition leads directly to
a characterization of the storage process as a stationary RBM(—p) which is
defined (notice that existence follows from Kolmogorov’s extension theorem)
in the following

Definition 2.7 Let m and p be as in (4). The (continuous) process X =
{X; : t € R} such that for any ¢; < t3 < ... < t, and Borel sets
Ay, Ay A,

P(X;, € Ay,...,X;, € Ap)

= m(dzx) .. / m(dz,)p(te — t1;21,22) - . Pty — tn 1;%Tn 1, Tn)
Al n

is called a stationary RBM(—pu).

Proposition 2.8 The stationary storage process {V; : ¢t € IR} is identical
in law to a stationary RBM(—p).

Proof By Proposition 2.2 it is enough to prove that {V; : t > 0} is
identical in law to a RBM(—pu) started with the initial distribution

m(dz) = 2ue " dx.

Because m is the distribution of V4 (cf. Proposition 2.4) it remains to prove
that {V; : ¢t > 0} given V; is a a RBM(—p) started at V5. To do this, recall
from Theorem 2.6 that the process X defined for ¢ > 0 via

Xp=Vot We—pt+Y;, Vyi=— inf {(Vo+W,—ps) A0},

where A (V) is the usual minimum (maximum) operator, is a RBM(—pu)
started at V. Because

= nf {(Vo+W; — ps) A0} = sup {(=Vo — W + pus) v 0},

0<s<t



we have for all t > 0
X, = %+Wt—ut—oi<n£t{(%+Ws—uS)/\O}
= sup {(—Vo— W, +us) VO} + Vo + W, — ut

0<s<t

= VoV sup {—W;+ ps} + W, — ut
0<s<t

= sup {-W,+pus}+W,—ut
—00<s<t

=V

as claimed. O

Remark 2.9 The actual output from the storage during the time interval
(s,t) is defined in a natural way as

U(s,t) == Wy —W,) — (V; = Vy),

that is, the input minus the change in the contents of the storage. Using the
definition of V' we have

U :=U(0,t) = put + iIg{Ws — pus} — igg{Ws — ps},
from which the law of {U; : ¢t > 0} can be deduced.

2.3 Symmetry and reversibility

It is interesting that although the definition of V' is not symmetric in time the
process V' is anyway reversible. In this and subsequent sections P denotes
the probability measure associated to the storage process V and P, the
probability measure associated to a RBM(—pu) X started at z.

Proposition 2.10 The process V run backward in time is identical in law
to V, i.e.,
{V, :teR} ~ V :={V,:teR}

(here and in the sequel the sign ~ means that the object on the left hand
side has the same distribution as the one on the right hand side).



Proof The claim is that for t; < t; < ... < t,, and Borel sets A;, i =
1,2,...,n

P(Vy, € A, Vi, € Ay, ...V}, € Ay) (6)
== P(V,tn € An, Vftn_1 € Anfl, ceey Vftl € Al)

From Proposition 2.8 and (4) we have
PV, € dy|V, = z) = Puo(Xi—s € dy) = p(t — 5;.2,y) m(dy)

where p(t;z,y) = p(t;y, z). Using this in (6) (take n = 2; the general case is
similar) yields

P(V, € AV, € ;) = /Im@eAﬂn:xw@%em)
Aq

- m(dz) | m(dy)pts — t1;2,y)
Al A2

= [ m(dy) [ m(dz)p(t, — t1;y,2)
A2 Al

= P(V_t2 S AQ, V—t1 S Al)

Corollary 2.11 Let W+ = {W,;" : t > 0}, W," = 0, be a BM(u), p > 0.
Then the process Z* defined by

Zj = Wj - 11>1£ Wj (7)
is (identical in law to) a stationary RBM(—pu).
Proof Because
{Wy:telR} ~ {W_:teR}
the reversed process V™ is identical in law to the process V* defined by

V:*,* = Sup{Wt - Ws + ,u'(t - 8)}:

s>t

and so the claim follows from Proposition (2.8) and (2.10). O

9



Remark 2.12 The result in Corollary (2.11) can be seen as a companion to
Skorokhod’s result, Theorem 2.6, which says that if W~ is a BM(—pu) then
the process Z~ defined by

Z, =W, — }glég w,,
is a RBM(—pu) started at 0. An alternative way to prove Corollary (2.11) is to
use Williams’ path decomposition theorem and Pitman’s 2M — X -theorem.
We remark also that that these two classical results have been applied in the

context of queueing theory in the papers Harrison and Williamas [11] and
O’Connell and Yor [14].

Symmetry in time leads to a symmetry in space in the sense of the fol-
lowing

Proposition 2.13 For all s,t € R, s #t
P(V,>V,) =1/2.
Proof  Using first time-reversibility and then stationarity we obtain
P(Vi> V) =P(V_y > V) =P(V; > Vj).

0

Remark 2.14 Because all diffusions have symmetric transition densities
(w.r.t. their speed measures) the results in Proposition (2.10) and (2.13)
hold for all stationary diffusions.

3 Busy periods (excursions)

In this section we present some additional results concerning the storage pro-
cess V and find some distributions. The basic computation is straightforward:
we take or compute the corresponding formula for RBM(—u) started at z
and integrate over xr with respect to the stationary distribution. However,
there are interesting phenomenona which make this analysis worthwhile. Re-
call that P stands for the probability measure associated with V' and P, for
the probability measure associated with RBM(—pu) started at x.

10



3.1 Definition and the first characterization

Definition 3.1 For t € IR let
dy :=inf{s >t : V; =0} and g;:=sup{s<t:V,=0}.

The process V® := {V, : g, < s < d;} is called the on-going busy period (or
excursion straddling t).

Proposition 3.2 For a given ¢ the process V) .= {V,, : 0< s < d, —t}
is identical in law to a BM(—u) which is started at time 0 with the initial
distribution m(dz) = 2ue ?**dz and killed at the first hitting time of 0,
denoted Hy. Moreover, for s > 0

P(Viis € dy, t+ s < dy) =Py (Hy > s) m(dy).

Proof The first statement follows directly from Proposition 2.8. For the

second one let p be the symmetric transition density with respect to m (see
Remark 2.14) of BM(—pu) killed at Hy. Then

P(V;f+s Edy, t+s< dt) - /Oo m(dx)Pz(Xs € dy,s < HO)
_ /0 " n(dn)i(s: 2, y)m(dy)
— m(dy) /0 " m(dn)p(s;y, 2)
)

= Py (Hy > s)m(dy

O

Remark 3.3 Let {P, : ¢t > 0} be the transition semigroup for BM(—p)
killed at Hy. Then {p;} with

pi(dy) :== Py (Hy > t) m(dy)
is a (sub-)probability entrance law for {pt}, i.e., forall s, >0
Ps+t = pspt

11



On the other hand, also v(dy) := ni(y) m(dy), where

0
nuly) i= =Py (Ho > 1),

is an entrance law for {Pt} Consequently, we have the representation

o
ptz/ veds
t

which is related in a sense to the results of Getoor [9], section 8. Recall (e.g.
from [9]) that the Ito6 excursion entrance law for RBM(—p) for excursions
from 0 is given by

Dy (dy) = vi(dy)/ -

3.2 The second characterization

Proposition 3.2 characterizes the law of the busy period straddling ¢ via two
conditionally independent (given V;) and identically distributed processes;
the first one running backward in time and the second one forward in time.
In the next proposition another characterization is presented. This is also in
terms of two processes but both are now running forward in time.

Proposition 3.4 Let BY, B = 0, be a three-dimensional Bessel process
with drift ;4 > 0, i.e., a diffusion associated to the differential operator

1 cosh(uz) d

= -2 4L s
2 dx? 'usinh(,ua:) dz’ "

g

Let 1 be an exponentially distributed random variable with parameter 2y
and define ¢ := —n. Further, let W, W; = 0, be a BM(—p). For z > 0
introduce

A :=sup{s : Bf =z} and H,:=inf{s : W, = —z}.

Then
{%t+5:0§8<dt—gt} ~ {Z§0§$<AU+H§}

where
P B, 0<t< ),
t T 77+Wt_—/\7,’ Ay <t < A, + He.

12



Proof  Williams’ time reversal result (see [19], and [16] p. 317) applied
for W~ and BT gives

{Way—s - 0<s < Hp} ~ {B} : 0<s< )\,
where W, = z. Consequently, for 0 < s; < s < ... < s, we have
P(Vy,1s, € dxr, ..., Vyts, € ATy, gi+ sp < 1)
= /000 m(dx)Pz(Wgofsn €dry, ..., Wy, , €dri, 5, < H,)

= / m(dz)Pg (B € dxy,..., B} €dr,, s, <),),
0

where P is the probability measure associated with BT started at 0. In-
terpreting here m as the distribution of 1 shows that the former part of
Z° is as claimed. The complete description follows from Proposition 3.2 by
conditional independence. (I

It is interesting that it is possible to integrate above (with respect to x)
and obtain an explicit characterization without the variable 7. To state the
result we introduce the diffusion playing the key role therein. Consider the
ordinary differential operator

1 d? 1 d u
Ay :==—u+ (= —p)—u—=u.
2 dx? + (x 2 dx x
The operator A is an infinitesimal operator of a diffusion on R* and it
determines the diffusion uniquely because the boundary point 0 is entrance-
not-exit (see [12]). We let XT denote this diffusion. The life time ¢ of X7 is
a.s. finite.

Proposition 3.5 Let X', XT = 0, be as above and W~ is a BM(—p) started
at 0 independent of X', and define

7t .— XJ, 0<t<(
PUAXL AW, (<t<(+H,

where H is the first hitting time of 0 for W~. Then

{(Vyrs :0<s<di— g1} ~ {Z1:0<s<(+ Hy}.

13



Proof Let x > 0 and recall that the process
{Bf : 0<s< )\ },

is identical in law to the A—transform of B with h(y) being the probability
that B* starting at y hits z, in other words,

h(y) = h(y) = %

where G is the Green function (of index 0) of BT. This means that for any
i) Z 0

P} (B €dxy,...,B} €dx,, s, <)\;)

1
- e P} (B €dxy,...,B; €dzy,)hi(zn)
G (xp, x)
= 2 PH(B edxy,...,B €dx,).
G () Tool P € e B € )

It is, of course, possible to compute h; by finding the scale function of B*.
However, it is perhaps simpler to use the property of h—transforms which
says, roughly speaking, that when making consecutive h—transforms it is
only the last transform that is essential. To explain this let X denote a
BM(—pu) killed at Hy. Then B™ is an h—transform of X with h(y) = hs(y) :=
e?® — 1, y > 0. Notice that hsy is the scale function of X and Bt can be
viewed as X conditioned not to hit 0. The Green function of X (with respect
to the speed measure) is

1
GO(xay) = GO(yax) = ﬂhZ(J;)a X S Y,

and, hence, for 0 < z <y

G()(QT, y) 1 1

GE)'—('T7y) = Gg(yal‘) = hz(l')hg(y) 2’“ hg(y)'

Now we have (for z > 0)

. o0 G{(z,z)
hy(z) 1= /0 ) G
2uz 2uz

ez —1 hao(z)

14



The function hy is excessive for BT because it is obtained by integrating
(minimal) excessive functions with respect to a finite measure (for general
theory see Dynkin [7]; in [18] this theory is applied for linear diffusions).
Moreover, because m is a probability measure we have h3(0) = 1. Straight-
forward computation (or use of the formulae in [6, p. 33|) shows that the
h—transform of Bt with h := hs has the generator Af, and the proof is
complete. O

Remark 3.6 The function hy(z) := z is excessive for BM(—p) killed at H
(denoted X above) and the generator of the h—transform of X with h = hy
is A'. Notice that

ha(z) = pEq(Ho).

In fact, the results above can be formulated very explicitly for all positively
recurrent diffusions using scale functions, speed measures, and Green func-
tions.

3.3 Some occupation times and lengths of busy periods
Introduce for a given ¢ the occupation times
dg
o@L ::/ l(Vt’oo)(Vs) ds
gt

and
dt
a, 1=/ Lo, (Vs) ds.

gt

Proposition 3.7 The Laplace transform of the distribution of («a; , ;) is
given by

_ 21
E(exp(_pat —qaj)) N N e ®

In particular, a; and «; are identical in law, and the common distribution
is given by

P(a; € du) = P(of € du) = 2u(%e‘“2“/2 — (1 — ®(uv/u))) du.

2mu

15



Proof  Recall the formulae 2.6.1 in [6, p. 227]:

E, (exp(—p /OHO L(0,0)(Xs) ds — Q/OHO 1(z,00)(X5) ds)) -

V20 + p? et
V/2p + 12 cosh(z+/2p + p2) + \/2q + p?sinh(z+/2p + p?)

Because

E(exp(—pat_ — qa;’)) =

/0°° opse = (B, (exp(~p /0 " 1i0.0)(X,) ds — g /0 " 1(0,00) (Xs) ds)))de

the first claim follows by elementary integration, and from (8) it is clear that
a; and o are identically distributed. To find the distribution use Erdélyi
et al. |8, p. 233, (formula (4)]. O

Clearly,
dt—gt:at_—i-aj,

and we obtain from Proposition 3.7 the following

Corollary 3.8 The length of the busy period has the gamma distribution
with parameters py?/2 and 1/2 :

P(dt — gt € du) = Lufl/Qe*liQ’u/Q du

V21

Proposition 3.9 The remaining length of the busy period straddling ¢, that
is, £; := d; — t is identical in law with o; (and o).

Proof From Proposition 3.2 we have

P4 € du) = du /000 1y (y) m(dy).

16



Instead of integrating we compute the Laplace transform:

E(e‘ﬂzt) = / 2ue_2“wE$(e_ﬂH°)da:
0

= /00 24 e 2w = (V2B 12—z g

0
24

V2B 1+

which proves the claim. Il

Remark 3.10 The common distribution of «;", oy , and #;, denoted F, can
also be found in a number of other cases:

1) In the paper by Abate and Whitt [1| the main topic is to study the mo-
ments of RBM(—p) the aim being to understand how RBM(—px) approaches
its steady state. In particular, they notice that

t— H(t) :=2uEy(X;)

is a distribution function equal to F, and that H is also the distribution
function of #;, the so called busy period distribution of the Brownian storage
(see [1, Corollary 1.3.1 p. 566]). We refer to [1], [2], [3], [4], and [5] for further
results in this direction and for references for earlier works. Especially, see
Theorem 1 [5] for a local limit theorem in the framework of M/G/1 leading
to the common distribution F' (also called the RBM-equilibrium-time-to-
emptiness by Abate and Whitt).
2) From [6, p. 204, Formula 1.5.3| it is seen that the occupation time

/ 1 oo0)(Ws + ps) ds,
0

where Wy = 0 and p > 0, has the distribution function F.
3) Let X° be a RBM(u), > 0, starting at 0 and

Ao :=sup{t : X; =0}
the last exit time at 0. Then (cf. [6, p. 26] and references therein)

°(¢;0,0
P2 () € ds) = %d&

17



where Pj is the probability measure associated to X°, p° is the transition
density with respect to the speed measure, and G is the corresponding Green
function (with index 0). Using formulae in [6, p. 110] it is seen that Ay has
the distribution F.

4) Let L be the Brownian local time at 0 (defined as the limiting occu-
pation time density with respect to the Lebesgue measure), and consider for
i > 0 the process T} := L; — pt. Then it is proved in [13] that the random
time

R:=inf{t : T, =supTi}

s>0
has the distribution function F.

We have no probabilistic explanation for the fact that o, o, and ¢; are
identical in law. However, Proposition 3.11 below explains why the means of
these variables must be equal. Indeed,

E(af) = 2 /t Lviey (V2) ds)

= 2/ P(Vigs > Vi, t+5 < dy)ds
0

by the independence, shown in the next proposition, and Proposition 2.13.
Proposition 3.11 For a given ¢ and s > 0 the events
{Vigs > Vi} and {d; >t+ s}

are independent and, hence,
1 o
P(Vies > Vi, s+t <dy) = 5/ m(dy) Py(Hy > s).
0
Proof  Consider (cf. Proposition 2.13)

PWVis > Vi, t+s<dy) = / m(dz)Py(X; >z, s < Hp)
0

= [t [ i)

oo

= mdy/mdx p(s;y,x)

0
= P(Vius <V, t+s<dy).
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Consequently,
Pldi>t+s5)=2PVius > Vi, t+s<dy)

proving the claim. U

Remark 3.12 The occupation times

d dt
o= [ s and = [ 1m0 ds
t

can be analyzed similarly as ;" and «; . The distribution of 7; is given by
ot 24 B—p
E(e )= ——1In(l+——),
( ) p—u ( 24
but it does not seem to be possible to give a closed form expression for the

Laplace transform of 7,". Anyway, it can be proved that 7, and 7, are not
identically distributed. On the other hand, we have obviously

E(r) = B(7) = 5B(6) = 77

3.4 Maxima within busy periods

Finally, we study the maximum of the storage process during a busy period.
Define (for a given t € R)

My :=sup{V; : ¢ < s <d;}

and
my = sup{Vs : t < s < d;}.

Proposition 3.13 The distributions of M; and m; are given by

2 e 21y B
P(M; > y) = m@ﬂy —(1—e), y>0,
and 2y =2
P(mt>y):m, y > 0.
Further,

2

1 T 1
E(M,) =—->E(m)=—>E(V,) = —.
(My) ,u> () 2M> (V2) 2
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Proof For m; we have

Y
P(mt < y) = / 2/116_2’”P1(H0 < Hy) dl‘,
0

and, because
€2uy _ e?ua:
PI(HO < Hy) - 62“3/7_1
the claimed distribution is obtained by integration. To compute the mean

use
00

_ o 2uy\—1 —2uky
(1 —e ) Ze

k=0
in ©
0

For M, we have, because {V; 5 : 0 <s<t—g;} and {Vj45 : 0 <s<d;—t}
are identical in law and conditionally independent given V;,

y
P(M, <y)= / 2u e (P, (Hy < H,))” dzx
0

which leads to the desired distribution. The mean can be computed by
integration by parts. O

Remark 3.14 The Laplace transform of m; has also a clean expression. To
compute it notice that

oo o0 o
/ e YP(my > y)dy = / 21y e~ (uta)y Z e 21ky dy
0 0 k=0

I & o
= g2kt
L K

).

Using the notation (cf. Erdélyi et.al. [8, p. 370]; notice our summation starts
from 1) associated to Riemann’s zeta function

(e}

((5,0) = Y (n+0)*

n=1



we have
o

o 1

e “YP(my >y)dy = —((2, —

| e P> iy = 3¢5

For a = 0 we obtain the mean; recall that (2,0) = 72/6 is the value of the

Riemann’s zeta function at 2. The Laplace transform of m; takes now the

form o o

E(e™™) =1— —((2, —).
™) =1 202 50)
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